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The work now submitted to the notice of the American public, will, it 
IS hoped, supply in part the want that has long been felt by the heads 
of instruction in this country, of a good elementary treatise, in our own 
language, upon that all important branch of mathematics — the applica- 
tion of analysis to the solution of Greometrical Problems. The Professors 
of several of our public instit|itions, convinced of the absolute necessity, 
to the student, of a thorough knowledge of this subject, prior to his en- 
\ tering upon the study of the Calculus, and its varied applications, have 

^.jN' been induced to place in the hands of their pupils the works of the 

^'^ French writers in their native tongue. Among others, the Essai de 

Geometrie Analytique of Biot, the T%etfrie des Courbes of Boucharlat, and 
the Applicaiion de V Analyse tt la Geometrie of Bourdon, have been used 
to much advantage. Indeed it may be questioned if the use of the 
French authors as models be not almost absolutely necessary to the 
writer of a work on this subject ; for nowhere else can we find that sim- 
ple, and, at the same time, elegant and highly finished analysis, for which 
they are so justly distinguished in the scientific world. 

MXi Young, as will be seen by his preface, has .dxawn largely from 
these sources ; and the eminent superiority of his elementary treatises 
on the mathematical sciences, is mainly to be attributed to the liberality 
of spirit with which^ casting off the trammels imposed upon themselves 
by the countrjrmen of Newton — ^he has freely availed himself of every 
discovery and improvement in ana]3rsis, though such have been chiefly 
made on the French side of the channel. 

In the present edition few alterations or additions could have beea 
made which would improve the original, with the exception of a care- 
ful correction of the typographical errors — and whether or not the 
Editor has faithfully executed his task, the work itself will show. 

JOHN D. WILLIAMS. 

New York, August, 1633. 
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PREFACE. 



The application of algebra to the theory of curves and surfaces may 
be regarded as the fundamental branch of modem analytical science, 
and as the principal instrument, in conjunction with the differential 
and integral calculus, with which the continental mathematicians 
have worked such wonders in almost every depajtment of the 
mathematics. The remarkable contrivance, first introduced by 
DescarieSj of representing lines and surfaces by algebraical equations, 
enables us to embody in such an equation every prq)erty and 
peculiarity belonging to any curve or surface, when we know 
the law of its description, or any of its distinguishing characteristics ; 
and then, to develope these several properties of the curve or surface, 
we have only to perform so many easy, and generally obvious, trans- 
formations on the equation which represents it. The superiority of 
this method over the geometrical, both in ease and fertility, immedi- 
ately led to its general adoption among the French mathematicians ; 
and the method of co-ordinates, which the Cartesian geometry involv- 
ed, was afterwards applied to mechanics, and, indeed, to every other 
pftrt of mathematical physics, each of which has been improved and 
extended by its introduction.* 

English mathematicians have, however, been singularly slow in 
appreciating these decided advantages ; so slow, indeed, that, till the 
year 1823, when Dr. Lardner published the first part of his Algebraic 
Geometry, the English language possessed not a single book on this 
subject. Besides this work, a treatise on analytical geometry has 
also' emanated from the University of Cambridge, which, although a 
work of much originality and ability, the ingenuous author has since 
publicly acknowledged to be unsuited to the purposes of elementary 
instruction. Dr. Lardner's book will, no doubt, when completed, pre- 
sent a valuable body of analytical science, accessible, however, to 
those only who have a knowledge of the differential and integral 
calculus. 

* Maclaurin, in his *' Treatise on Fluxions,'' first suggested this happy idea, 
which threw a new light on the entire theory of mechanics. But, unfortunately, 
this simple principle has been neglected by later English authors, and much of 
what our mathematicians at present know and pracuse of this method, we owe 
chiefly to the re-importation of it through the medium of modern French works ; 
and many, perhaps, who are admiring the facility which is thus thrown into 
mechanical investigations of the greatest difficulty, are unconscious that this 
Uiought had its origin in our own land. « 

EnqfdopadUi MctrapolikmOt art* Mtchanies, p, 5. 
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The present little volume is then an attempt to fill up a chasm 
which seems still to exist in our mathematical courses ofiinstruction, 
and to supply the connecting link between elementary geometry and 
trigonometry, and some of the most interesting applications of the trans- 
cendental analysis. For such an undertaking, the French language 
offers copious materials ; and I have, accordingly, carefully examined 
and freely used the performances of Biot, Lacroix, Boucharlat, Bour- 
don, &c. ; and I shall consider myself particularly fortunate, if it be 
found that I have in any degree imbibed the spirit of these elegant 
writers. 

As regards anangement, however, I have differed from most other 
authors, adopting that which appeared to me most likely to facihtate 
the progress of the student, without waiting to consider whether a 
more strictly methodical disposition of parts might not be devised. 
Conformably, too, to this determination, I have, in one or two cases, 
not hesitated to introduce a geometrical property to supply the pdace 
of analysis, where such introduction appeared of unquestionable ad- 
vantage in shortening the process ; instances of this occur at pages 
162 and 163. The total rejection of all geometrical aid in most of 
French books is perhaps carried to an injudicious extent, and seems 
to be, in some cases, the result of caprice or affectation, for such aid is 
obviously allowable, and even adviseable, where simplicity may be at- 
tained by it. As to the arrangement here adopted, it may be briefly 
stated as follows : The volume consists of two principal parts, Ana- 
Ijrtical Geometry of Two Dimensions, and Analjrtical Geometry of 
Three Dimensions. The first part contains an introductory section 
on the algebraical solution of geometrical problems, and on the 
geometrical construction of algebraical equations ; then follows, in 
three sections, an examination of the various properties of the lines 
of the second order, deduced from the most simple forms of their 
several equations; these three sections are, therefore, complete in 
themselves, comprehending, in the compass of one hundred and thirty- 
eight pages, a pretty copious treatise on the Conic Sections. 

The fourth secticm enters more at large into the theory of these 
curves, by discussing very fully the most general forms of their equa- 
tions, their positions in reference to any assumed axes, the determi- 
nation of their varieties, &c. and the use of these researches is illus- 
trated in Chapter iii. by their application to a variety of interesting 
problems on geometric loci. This first part terminates with a sup- 
plementary chapter containing some very useful theorems, such, for 
instance, are those at pages 211 and 214, the former of which is 
necessary in one very elegant mode of establishing the fimdamental 
problem of physical astronomy, viz. that the planets move in elliptic 
orbits, having the sun in one of their foci ; and the other problem is 
the foundation of the method of interpolations, so useful in the con- 
struction of tables, and in practical astronomy. 
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' The second part is devoted to the consideratioD ci lines and sor- 
(aces in sp^^e, the developement of their properties, and the general 
discussion of their equations. As to the first part, so here, a 
supplementary chapter is appended, containing many curious and in- 
teresting applications of the preceding theory. Most of the problems 
in this chapter have appeared before, some in the Annales Math6ma- 
tiques, others in Leyboum's Repository, &c. but the solutions here 
given are for the most part new, and I tlunk improved. 

By way of index to the various topics embraced in the work, I 
have prefixed to the volume a very copious table of contents, which 
indeed precludes the necessity of extending further these prefatory 
remarks. I therefore conclude with the hope that the Uttle volxmie 
now submitted to notice, though its pretensions be as humble as the 
form which it has assumed, may yet prove of some service to the 
mathematical student, in the earher stages of his progress. 

J. R YOUNG. 
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PROBLEM XXIV. 

Within the sides of a given angle is inscribed a straight line of a 
given length ; what is the locus of the point which divides this line 
in a given ratio % Ana. An ellipse. 

PROBLRH XXV. 

To determine the curve of which each ordinate is a mean between 
the corresponding ordinates of two given straight lines. 
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APPLICATION or ALGEBRA TO GEOMETRY. 

CHAPTER I. 

Aiick (1 Alosbra has been j^-operly defined as that branch of 
mathematics in which calculations are peiformed bj symbols. The 
signification ^ven to these symbols is quite arbitrary, so that, in the 
practical application of this science to our inquiries about real quantity, 
it matters not whether the subject relate to time or space, number or 
motion. Whatever in nature can be submitted to calciilation may 
always, and generally most commodiously, be treated algebraici^; 
and hence Sir Isaac Newton and others have, with great propriety, 
called algebra unheraal arithmetic, 

. In the present introductory chapter we propose to show how alge- 
bra may be applied to the solution of a geometrical problem ; in the 
next chapter will be explained how Geometry may be applied to the 
construction of an a^ebraical expression. 

PROBLEM I. 

(2.) Knowing th^ base and altitude of a plana triangle, to find Che 
side of the square inscribed in it . 

Let ABC be the triangle, and put the altitude AI =a a 

= 78, the base BC = 6 = 42, and the side of the in- 
scribed square DG =2:. p 



Then, because in similar triangles the bases are as / ^ 
the altitudes, (see Youn^$ Geometry, p. 94,) we have b "^J — l 
BC:DE::AI:AH,or6:»::a:a^a?. TS IQt^ 

that is ax=iib — 6ar, or oo? + bx=db, that is 0?= — ;— r- = 27.3 

o-f-o 

Hence the side of the inscribed square will be a fourth proportional 

to the three lines a^h^a and 6. 
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PROBLXM II. 

(3.) To divide a given straight line in extreme and mean propor- 
tion. (Geom. p. 113.) 

Let AB be the given straight line and call F -^.^F JB 

it a. Suppose F to be the point of division, and put 
AF=jr, then or is to be determined, so that 

a:x:: x: a — x (1) 

hence we must have x^ =0^ — ax .*. x' + ar=a«. . . . (2), 



ar=- 



V I ^ . . . . 



— ± V «"+ 4-. . . . (3). Of these 

two values of x^ one we perceive is negative, viz. 

o / a« 

and is in absolute magnitude greater than a, the whole line ; this value, 
therefore, although it does fulfil the algebraical condition, (1,) cannot 
answer the geometrical conditions of the question, for the point of 
division, F, must necessarily fall between the extremities, A, B, of the 
proposed Ime, that is, AF, or ar, must be less than AB, or a. The 

other value of x, viz. x= —■{• -v/ (o''+"T ) 

is less than a, and therefore properly determines the point, F, required 
by the question. The reason why we have been furnished with two 
values of x instead of one, is that, having had to determine ar, bo that 
the condition (1) might exist, the algebraical process very properly led 
us to not only the one value sought by the question, but to every value 
that could fulfil that condition: and it afterwards remained for us to 
select that value as a solution to the question which involved no geo- 
metrical absurdity. However, although the negative value of x does 
not come within the geometrical restrictions of the question, yet it 
admits of a geometrical representation. In order to explain this, we 
may remark that a negative quantity in algebra may always be con- 
sidered as resulting from the subtraction of a greater quantity from a 
less, thus the negative quantity — q may be conceived to result from 
subtracting the greater quantity (p + q) from the less, p, for it may 
always be supplied by the expression |) — (p + 9,) whatever quantities 
the symbols p and q represent. Appl3nng these remarks to the case 
In which the symbols denote lines, and taking the present problem as 
an example, we have AF the positive value of x equal to BA — BF, 
and for the negative value, BF must exceed BA, that is, F must be on 
the other side of A, as at F', hence making AP equal to the absolute 
value of the negative root of the equation (2) ; the two roots of that 
equation will be geometrically represented by AF and AF. By tak- 
ing the negative value of x^ the condition (1) becomes 
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AB : AF : : AF : BF 

so tliat the equation (3) is the complete solution to the question thus 
modified, viz. : Given two points A, B, to find on the line AB, or on 
its prolongation, a point such that its distance from the pdnt A may 
be a mean proportional between its distance firom B and the distance 
between A and B. The one point F answering these conditiojfi is 
given by the positive value of a:, and the other point F, on the oppo- 
site side of A, is given by the negative value ; and in like manner, 
whenever it is required to determine the distance of a sought point 
from a given point, measured along a fixed straight Hne, and the solu- 
tion furnishes both positive and negative values, if the positive values 
be taken in one direction from the fixed point, and the negative values 
in the opposite direction, every point so determined will solve the prob- 
lem, and every possible solution will be obtained. 

PROBLEM IIL 

(4.) From a given point without a circle, to draw a secant such that 
the intercepted chord may have a ^ven length. 

Let ACDB be the given circle, and P ^.'— *>J> 
thjB given point. Draw PAB through the 
centre, and let PCD represent the re- 
quired line. Put PB = o, PA = h,F^r^^^[ y^ — — JB 

CD = c, and PC = a?, then [Geom. p- ^ ^ 

106.) or Euclid III. 36 Ck>r. 

PDPC = PBPA, that is (x +c) x = ob (1) 

and, solving this quadratic, we get a? = l"\/i ®^ "^ ~~f 

The positive value expresses the length of PC, the negative value gives 
no geometrical solution, although it fulfils the algebraical condition (1). 

PROBLEM IT. 

(6.) To divide a given straight line so that the rectangle of the two 
parts may be equivalent to a given square. 
Let AB be the given line, which call a; put x lor one A B 

of the required parts, and c for the side of the given "f f 

square, then we have (a — a?) a? = c* or a? =s — ± ji — — c« I 

Both these values being positive, the line may be divided in ttoo 
points, F, F, as the problem requires. These points are obviously 

equidistant firom the extremities of the line. If c exceeds — , the 

value of X is impossible. 
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PROBLEM y. 

(6.) Given the perimeter of a right-angled triangle, and the radius 
of the inscribed circle, to determine the triangle. 

Let ABC be the triangle, and D, E, F, the points 
where the inscribed circle touches its sides, then 
{Geom. p. 106,) AF = AE, BF = BD, CD = EC 
= radius OD of the circle ; hence, putting the peri- 
meter = |>, OE = r, AF = X FB = y, we have 2 x 

+ 2y + 2r =p, hence y+V = ip — x (1.) 

Now {Geom. p. 22.) pr is twice the area of the 
triangle, but (ar -}-*•) (y + **) is also equal to twiceB^ 

the area therefore (a? + *•)• (V + *■) = P*" (2) 

that is, by substituting for y -j- ** its value in equation (1.) 

(a? + r). (ip— ar)=jprorar»— (ip— r)ar = — l«r 
•••^ = 1 (iP-r)±^/ \ijip-r)'-iprl 

Adding r to each of these expressions, we get 

AC=i(ip + r)±^ Udp-^-iprl 
BC=i (ip + r):f ^ H(ip^r)^^ipr\ 

The double sign showing merely that if AC be made equal to any 
one of these values, BC wiU be equal to the other. 





PROBLEM VI. 

(7.) Given the chords of two arcs to find the chord of their sum. 

Let AB, BC, be the given chords, then it is u 

required to determine the chord AC. 

Draw the diameter BD and join AD, CD, then -^y 
(Geom, p. 21 1,) AB CD + ADBC = AC BD, that 
is, putting BC = o, AB, = 6, AC = c, BD = 2r, 
and recollecting that AD = V (BD2=AB*,) and 
CD = V (BD3 -BC^,) we have 6 V (4r» -«') + j^ 

aV (4r«-63)=2cr, or_V(4r«-o') +— V(4r« - 6«)=:c..(l.) 
the expression sought. If the given chords are equal, then the ex- 
pression for the chord of the sum is — V (4r« — a») 

From equation (1) we may determine a when h and c are given ; that 
is, when the chords of two arcs are known, we may find the expres- 
sion for the chord of their difference. 

PROBLEM VII. 



(8.) Given the three sides of a triangle to determine the radius of 
the circimiscribing circle. 
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Let US represent the three sides by a, 6, c, and call the radius sought 
r, then we. shall have to determine r from equation (1,) last problem. 

By transposing, we have — \/ (4?^ — a^)=:c V (4t^ — fc*) 

and by squaring and transposing rf ^ (4?^ — i^) = ^ — c* 

.-. r (o» + c» — ft") = ac V J4^ — 6"^ 
Squaring again r* {<^ + (^ — 6")* = 40*^* r^ — a'6V 

Hence r = V c^^^ — (qg 4, c« _ y)»{ *^® expression sought 

PROBLEM VIII. 

(9.) Having given the three sides of a triangle to determine the 
expression for its suiface. 

Put BC = o, AC = 6, AB = c, 

perp. AD = y, BD = a?, then 
DC = a — Xj or — o + Jf, accord- 
ing as the perpendicular falls B 
within or without the triangle, 
by geometry we have y' + ^ = <^' • • • » (!•) 

y2 + (a — a?;«= 3«....(2.) 
The second equation is not, altered by substituting {x—a for (a — «.) 
Subtracting equation (2) from equation (1), we have 

— a« + 2<w = c«— 6«.% X = «' + ^— J!. 

2a 
Putting this value of 2; in equation (1) we get 

^ = ** -< ''' "*" 2a~ ^ ^ ' •'• y = Fa V 4a? «« - (c? + «» - 6»)''- 

Now, calling the surface of the triangle S, we have S =: — =~ 

therefore, substituting for y the value just found, we have 
S = i- -^ 140* c* — (a" + c* — }?f\ (3.) for the expression required.- 
' (10.) Since the quantity under the radical is the difference of two 
squares, we may substitute for it the product of the sum, and differ) 
ence of their roots. This sum and difference is (2ac -^^d^-^ 1? — h^ 
and (2ac — a" — c^ -j- i') which is the same as (a -f- c)' — 6* and 
6' — (a — cf and since each di these is also the difference of two 
squares, they may, in like manner, be replaced by the products. 
{a^' c +&).;« + c — *) and (A + a — c) (6 — a + c) 
Hence the expression (3) is the same as 

S = } V ^+6 + c) ( a + c — 6) (6 + a — c)" (6~+T— a) 
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or putting, for shortness, 2p for the penmeter, 

S = vb(p — o)(F — ft)(p-"c).| 
(11.) Cor. The expression for the radius of a circle circumscrib- 
ing the triangle has been found {Prob. 7) to be 

_ abc 

therefore, putting for the denominator of this fraction its value 4S, as 
given by equation (3,) we have r = — --. 

FBOBLKM IX. 

The three sides of a triangle being given, to find the segments 
formed by letting fell a perpendicular from a vertical angle upon the 
base, the perpendicular itself, the area of the triangle, and racGi of in- 
scribed and circumscribed circles ? 

Let ABC be the given triangle, call BC, a ; 
AC, 6; AB, c. If AD is a perpendicular from 
the vertical angle on the base, we have by Prop. 
13 Book 2, Euclid, 

AC* =AB« +BC«— 2BCXBD; therefore 

BD= — — = one of the segments formed by the perpendi- 




/?3 I Lg ^ q 

cular. The other segment DC=BC — BD= — X — ZZ. . The 
abovevalue of BD gives AB3—BD3 or Aiy=c»— ^?!+fiz:*!y 

"^ 4a» ' ' 2a 

Let S represent the area of the triangle, and we shall have S = 
^BC X AD, Consequently S =iVl4a»c« — {a' + i^^ by\ = 
I V(2a?*6'+2<^c» + 2tf*c*— a*— 5* — c*). But this formula maybe 
exhibited in a shape better adapted for logarithmic computation; to 
this end we may observe that the quantitv 4a?c* — (a* + <^ — 6*)* is the 
product of the two fectors 2ac+(a'+<^^'-— ^') and 2ac — (a'+<r* — ^6*); 
thefirst(a-f cf— 6'=(a+c+6) (o+c— 6); thesecond=6'-— (a— c)* 
=z(b+a — c) (b—^'{'c)] therefore we shall have S=| V K*"1~^+^) 

(a-[-6— c) {a-\-c — h) {b-\-c — a.)] Now if we make ' =Pi we 

find a-j-5-[-<^a=s2p, a+6 — c=2p — 2cj a-^-c — ft=2p — 26,. h-^c — a 
=z2p — 2a and by substituting these values in the above formula for 

S, and reducing, we finally obtain S= V (pp — op — ^P — ^)- 

From this we see that to find the area of a triangle whose three 
sides are given, we must find the half-sum of the three sides, subtract 
from the half-sum successively each of the three sides, which will give 



I 



u 



ANALYTICAL OSOMETRT. 



25 



K 



three remainders, multiplj continually these three remainders and the 
half-simi of the three sides, and lastly extract the square root of the 
product : this root will be the area of the triangle. 

Let now z represent the radius of the circumscribed circle, and u 
the radius of the inscribed circle, then by Prop. C, Euclid, Book vi. 
BA X AC =^2^ X AD, consequently 



_ BA X AC _ |BC XBAXAC _ i_a6c 
^"" AD "" iADxBC "" S ' 

and therefore z. or the radius of the cirumscribed circle = -- 

} abc 



Or by writing for S its value z = -—^—, — ^- j-— , , 

Lastly it appears from Prop. 14, Euclid, Book iv. that if from the 3 
angles of any triangle we draw 3 straight lines to the centre of the 
inscribed circle, we shall divide the triangle into three (light-angled 
triangles, the area of which will be respectively represented oy 

au bu cu , , - ri a+^+c 

-— , — , — , and therefore S = u=pu, and consequently m, 

9 z z z 



s 



or the radius of the inscribed circled = — . Or by substituting for S 



') 



PROBLEM X. 

Having given two contiguous sides a, 6, of a parallelogram, and 
one of its diagonals, w, to find the other diagonal. Or the adjacent 
sides, a, ^, and the diagonal, d, of a parallelogram, to find the other 
diagonal, x. 

Let ABCD be a parallelogram 
whose sides AB, AD=a, 6, respec- 
tively. 

Suppose BD=m, and AC=z. 
Draw AE, DF perp. to BC. Be- 
cause ABCD is a parallelogram, 
AD=BC, but AD=EF, 

.-. BC = EF and BE=CF. 
Now AC^=AB2+BC'— 2CBBE by Prop. 13. B. 2. EucHd. And 
BD»=BC*+CD^+2CB CF by Prop. 12. 

.-. by addition AC^-f BD^=2AB^+2BC» 

t. e. x'-f w«=2a'+26« .'. z= {2a^+2b^^\ * = AC. 
4 C 
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Given the altitude (a), the base (6), and (») the sum of the sides of 
a plane triangle, to find the sides. 

Let ABC be a triangle whose a 
base BC=6, and altitude a. Let 

DB = z, then AB= Vfl^Hh^^Talso 

DC=fr— a; .-. AC= V o«+(^— a;)» 
Now AB+AC=« 

.-. la^'+ih^zYl * =5— \a*-\'7?\ *. Square both sides, 

And o2+(fr— 2:y=«»— 2*. |a«+x«| ^-f-a'+ar^ 

Or ^«— 2da;=s'— 2« {a^+x'l * 

Transpose and ^ — 26a: — «*= — 2^ | a^+ x" ] * 
Square both sides, 

And {b^ — g'f — Ux (H^ — s") +4^>V=46V + 45^x2 
Arrange the qusuitities and divide by 4(^9^ — iy^) 

Thenar*— ia; = — J ^—^ 

Hence AB which = ^\a^ -]- x^ ia found, and AC which = 
Vjct*+ {b — x)^l can be determined. If a = 4, 6=8, and 5=12, 

Otherwise, Let S = 6 = J sum of the sides 
and let a? = ^ difference. Then AC = S + a; 
CB = S — a:. Put AB = 6 = 8 and 
CD = 4 = p. Then AD = V \{^ + ^? 

— p^ AndDB=^ ^/\{S — xY—p^ By 
the quest, v { (S + a:)'^ — / +| V 1 (S— a?)* 

— p^ = b. Or ^\{S + x)^—p^=b 

— V\{^ — ' ^T — p'l ^y squaring (S + xY 

— f = 6^ _ 26V|(S — xf —p^\ + (S — ar)* — p^ Or 
4Sa? — b^ — 26Vl(S — xf — p^5 that is 26V^(S — a:)^ — 
p*| = 6* — 4Sa?; squaring again we have 46^(S — xf — 46' p- 

= 6* — 8 6*Sa: + 16SV; Or 46*S« + 46V — 46y = 6* + 
16SV 




_ ^/ 6^(6'-4ffl + 4p^)\__ 6 /, , 4p' 



( 



1 + 



) 



4-(6« — 4S') / 2^y ' 6^ — 4S^ 
= 4<>^(1 — A) = 4 yj =:j-^6, and consequently AC = 6 + 
fV5andBC = 6 — JV5« 
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PROBLEM XII. 

Suppose the town A to be (a) miles from B, and B {b) miles from 
C, and C (c) miles from A, to find where a house, O, must be erected 
equally distant from A, B, emd C. 

Construction. — ^Make a triangle ABC whose 
sides AB, BC, and AC, shall be equal to 30, 25, 
and 20, by (Euc. i. 22.) and about this triangle 
describe a circle by Euc. iv. 5. then OC, OA, 
or OB are an equal distance from each 'other. 

In the triangle ABC, all the sides are 
given to find the angle BCD, as AB 30 : BC 
4- AC 45 :: BC — AC5 : BD— AD = 
7.5. Whence i (7.5 + 30) = 18.75 = BD. Again as 25 : 18.75 
: : radius : sin. BCD = 48° 35' 25"^ Produce CO to the cir- 
cumference in F and join BF, then in the right angled triangle BCF 





BO = ^ = 25, CA = c = 20; and put BD =x and AD = y] then 

2 1,2 

^ + y = a, Q.nd x^ — y^ = (^ — h\ by division, x — y- ^ ~ 
by addition 2x = — !-- or a? = — HL JL == BD, and by 



2a 



Euc. I. 47, CD = V (^ - (^' + c'- hy \ ^1375__ 25 

by Euc. vi. C. Diam. X CD = AC X CB; whence Diam. 
500 80 80 V7 

"~ ^ — y — = 30. 2371678; whence AO or CO or 



2-^ V7 



V7 
BO = 15 1185789 distance sought. 

Draw AD perpendicular to the 
base, and let AE = z, then a : b 
+ c :: z,_c:BD — DA /. BD 

— DA= ^"^^ BD + DA=a 

■ DA =- ^-^-«-^+<^' 
2 



2a 



Now CD: 




{'•-(^^)'!*= 



/ 4oV— (o'+c"— J")" J 
\ 4^ ] 



But CD = ^ by Prob. 13. .-. |i = \^ -{'^ - 11^ + ff\ 
2x -^ 2x 2a 

abc 
'■' '^ ~ 7{ 4<^c' — (o' — ^ + c*)" ] ~ ^® ^^^'^ of *e house E 
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from each of the angles A, B, G. If a = 30 miles, ft = 26, c = 20 
30 X 25 X 20 40 



a; = 



=— — = 16.12 miles. 



V (1440000 — 465626) V'7 

The above is nothing more than having the three sides of a trian- 
gle given to find tjie radius of the circumscribing circle. See prob. 7. 

PROBLEM XIII. 

If a, ft, c be the three sides of the plane triangle; R, r the radii of 

circumscribed and inscribed circles: show that Rr = -r-. — , . , — r- 
Let AB = a, BC = ft, AC = c, 2(a + ft + c) 

R = NA in figure 2, and r = NF A 

in figure 1 . Then, since NF, NE, 
NG are perpendicular to AB, AC, 
CB respectively, the area of 

A ANC = i^rc 
The area of A ANB = ^ra 
The area of A BNC = |rft . 

•. Area of A ABC=((H-ft+c).Y 

Now, if AD be drawn perpendicular to 
BC in fig. 2 ; since the angle BNF = | an 
gle BNA = angle BCA, and the right an- 
gle BFN = the right angle ADC, .*. the 
triangles BNF, ADC are similar; hence 
AC : AD : : BN : BF, Or c : AD : : R : 

— -• /. AD=— -- Now the area of triangle 
ABC*=:^^ADXBC| 

t I ,, , > r abc 





And Rr = 



abc 



2(o + * + c) 



PROBLEM XIV. 

The diagonal of a rectangle ABCD, and the perimeter, or sum of 
all its four sides, being given, to find the sides. 

Let the diagonal AC = d, half the perimeter AB + BC = d, and 
the base BC = x ; then will the altitude AB = a — x. 

And by Euc. i. 47. AB^ + BC^ = AC^ we shall have a^ — 
2ax+x^ -\'X^=d^, orj?2 —02; = -^jd^ — a^.\ 

Which last equation, being resolved, gives x = i a± ^V(2d^ 

Where a must be taken greater than d and less than d V2, 

'*'The reader must recollect that the triangle presented by ABC in each fi^re, 
is supposed tc Us: of the same magnitude. 
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PROBLEM XY. 

Given the three sides of a triangle, to determine its area. 

Let ABC be any triangle whose 
sides AB, AC, BC ziia^bjC respec- 
tively. Draw AE perpendicular 
toBC. 

Then ^» = a' + c^ — 2c. BE. 

(E^op. 13. b. 2. Euclid.) g ^ 

o^ + c^ — ^>» 




,-. BE = 



AlsoAE 



o8 + c«— i'\« \i 



={ 



2c ={«*-( 2c 

] {'*+ 2c } 



c 



2c ) i ' 2c 

b^ — (a^cf\ Ifia + cY—y" 



u\ 



] 



V ( 2c » V 1 2c 

_ n { b + a + e)(b — a + c) \ /| (g + c + ft) (a + c — i ) | 

4v{ c^^y (=^T±^-). (^±^-0 



AE.c 



( 



a+i-j-c 






AE.C 



\ ^ I 4 If a=a+5+c, then since the area = 

=7!i(i-")(i-')(i-»)l 



We find the area 



Cor. by help of this problem we can determine the radius of a circle 
inscribed in a triangle in terms of the sides. If the figure were con« 
structed it would readily appear that the 

V 

area of the triangle=(a+i+c)— , see Prob. 13. 

■ <-+'+«)i=5=V!TO-')(-l-0O-')l 
'=IV!i(i-)(i-)(i-<)( 

C2 
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PBOBLEM XVI. 

To find the side of a regulax octagon inscribed in a circle whose 
r^-dius ia known. 

Let AB be the side of a square inscribed in 
the circle AFB, whose centre is E. Draw 
EG perpendicular to AB, then AG = GB, and 
the arc AF = arc FB. Join AF which is the 
side of a regular octagon. Let r^radius EA, «| 
and y =AF. Then AB*=2r» .-. AG=iv/2r» *' 

Now, since the 2-AGE is a right angle, 
and AEG half a right angle, .-. GAE is halif 
a right angle, and AG=GE=^ yjli^ Hence 

FG = r — J^2»^, Buti/^=AG» + GF»=ir»+Jr — iv/2t^|' = 
r^.| 2 — *y%\ ••. y=»*. V ^ 2 — V 2 I the value required. 

PROBLEM XVII. 

To find the side of a regular decagon inscribed in a circle. 

Suppose AB to be the side of a regular deca- ^ 
gon. Join CA, CB and produce BA to D, mak- 
ing AD=AC. Join DC. Then since the Z 
ACB=y'yth of 4 right angles or } of two right A, 
angles .-. each of the angles CAB, CBA is equal 
to f of two right angles. Also the Z. CAD = % 
of two right angles ; now AD=AC, .*. each of« 
the angles ADC, ACD is equal to \ of two right 
angles, and .-. the triangles BDC, BAC are 

equiangular. Let BC = r, AB=t/. Hence BD : BC : : BC : BA t . e. 
T'\'^\r\\r\^ .•.y* + ry=r* Andy=Jr| ^ (S) — l,j as required. 

PROBLEM XVIII. 

Having given the side of a regular decagon inscribed in a circle 
whose radius is known, to find the side of a regular pentagon inscrib- 
ed in the same circle. 

Let AB (see figure to Prob. XVI.) be the side of a regular pen- 
tagon, and AF the side of a regular decagon inscribed in the circle 
AFB. Suppose AF— a, AE=r, AB=y. Now GE= VC*^— Jy") 
.•.FG=r-v^(r*-Jj^) :,a^^\f-^,^—2T^{t'^{f) +r«-Jy» 
^^r^ — ^r^[f — \f) .•.2r v'Cr^ — iy2)=2r« — o*, 4r* — ry= 
4r* — 4aV + a* .-. f — 4^—\a^ -^i^\ Now o = ir( v^ 6—1) 
by the last problem; .*. by substitution, ^'=1^+4^(6 — 2y^5) 

Hence the square of the side of a regular pentagon inscribed in a 
circle, is equal to the square of the side of a regular decagon, together 
with the square of the radius. 
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PROBLEM XIX. 

To find the side of an equilateral triangle inscribed in a circle, 
whose radius is (a), and that of another circumscribed about the same 
circle. 

Suppose ABC an equilateral triangle in- 
scribe in the circle ABC. Find the centre 
G, and firom G draw GH perpendicular to 
AC, then AH = HC, Prop. 3. B. .in Euclid. 
Produce GH to meet the circumference in 
K ; and join AK. Then because AG, GH 
are equal to CG, GH, and AH = CH ; 
.-. the ZAGH = ZCGH. Now the ZAGC B> 
is one third of four right angles, /. AGK = 
one third of two right angles, and each of the 

angles GAK, GKA is one-third of two right angles ; hence the tri- 
angle AGK is equilateral ; and since AH is perpendicular to GK, 
.-. pH == HK ; i. e. GH = ^ GA. Now by Prop. 47. i. EucUd, 

GA« = GW + HA' = ^+UA\ Hence HA = AG V| 

.-. 2HAor AC = AG. V3 = aV^ = a side of the inscribe 
triangle. By describing an equilateral triangle about the circle, if 
one of its sides touch the circle in the point K, it may be easily shown 
that AC : a side of the circumscribed triangle : : GH : GK : : 1 : 2, 
.'. a side of the equilateral triangle described about the circle=2a V^. 

PROBLEM XX. 

From the given point C, to draw the straight line CF, which, txh 
gether with two other right lines AE, AF given in position, shall 
constitute a triangle AEF of a given magnitude. 

Through C draw CD parallel 

to EA, meeting FA produced in 
D. Draw CB, EG perpendicu- 
lar to DF. Now, because C is 
given in position with respect to ^ 
EA, AF, .-. CB may be considered as given ; as also AD. Let 
CB = bf AD =: a, AF = a:, and A = the area of the triangle EAR 

Then by similar triangles DF : AF : : DC : AE : : BC : EG 

OTa + x:x::b: f „ =EG /. , = 2A, and *a? = 2Aa 




a-j-a? 

I « A « 2 A 2Aa 

-f-2Aa;, .'.ar —.x = — r — 

..x---± ^ 



Or a? 



. • «{/ 



a-^' X 

2A , A* _A» + 2Acft 

^A±VM^ + 2Aa^[ which 



determines the point Y\ join CF, and the area of the triangle AEF= A. 
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PROBLEM XXI. 

In a plain triangle, having given the perpendicular (p) and the 
radii (r, r) of its inscribed and circumscribed circles, to determine 
the trianffle. 

Let ABC be a triangle whose sides 
AB, BC, AC are respectively equal to ar, 
t/, z. Also let p = AD, the perpendicu- 
lar from the vertex. Then by Problem 
XIII. page 28, we have 

^+2/ + ^ = ^, also ^r= Ti xJ \ •'• ^^ = 2pR 
Now, ar3 z=iy^J^z^^2]j. cd .-. CD^?^"'" ^' ^ 




( 



2y 



Andp= I s" — 



2y 



-)}-={.+»!±^}i.{^ 



!/"+«' -^* ) i 



2y 



I 



S- if (g- KS-' MS- ) ! 
■f =KS-')-(S-0-(S-') 

..|-=g^(|)i/ — 2rar){jp2/ — 2rz)-(p — 2r) 

.-. ^^* =pV~-2pn/. (a? + 5r) + 4r^ar;? 
p — 2r 

But a: + 2r =2^— t/ = ^^^-2/, and X2J = 2jpR 

.-. iE!l*- = «V— f2p^ — 2«r ^ y» + 8pRr* 
p — 2r 

Or-^-- 8Rr»=^2r— p .t/» 

p — 2r 

— — — 1 j2jpR — 4rR — r^J 



•••? = 



2r 



2r 



f 2pR — 4rR — r^l = the base 



The other sides are easily found from the equations x + z 
.y, and xz = 3pR. 



_^p — r 



\ 
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PROBLEM XXII. 

Given the area of an equilateral triangle, CEF, whose base, EF, 
falls on the diameter, and its vertex C in the middle of a semicircular 
arc : required the diameter of the circle. 

Let ACB be a semicircle whose diameter is 
AB and centre D. Draw DC perpendicular 
to AB and let EOF be an equilateral triangle 
whose area = a. Suppose DC = x. 

Nowa = i2;XEF .-. EF = 2a -4- a: Or 

EC = 2a-f-a:;butEC= VlED^ + DC^I A E D P B 

and z* = 3a» .'. z = (3a') J. .'. 2a: the diameter = 2 (3o«)J 

If the area be represented by 100, the diameter of the circle 
= 20Vf V3|=20(3)J 

PROBLEM XXIII. 

Through a given point P, in a given circle ACBD, to draw a 
chord CD, of a given length. 

Draw the diameter APB ; and put CD = a, 
AP = Z>, PB = c, and CP = a; ; then will 
PD = a — z. But, by the property of the 
circle (Euc. iii. 35.) CF X PD = AP X PB ; ^i 
whence z {a — x ) = Z>c, or ar* — az = — be. ^ 
which equation, being resolved in the usual 
way, gives z = ia ± VCia'— ^c); Where 
z has two values, both of which are positive. 

PROBLEM XXIV. 

The base BC, of any plane triangle ^ ABC, the sum of the sides 
AB, AC, and the line AD, drawn from the vertex to the middle of 
the base, being given, to determine the triangle. 

Put BD or DC = a, AD = 6, AB+ AC 
= «, and AB = z ; then will AC = « — x. ^ 

(Geometry B II., Prop. 13,) AB^ + AC* 
= 2BD'^ + 2AD* ; whence af* + ( » — a; )' 
= 2a« + 2*^ or ar^ — »a; = a« + Z;* — \s^. 

Which last equation, being resolved as in the 

former instances, gives a; = i«±V(^* + ^ ^ ^ 

— J 5^), for the values of the two sides AB and B D C 

AC of the triangle ; taking the sign + for one of them, and — for 
the other, and observing that c? -|- ^' ^aust be greater than \ «*. 

PROBLEM XXV. 

The two sides AB, AC, and the line AD, bisecting the vertical an- 
gle of any plane triangle ABC, being given, to find the base BC. 

5 
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Put AB = o, AC = bj AD = c, and BC = a: ; then, by Euc. vi. 
3, (See last Problem,) we shall have AB (o) : AC {b) : : ED : DC. 
And consequently, by the composition of ratios (Euc. v. 18,) 
a-}- b:a'::x : BD = ^ax -r- {a -\- b)l , and a -{- b : b : : x : DC 
= \bx ^{a + b.)\, But, by Euc. vl 13, DC X BD + AD' 
t=AB X AC ; therefore, also, {abx^ -^ {a-^bfl + c^=ab, or abx"^ 
= (a + bf X (ab — c^). From which last equation we have x 
= (a + b)^/\{ab—c^)'T'abl = BC. 

PROBLEM XXVL 

Determine a triangle ; having given the base, the line bisecting the 
vertical angle, and the diameter of the circumscribing circle. 

Let ABC be the triangle, 
and BD the line bisecting the 
vertical angle. 

Draw the diameter FG at 
right angles to the base. If 
BD be produced it will meet 
the circumference in G, be- 
cause equal angles stand on 
equal arcs. Put a for BD, 
b for AE or EC, c for FG, 
and X for EG. Then (Geom. 
90 ) X {c — x) = hi^j hence 
X = ^ c± ^/(^€^ — i^) ; for 
this value of x put e ; and join 
BF, also let y represent DG. 
^ The angle GBF being (Ge- 
om. 62) a right angle, the 
triangles GDE, GFB, are [Geom. 96] similar; :.yie\:c ',a-\-y^ 
that is, ay -f- 2/^ = «<^) hence y = ± V 1 «c -4- ia'* | — ^a. Put / for this 
value of y; and z = DC. Then [Geom. 108] af = 2hz — 2^, that is, 
z = 6± ^^\h^ — af.\ Put this value of jr = g*, and from B draw BH 
at right angles to FG. As GD ; GB : : DE : BH, that is, 

As /: («+/) : : (6 — g) : (6 — g + ^1+^) = BH the distance 

of the perpendicular from the middle of the base, =: EP. Join BP 
GE : EH (=BP) : : GD : DB, that is. As c : BP : :/: a, or 
BP = ae -r-/= the perpendicular of the triangle ABC. But 

[where p represents PB] ; And BC = V | PC + BP» | = 
y( {6_(6_^+fl^)}«+p..) as required. 
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PROBLEM XXVII. 

In a right angled triangle having given the side of its inscribed 
square (12) and the radius of its inscribed circle (7) to determine 
the triangle. ^ 

Put DF = ' ^^A 

FB = 12 = S. 
OP = 0G = 
0I=7=r. BC p 

Then-^=S 
x+y 

G (see Prob. 1. 
P. 19). And AG 
=a?' — r=AP. 
CI = y — r= _ 
AP. Hence C 
CP + PA=:AC = a? 4- y — 2r, and by (47. e, 1.) 2?+ f=x' + f 
+ 4r^+2xy — 4xr — iyr] Or 2xr -\- 2yr= xy + 2r^] Or xy = 
2r {x + y) — 2f»=8x + Sy; Whence 2rx + 2ry — 2r^ = &x 

2r» ^ . . . 2r»S 




+ S y; And a:4-y= 



xy = S{x+y) = 



By 



2r~S -^--^- i ^'-2r — S' 
substituting the values of r and 5, we have ar+ y=49 iand a:y=688, 
and then we easily find a; = 21. and y = 28. 

Let ABC be the proposed triangle, BFDE the inscribed square, 
OG and OP radii of the inscribed circle at the right angles to AB and 
AC, and BD a diagonal of the inscribed square ; also let BGt be per- 
pendicular to AC from the right angle. Put a for the side of the 
given square, b for the radius of the given circle, and x for the seg- 
ment Aa of the base AC by the perpend. Ba, 
Then FG=a — ^ since GB=OG; anda — ^> :a::b :{a*-T-(a-^).| 
= Ba (because GF : BF : : OD : BD : : OP : BQ). Therefore 

(since BD = ^ 2<^), Da = Vi^«'—7:~r\i-i Le' ^^ value. 



(a - by 

nh 

of DO, to be recognized in c, and put d for r 

J. And X'\'C : — - 



It is as 2; : (2 : : d : 



— =Ca[6?c(w»i.p. 



X 



X 

^ — dc 



rf + c 



= AGl, there- 



Hence dz + dc = d* — ca;. That is jr = 

fore the triangle is det&rmined. 

* For the triangles AFD, DEC are similar; also the triangle AaB is similar to 
AFD, and consequently to DEC. Therefore AD : DC : : AF : DE (= DF) 
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PROBLEM XXVIIL 

To detennine the radii of three equal circles, described in a given 
circle, to touch each other and also the circuinference of the given 
circle. 

Let ABC be the given circle, whereof O is the centre. Inscribe 
in it the equilateral triangle PGIR (Eucl. iv. 16) ; join OCl; OR, OP ; 
and produce OP till PS equal the half of PR, or of Pft. Draw SR, 
and parallel to SR through the point P draw PM meeting OR, in M ; 
and through M draw ML parallel to RP ; through L, LN parallel to 
Pa; and join MN. 




L, M, N are the centres of three circles that shall touch one an- 
other, and the circumference of the given circle ABC. 

For bisect PCI in H, and join SH; and parallel to SH draw PF. 
Because POCl is an isoceles triangle, and that, LN is parallel to the 
base, PL is equal to ClN : And because SH, PF are parallel, (PH, 
LF being also parallel,) and that, SP, PH are equal, PL, LF are 
equal. In the same manner it may be proved that GIN is equal to NF, 
to NE,to EM, to MR, &c. Moreover it is evident that, NF, FL are 
in the same straight line. 

Putting, therefore, a = radius of the given circle, and x = radius 
of one of the inscribed circles; It is, {because NF = ^ MN, and, by 

simUar triangles OE = ^ OM), (a — xf — C ~ ^] = ^' 

Whence x z= — 3a ± ^12o^ =z 2a -y/Z — 3a. Which loaa re- 
quired. 
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PROBLEM XXIX. 

Given the base and difference of the sides to determine the triangle, 
when the rectangle of the longest side and di^erence of the segments 
of the base is equal to the square of the shortest side. 

Let 6 = the base, or = the shorter side, d = the difference of the 

sides ; then (by Geom.p. 36.) as 6 : 2ar -f* d :: d: j- {a '\-2x) = the 
difference of the segments of the base, and by the question, this X by 
the longer side, or -^ (d -f- 2x), {d -{- x) = a!^ ] and reduced we have 
^ 3dPx _ cP __ . (f 36df ^ ^ 6a^ 

^— r^^"" 6-2d' ^^'^""^^6 -2d + (d— 2d)'> "^ r^d 

PROBLEM XXX. 

Wlien a parish was inclosed, the allotment of one of the proprietors 
consisted of two pieces of ground ; one of which was in the form of a 
right-angled triangle ; the other was a rectangle, one of the sides of 
which was equal to the hypothenuse of the triangle, the other to half 
the greater side : but, wishing to have his la^d in one piece, he ex- 
changed his allotments for a square piece of ground of equal area, 
one side of which equalled the greater of the sides of the triangle 
which contained the right angle. By this exchange, he found that 
he had saved 10 poles of railing. What are the respective areas of 
the triangle and rectangle; and what is the length of each of their 
sides ; 

Let 2x = the greater side of the triangle, and y = the less ; that 
is -v/^4ar* + 2/*! =the hypothenuse; and also the greater side of the 
rectangle, and x = the less side of the rectangle ; .\ocy z=z the area of 
the triangle, and x V (4ar* -f- 2^) = ^^6 ^^^ ^^ ^^e rectangle ; .-. 4a:*= 
a;y+ x^/{4x^ + ^^jj ox 4x — y = >/ (4ar* + y*) ; also 8ar4-10 = 
2a? + y+^/{^3^ + y«) + 2x + 2y/{42^ + f)i or 4a? + 10 = y 
+ 3 V (4^ + «^) ; in which equation substituting the value of ^ {4x^ 
+ y*) found above ; .*. 4a? + 10 = V + 3(4a? — y) = 12a? — 2y, 
that is by transposition, 2y = 8x — 10, and y = 4a?, — 5 ; .• from 
the first equation, 5 = V H^ + (4a? — 6)'^, and 25 = 4ar» + 16a:» 
— 40a; + 25; by transposition 40a? = 20x^; that is 2 = a; and y 
= 4a? — 5 = 3; the sides of the triangle are 3, 4, and 5 ; the sides of 
the rectangle are 2 and 5 ; and the area of the triangle and rectangle 
are 6, and 10 respectively. 

PROBLEM XXXI. 

In an oblique-angled plane triangle ; there is given the difference 
of the sides which includes the angle of 71* 10,' equal to 11, and the 
line that bisects the said angle is equal to 24 ; from whence is re- 

D 
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quired a theorem that will determine the base and sides of the said 
triangle. The figure can be supplied by the reader. 

Let ABC be the triangle, and make CH = CA the shorter side; 
draw AH, and it will cut the bisecting line CD at right angles in P ; 
make PE = PD and EH = DH = AD, then will the triangles CEH 
and CDB be similar. Put CD = 24 = 6, HE = 11 = d, the trian- 
gle BCD = ACD = 35" 35^, whose cosine call ly, and let a: = CH = 
CA. Then as rad. { = 1) : x :: q : qx = PC ; Hence 2qx — fe = 
EC; then by similar triangles 2qx — b :h :: x:x + d=CB; therefore 
hx = 2qjr — hx + 2dqx — 6c?, this equation being solved will give 

X = J( ^^ \ ^^i- = 25.00218 ; and hence we get AB 

= 36.60737, and BC = 36.00218. 

PROBLEM XXXII. 

Given the base, the perpendicular, and the ratio, of the two sides 
of a triatigie ; to find the sides. 

Call the base AB = o; the perpendicular c 

CD,=i; and AD=x] and let the given ratio 
of AC toCB be that of m ton. ThenBD=a — x] 
AC* = CD* + AD* -b^ + 2^, and by (Eu- 
clid 1. 47). BC* = CD* + BD*=6* -f a*— 2aar 
-f- a^ and therefore w* : n* : : 6* -|- a:* : 6* + _ 
o* — 2ax + ar*. Multipljmig extremes and A 

means, we obtain w*6* + ^^^ — 2m^ax -j- wV = n*6* + nV. 

2(Mth Ihttl? 

That is, ar" = 5 x = — 6' 5 -„ , which equation resolved, 

(,^ . . am* . , a^m* a*m* ,0^.0 \ 

*^+(-2 «± V r-a 2^ 2 5-— 6* *. land 
m'* — »* *(m*— n*)* m* — n* * / 

Let a represent the base, x one of the segments of the base by the 
perpendicidar, r the side of the triangle adjacent to a:, 8 the other side of 
the triangle, b the perpendicular ; and m : n the ratio of r : s. Then a 
— a: is the other segment of the base. Also ar* -j- 6* = r*, and ar^ 4- i»* 
+ tt*— 2aar = 9". Butw*:»*:: (a:» 4. fe^) : (^r* + 6* + o* — 203-) 
Therefore (m* — n*)a^— 2ai»*a? ±= (»* — wi*) 6*— aV as before. 

PROBLEM XXXIII. 

To fifad the area of a plane triangle, when two of its sides and the 
included angle are given. 
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Let ABC be the triangle of which the 
area is required ; BC, AC, the given sides 
and C the given angle ; from A draw AD 
perpendicular to BC, or BC produced ; 
then by trigonometry p. 681. 

as R : sin. C : : AC : AD, and therefore AD -) :^ — '■ ; 

and \ AD X BC = — ^r^ — '■ — = the area of the triangle. 




PROBLEM XXXIV. 

In a right-angled plane triangular field, the legs are 3a?« and 
a^d the Sne that bisects the right angle = a^ chains : what is 
content in acres ? 

Put y =-y'] then 3y = 3a:« = BC, y^ = 
rrsx - CD, andt/3 _. ^3x -. AC. Let fall 

the perpendicular DE and DF ; then it is evi- 
dent (per question) that the Z- DC A = the Z. 
DCB, and the sides FC=CE=ED = DF = 



is the 




m m ^ 



J(y) ^^o* Put^e V2=w; then by 

milar triangles, as AF : DF : : AC : BC ; that is as y = 

, ^ 3^3 V* 3 v^ 
3y ; therefore 3y * ^ = ^ , or 3y = ^ • whence by com- 

pleting the square, &c. we find y = 3.346065, ^y = 10.038195 = 
BC, y2 = 11.196152 = DC and y^ = 37.463053 = BC and the 
content = i ^BC X AC =| (i4y* ==: 2^* = 188.030715 chains. 



FROBLEM XXXV. 

The area of a right-angled triangle, whose sides are in arithmetical 
progression, being given equal to 216 ; to determine the triangle. 

Call the least side a?— y, and let the common difference be y, then 
the three sides will be a? — y, ar, and x + y. Now by the nature of a 
' right-angled triangle we have (x — xjY -j- a;^ = (a; -f yY^ and by 
question the area= | x (x — y) = a^ = 216. From the former equa- 
tion we get 2a;2 —2xy-\-y^ = ar^ + 2xy + y^ and by reduction 4y 
= a:, substituting this value for x in the second equation we obtain 
2t/ X 3y = a2, from which y = Vf «"» and x = 4 V^o^, conse- 
quently the 3 sides are 3 V(i aM -= ig. 4^/1^2) _. 24- and 
6Va«^)=30. 
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PROBLEM XXXVL 

To produce a given straight line (a) so that the rectangle under 
the given line and the whole line produced, may be equal to the 
square of the part produced. 

Let X = the part produced, then per question (X'\-a) az=a^ or 
.t' — ax = c^ or by completing the square a^ — oa? + i^ = i^ and 
by extracting the root x — |o = | V(5), or a: = Ja ( V5 + 1) = the 
part required. 

PROBLEM XXXVII. 

Find the side of an equilateral and equiangular dodecagon in a cir- 
cle whose radius = r. 

Let EBF denote the given circle, and apply 
the radius from A to C then AC = the side of a 
regular hexagon inscribed in the circle (Legend- 
re's Greometry Art. 271.) bisect the arc AC in B, e| 
and join EC, and BC is the side of the regular 
dodecagon sought ; Join BO and it bisects AC ^ 
perpendiculajly, (Legendre Art. 106.) Join OC, 
then since DC = ^OC and 0(? = 0D» + IX? 

(Legendre 186.) /. 0C» = jOC + CD' or CD = 4(0C V3) and 
BD = OC-rOD = iOC (2 — V 3) .-. (since OC = r,) DC = ir, 

DB = lr(2— V3)andBC« = DC" + BD« = r»(2— V30 .. BC 
= r V (2 — \/3) = the line sought. 

PROBLEM XXXVIII. 

There is a triangular piece of ground whose area = 625 square 
yards, and two of the sides measure 30 and 42 yards respectively find 
the remaining side. 

Letp = the perpendicular to the side 42 from its opposite angle, 
then ilp X 42| = the area = 626 (Legendre art. 176.) ..p = 26 
yards, and 30* — 26'=:6'X11 or 6 VH = the segment of the side 
42 adjacent to the angle formed by the given sides, and 42 — (6^11) 
= the remaining segment of the side 42, this segment and p are the 
legs of a right angled triangle, of which the side sought is the hypo- 
thenuse, hence if a; = the side sought, there results the equation, 
a:» = (42 — 6 Vll)" +P' = (42 — 6 V H )''+ 26« = 2*( 666 — 
106 Vll) and a? = 2 V(666 — 106 VH) = 36.66 yards nearly. 

Note. — ^It is evident that there is another triangle which answers 
this question, whose remaining side being denoted by y will be foimd ' 
by the equation y =r 2 V ^ 666 + 106 V 1 U » in this case the perpen- 
dicular (p ) falls without the triangle. See Prob. viii. p. 23. 




ANALYTICAL GEOMETRY. 41 

PROBLEM XXXIX. 

The four sides of a field, whose diagonals are equal to each otheri 
pje 26, 36, 31-, and 19 poles respectively : what is the area. 

Since the sums of the squares of the oppo- 
site sides of the trapezium ABCO are equal 
(by the question), the diagonals will cut each 
other at right angles in D ; so that putting BC 
= 25=a, BA=36 =*, OA = 31 = c, and CO 
= 19 = d, and AC = BO = x, we shall have 
X : b + a :: b— a : AD -^CD = {b^'—a') 4- 
0?: anda;:6 + c::6 — c:BD— 0D = (6» — 

X b^—a"^ 
c*) -T- a: ; whence AD =z— -{ ~ , and BD 

X , b* — a' X , b^ — a' „ x b^ c' 

2 • 2a; ' ' ^ 2 ^ 2a? ' ~ ^ 2 ^ 2a: ^ ' 

from which equation 2x* — \^ + <^i X2a;*+|A^ — o'l'* -h 
\lf^ — c*! = 0, this solved gives a: = -} (a' + c^) ± V\l>^^ — iX 
(c« — a2)2| = 37.9; and the area = ^ar* = ^ (37.9)» as required. 

PROBLEM XL. 

In a right-angled triangle, there are given the ratio of the sides as 
3 to 4, and the difference between the area of its inscribed circle and 
inscribed squaxe = 20.2826. Required the area and sides of the 
triangle. 

Let 20.2826 == a, 3a? ■= the perpendicular, 4ar = the base, and 6x 

= the hypothenuse ; also 2a; = circle's diameter ; Put y = the side 

of the inscribed square ; therefore 4a? — ^ = the base minus the side 

of the inscribed square, and by similar triangle we have as 4a? : 3a?: : 

4a? — y I y] .'• 4a?i( = 12a;^ — 3a?y, or 7a?y = 12ar*. therefore y = 

I (2a?)* 

\px] and by the question ^— ^ = a; and a? = 10, and the sides 

are 30, 40 and 60, respectively. 

PROBLEM XLL 

There is a triangular field, whose content is known to be = 16 
acres, 2 roods, and 16 perches ; the perimeter 78 chains ; and one of 
the angles 126* 62^ 12^''. It is required to find the sides of the field 
separately, by a general theorem, that may be of use to the practical 
surveyor. 

Put a = area of the triangle = 166 square chains, r = the sum of 

all the sides = 78 chains, and a and q for the sine and cosine of half 

s 
the sum of the unknown angles respectively; also let — = t] then 

is the cosine of half the difference of the said unknown angles = 

6 D2 
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^-^t_i- = . 9911223 = 7'* 38^ 25^^ which being added to and 

subtracted from the half sum, gives 34" 12^ 19'^, and 18* 55^ 29'^ for 

^a 4^ 

the two unknown angles. Now the longest side AC = — = 

= 37 chains ; consequently AB ~ 26, and BC= 15. ^ Or if it be put 

z 2ai 

equal to the cotangent of half the given Z ABC, then will 

2 z 

= HC = 37 chains as before. This question may likewise be solved 

by finding the radius of the inscribed circle, which is equal to the 

area divided by the perimeter. 

PROBLEM XLII. 

There is a triangular garden, the length of whose sides axe 200, 
198, and 178 yards. Now there is a dial so placed in the garden, 
that, if walks be made from each of the three angles to the dial, they 
will exactly divide the said garden into three equal parts: from 
whence is required the length of each walk. 

Let ABD be the proposed angular garden, in which having the 
sides given I fiad (by plane trig. p. ), the angle BAD=63** 7^ 48''^ 
(whose sine call s and cosine c), the perpendicular Cd =: 52.8, and 
Ch = 53f Now b = Cd z=z 52.8, C^ = 53i, a? and y = sine 
and cosine of Z. CAd ; then sy — ex =^ sine Z C A^, and as 

X :o::l : — =AC: also as 1 : — ::«y— car: = Ch=d; 

X ^ X ^ X 

therefore hex + <fe = ^ I that is — = - — ; — j 

* ^ ' y ba'\' d 

=. 496875, the natural tangent of the angle CAD 

= 26° 25' 18'^, fere ; from hence is found CD = 

107.5838; AC = 118.6587, and BC = 106.3425, 

the length of each walk as required. 

PROBLEM XLIII. 

In any right-angled triangle, the area (= 294), and the difference 
between the hypottienuse and perpendicular (= 14), being given ; to 
find all the other parts of a triangle by a simple equation. 

Given AB — AC = 14 = a, and BC X a 

AC = 588 =3 h^ put X fiind y for the sine and 

cosine of the z. at B; then (By trigon. p. ) 

ax 

I have 1 — x:a\\x\ = BC,and 1 —x : 

1 — z 

a::y: --^ = AC: /. j-—?^ = 6; con- 
^ 1 — z (1 — Zf 
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sequently ^ = |., the tangent of half the angle BAG; .*. the 

side AC = 21, BC = 28, and BA = 35. 

FROBLEM XLIV. 

In a plane triangle ABC, there is given the sides AC and BC 
equal to 24 and 30 poles respectively ; and supposing a circle in- 
scribed in the same, so as to touch all its sides, a Ime drawn from the 
angle C, to the centre thereof is found to measure 12 poles. Find, 
the base of the triangle by a simple equation. 

Let AC = 9 = 24, BC = d = 30, CO = m 
= 12, AC + BC = » = 54andAB = y; then 

n\y'.\q\ AD = — , and ::d: DB = — , q : 



n 



n 




m : : flf 4- — • CD = m H — -\ Hence we have 

dq — ^2|1 = (m 4 — ^)', which reducedgives 

(da — vi^)n «^ , , . , 

»= !,+«.» =36.thebaseaareqwed. 

PROBLEM XLV. 

Having the perpendiculars let fall from each angle of a triangle to 
the opposite sides given, to find the opposite.sides and area. 

Here is given the perpendicular BE=100=m, 
AF=98=n, CD=96=a; let a?=AB, then ax 
c=twice the triangle's area, therefore 

AC=: — ;and BC= — ; per (trig. p. ) a? : 

8+^— ^J Xar,but~ 
= .6349834, the cosine of 




:l::DB:cosme Z.B= - — y- -r—g 

2a 2» 2w 

67° 39^ 2r' « Z. B; hence AB = 116.9961, BC= 112.4443, 

AC =110.1963, and the area = 6609.766. 

Otherwise algebraically. 

Put BE = h =21, AF = c = 20,CD = d = 19, AB = a:, AD = 

r, then by similar triangle (Euclid i. 47.) -equating the different pro- 
cesses, completing the square, &c. we get 

,- // 1^:^!^ V-2434 
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PROBLEM XLVI. 

From the vertex A of a triangle, draw a straight line meeting the 
base produced in D, so that the rectangle BD.DC = AD*. 

Let ABC be the given triangle, whose base i^ EC, 
and let AB be greater than AC, then make the angle 
CAD = ABC and produce BC to intersect AD in D, 
theikis AD the line which was to be drawn. For 
since the angle D is common to the triangle ADB, ^ 
ADC, and because the angle B=CAD the remaining 
angles of those triangles are equal, (Legendre 74.) Hence the pro- 
portion CD : AD : : AD : BD (Legendre 202.) Or BD.CD= AD" 
as required. CD is easily calculated, for put a = AB, c = AC, b = 
CB, then because the triangle ABD, ADC are similar there results 
the proportion AB* : AC : : BD^ : AD' = BD.CD, or AB^ : AC* : : 
DB : CD and by division of proportion AB* — AC* : AC* : : BC : CD , 

or in symbols we have €^ — c* : c* : : ft : CD, .'. CD =-^ — -^ Ans. 

ftc* be? 
Note, thatBD = BC + CD = ft + -3 r=-a r = 

the' whole side produced. 

THEOREM XLVII. 

In any quadrilateral figure whose diagonals intersect at right an- 
gles, if S,D be respectively the simi and difference of two opposite 
sides, and S, d the sum and difference of the other sides, then S + d 
: s-^-D :: s — D : S — d. Required the proof 

Let ABCD denote any quadrilateral whose 
diagonals AC, BD intersect at right angles in 
E and suppose that AD is greater than AB 
then AD^= AE*+DE* and AB*= AE*+BE* 
and by subtraction AD* — AB*= DE* — BE*, 
in the same manner DC* — CB* = DE* — BE* • AD* — AB* = 
DC*— BC*. Put AD + BC=S, AD — BC=D, then AD= (S+D) 
-T- 2 and BC=(S — D)~ 2 ; also put DC+AB=5, DC — AB=d, 
then as before DC = (« + d) -^ 2, AB = (« — d) ^ 2, by substituting 
these values in the equation AD*— AB*=DC*— CB* it becomes 
(S + D)* — (*—d)*=(* + d)3—(S — D)*, or by reduction S*4-D* 
-=s* + d*orS*— ^=a*— D*,or(S + d).(S — d)=(5 + D).(a— D) 
which gives S + d:« + D ::« — D: S — rf as required. 

PROBLEM XLVIII. 

Having given the perimeter (p) of a rhombus, and the sum {s) of 
its two diagonals, to find the diagonals. 

Since a rhombus is a parallelogram whose sides are all equal, we 
have J]j=to one of the sides, put ar=one of the diagonals then s — x 
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=the other; hence (Legendre 195.) (5_ar)» + a?=4 (Jp)', or by re- 
duction 2a?— 2»z= I|»'— •"anda?— «z = i(p»-4«') •by quad- 

hence s— a: = ^-TgO V 2 =F -/(p'^—Sa*) j as required. 

PROBLEM XLIX. 

Given the axea (a*) of a right angled triangle, whose sides are in 
geometrical progression to find the sides. 

Let a:, t/ be the two legs y T a;, then V ly' + 2?^ = thehypothe- 
nuse and (per question.) ^/\^ + 3^\:y::y:xox x^/\f + Qf\ =^ 
t/* and ai^y' + a:* = y* alsoa?y = 2a% 

that is a?^^ = 4a*, andy* = — j-, hence 4a* + a^= — r" ^^ 
+ 4aV = 160^ and by quadratics a?* + 2d* = V f 20o*} = 2a(6)^ or 

x=aV(2V5-2)ithen»=— =^-^-^g-;^=a(2V6 + 2)i 

as required. 

2o« 

Otherwise, call the perpendicular 2:, then the base will be — , and 

the hypothenuse V I ^+"3-)- And by the question — : x\\x: 

y/ («' + ";5')» Hencea? = -— V (^+':3" )« ®^^ squaring we 

4a*/ 4a* \ 
have the final equation, a?* =— j (^ + -j ) • or ^ — 4a*a?* = 16fl^ 

completing the square and extracting the square root we have, 
2;* = a* I 2 + a/ 20 ^, and a^= a ( 2 + V 20)i as before. 



PROBLEM L. 



Having given the base (b) of a plane triangle, its area (a*) and the 

ratio of the two sides as mtn. Required the valuer of these sides. 

Draw a perpendicular from the vertical angle to the base then 

2a' 

— = the perpendicular, let x = the lesser segment of the base, then 

'J \u — h^ I = ^^® lesser of the reinaining sides, and^ \ -3 

4a* 

^{b — a?)' }=the greater; hence the proportion m* : n' : I-^+a?: 



46 



ANALYTICAL GEOMETRT. 



4a* 



}-{b — ar)* which gives 7^ 



2bM'x 4o*(n« — m") — bW 



mr 



n' 



^(to«— »«) 



this quadratic solved gives x, and thence the sides become known. 

PROl^LEM LL 

Having given the base {b), the area (a^), and (c) the difference of 
the two sides, to find the sides and the perpendicular altitude of the 
triangle. 

By using the same notation, &c., as in the last question the 

perpendicular = — r-, the lesser side = a/ { "Tq 4" ^ i ^^'^ ^^® 
greater =:J { -^ + (^ — ^)* j •'• (P^^ question.) J {-^ +^ f +e 

2cJ^^+x'\=zV—(^^2bx ox~— + 4c'7^=b* + c* + 
Al^z'—Ab^x + 4(?bX'^2l?<?ox4.{}?—<?)i^—U(l?—c')x = 



16aV 



_16oV— 6^(i^— c«y 



*« 



and 4a:* — 4fta; = 



hence x 



=*'-sV! 



16a* + ^(^— c* ) I 



then^l '1^^"^| ~'\/lSI35'^^^) — ic = the lesser side and 

^ { ^+ (^-^)" } = ^(^ + 1*')+ *^=tlie greater side 
as required. 

PROBLEM LII. 

Having the lengths of three perpendiculars, EF, EG, EH, drawn 
from a certain point E, within an equilateral triangle ABC, to its 
three sides, to determine the sides. 

Draw the perpendicular AD, and having 
joined EA, EB, and EC, put EF = a, EG=ft, 
EH = c, and BD (which is ^BC) = x. Then, 
since AB, BC, or CA, are each = 22;, we shall 
have,. by Euc. i, 47, AD = V (AB^— BD*) 
= ^ (4z*— ar^)= ^/33^ = x ^/ 3. 

And because the area of any plane triangle 
Is equal to half the rectangle of its base and 
perpendicular, it follows that 

A ABC = iBC X AD = a; X a: V3 = a^^/Z 
A BEC = iBC X EF = a: X o = ox, 
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A AEC = lAC X EG = a; X * —hx, 
A AEB = |AB X eh = a; X c = ex. 

But the last three triangles BFC, AEC, AEB, are together equal 
to the whole triangle ABC ; whence a? ^ ^ =^ ax -\-hx -\- ex. 

And consequently, if each side of this equation be divided by a?, we 
shall have arV3 = « + * + c, ora?=(a + * + c)-r- V3- 

Wliich is, (therefore half the length of either of the three equal sides 
of the triangle. 

Cor. Since, from what is above shown, AD is = a? V 3, it foUows, 
that the sum of all the perpendiculars, drawn from any point in an 
equilateral triangle to each of its sides, is equal to the whole perpendi- 
cular of the triangle. 

PROBLEM LIII. 

Having given the lengths of two lines AE, DC, drawn from the 
acute angles of a right-angled triangle ABC, to the middle of the 
opposite sides, it is required to determine the triangle. 

Put CD = o, AE = fe, BD or \AB = x, 
and BE or \EC = y; then, since (Euc. i 47,) 
BD^ + BC' = CD» and BE* +AB'' = AE«, 
we shall have x?-^Ai^ = a^, and rf + 4a^ = 6^. 

Whence, taking the second of these equa- 
tions from four times the first, there will arise a 
15t/« = 4a« — i^or 1/ = ^/{4a'—b^)-^l5. 

And, in like manner, taking the first of the same equations from 
four times the second, there will arise I5ap =: 4^' — a^, or a? = V {4b'^ 
— a«)-M6. 

Which values of x and y are half the lengths of the base and per- 
pendicular of the triangle, observing that b must be less than 2a and 
greater than ^ a. 

PROBLEM LIV. 

Having given the ratio of the two sides of a plane triangle ABC, 
and the segments of the base, made by a perpendicular falling from 
the vertical angle, to determine the triangle. 

PutBD = a, DA = *; BC = ar, ^ 
AC = y, arid the ratio of the sides 
as m to n. 

Then, since by the question, BC 
: AC : : w : n, and by (Geom. p. 36) 

CB« — AC^=BD*—DA^ we shall 

havea?:t(::w:», andar* — y^=^a^-^ii^, A 'D 

But, by the first of these expressions, nx = my, or y = na? -^ w ; 
whence, if this be substituted for y in the second, there will arise, 
r' — (n* -i-m*) a:« = a?^ — 6«, or (m^—n'^) ar» = m«(a«— ^*). 
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And consequently, by division and extractiog the square root, we 

shall have a? = m V ~2 9 and ti = » V —5 a I which are the 

i» — n «i — n 

vedues of the two sides BC, AC, of the triangle, as was required. 

PROBLEM LV. 

Given the hypothenuse of a right-angled triangle ABC, and the 
sides of its inscribed square DE, to find the other two sides of the 
triangle. 

Put AB = h, DFor DE = », AC = a?, and 
CB = y ; then, by similar triangles, we shall 
have AC (x) : CB (t/) : : AF (x — s) : FD {s). 
And consequently, by multiplying the means 
and extremes, ocy — sy = 8Xf or xy = * (a: + 
y), . . . . (1). 

But since, by Euc. i. 47, AC + CB'= AB«, 
we shall likewise have, a? + 1/* = fe^ . . (2). 
Whence, if twice equation (1) be added to the equation (2), there will 
arisea;*-4-2ar^ + 2/^ = ^* + 2»(2; + y), or {x-^-yf — 2«(a? + y) 
= h^. Which equation, being resolved after the manner of a quadratic, 
gives ar + y = s± V(^^ + 0> ory = a — x± V (^^ + «'*)- Hence, 
2* this value be substituted for y in equation (1), there will arise 
ar|« — ar± V(^' + «*)| = «l«± V(^* + «*)^ or a^—\8±^/{K' + 
a^)|a; = — 5|»± V^^ +«^)}. And consequently, by resolving this 
last equation, we shall have ar = i^«±^(/i* + 5^)^ ±Vli^^^ — ^ 

J*V(^' + ^)|; which are the values of the perpendicular AC and 
base BC, as was required. 

PROBLEM LVI. 

Find the radius of that circle in which the side of a regular penta- 
gon is 1. 

Let r = the radius, then V (*^ — J) = the perpendicular from the 
centre of the circumscribed circle to the side of the pentagon. 
Hence VlJ + (** — V(^ — DTI = the side of the inscribed deca- 
gon, but (Legendre 273.) r: V ji + (»•— V ( »^ — i ) )'| : : V {i + 

V(^ — J) )'^|=2;, thenr:a::;x:r — a?or2r* = r^ — rx and a^'-j-ra: 
=^...^ = ^r(V5 — l)=VU + (r-V(r^-i)norK(3-V5) 
= i + (^— V(r^ — J))' = i+r*--2r Vfr«— i-|+r»— land 
by reduction r {I + ^/ 5) = 4 V(r^— } ) or r^ (3 + V 5) = 8*^ — 2 

2 6+V5 ,/5+v^5\ . A 

and r* =^_-- =-__ or r = V (-To~; ^' '"^"^'^- 
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PROBLEM LVII. 

Given the lengths of two chords, cutting each other at right an- 
gles in a circle, and the distance of the point of their intersection from 
the centre, to determine the diameter of the circle. 

Let AB, CD be two chords within the cir- ^ -^c 

cle ABD, cutting each other at right angles 
in F. Take the centre E, and draw EG, 
EH respectively perpendicular to CD, AB. 
Then CD, AB are bisected in the points G, 
H. Join EB, ED, EF. Let AB = a, CD 
= 6, EF = w, and a? = EB or ED. Then 

EB^ = Eff + HB^ or ar» = EH^ + 



a^ 




Also ED^ = EG^+ GD', or ar* = HF^+ -~ .-. 2^? ^ EIT + HF' 
. . 2x, or the diameter = ^J X'^'f^ -\- \{o? -\'h^)\. 

PROBLEM LVIII. 

Given the ratio of the two sides, together with both the segments 
of the base, made by a perpendicular from the vertical angle ; to de- 
termine the sides of the triangle. 

Put a and h for the two segments of the base, x for the side adja- 
cent to a, and y for the other side of the triangle ; and m : n, the ratio z 

n 

has to y. Then, (since m: n: : z :y)ii follows that y = — x. But 

m 

^ — a^=zf— ^»2 = !^ _fe2 Thatis, mV - n^2? =:m^o?—fa^V, 



mr 



Hence a; = V ^ 



TO V — m^b 



2W 



.2«9 



TO* 



n" 



^, Andy = — V 1 o -^^l which 

TO . TO — » 



were to be determined. 



PROBLEM LIX. 



Given the difference of the segments of the base made by a line 
bisecting the vertical angle, the difference of the sides, and the dif- 
ference of their squares, to construct the triangle. 

Let a, 6, and c, be the three differences as per quest., then c-f- b = 

the sum of the sides, and |6* + ^1 -r- 26, and \c — b^ -7- 2b are the 

two sides ; 6 : a : : the greater side : the greater segment = 

b^+c ^c ■ 

X a, and - 



2b' 



-— X' a = the less, hence the base =^a, and thus 



we have theorems for all the sides. 

7 
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PROBLEM LX. 

Given the area, or measure of the space, of a rectangle, inscribed 
in a given triangle ; to determine the sides of the rectangle. 

If a be puX for the perpendicular, and h for the base of the triangle ; 
c for the area of the rectangle ; and x for the length of the rectangle 
parallel to the base of the triangle, it will be as 6 : a : : 2; : ax -^ 6 the 
difference of the altitudes of the rectangle and triangle 

a 

Therefore the altitude of the rectjuigle is o — -j- x. 

But c = x{a T-x) =ax ^a:*, .-. x = ^h ± V | T ~ ~"^ | 



the length of the rectangle ; consequently ( b^ b \ 

= the breadth ; which were to be determined. 

PROBLEM LXI. 

The base of a right-angled triangle being given = 24, and the 
difference between the perpendicular and h3q)0thenuse = 12 ; required 
the other sides. 

Put 24 = a, 12 = rf, and the perpendicular = x ; then the hypo- 
thenuse = a; + d, and by 47 Euclid, Book i. we have a^ + ^ = 

(a; -j- dfj that is a' -}- a:" = ar* -f- 2dz + d^ and x = — — j- , and 

a' + rf* 
X'\-d = — ^-j — , Substituting for a and d their values we find the 

perpendicular =18, and hypothenuse = 30. 

PROBLEM LXII. 

The area of a certain isosceles triangular field is eight acres and 
a half; find the sides and angles, when the area of the inscribed 
circle is equal half the field. 

Put 1360 = 2a, = the area of the triangle a 

in perches ; 29.424 = 6, = the dia. of the in- 
scribed circle ; draw GF parallel to BC, and 

_ „ , 4a . __ 4a — 6a? 
put a: = BC ; then — = AE; /. 

* X Jb 

4o 
= AO ; and by similar triangles, as — : a? : : g 

X 

4a — 6x . 4ax-6^ ^^p ... ^a^^hJ' 

X 4a - =6'; which brought 

t)ut of fractions, and reduced, gives x^ — 92.44a:' = — 80033.28. 
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By converging sines a; is found = 38.5296 = BC, and 70.566 = AE, 
Then (by trig. p. ) Z A = 15*» 16', and Z B = Z C = 74'* 44'. 

PROBLEM LXIII. 

To determine a right angled triangle ; having given the hypothe- 
nuse, and the radius of the inscribed circle. 

Construct a right angled q 
triangle, and inscribe in it a 
circle; also draw right lines 
from the centre to the points of 
contact, and to the two acute 
angles, as in the figure 
ABCDEFG. 

Put X for the base (AB), y 
for the perpendicular (BC) 
and let a represent the given^ 
radius (DG, DE, or DF), b^ 
theh3rpothenuse(AC.)^ Then, 
because GB and DF are 
equal, y — a is the expression 3 
for CG ; and x — a = AF. 
Also CE and CG are equal [Euclid, 1. 26] ; and AF is equal to AE. 
ButAE+CE = AC; that is, (t/ — 0)4- (ar— a) = 6, Ora? + y=± 
2a + b. Now ar* + 2/* = 6^ ; comparing, therefore, the double of this 
equation, with the square of the preceding, ar* — 2xy J^y^=:b^ — 4ab 
— 4a'. Hence x — y = V \b^ — 4a6 — 4a', ] consequently x = a 
+ ^b±i^/ (b^'-^^ab -4a'), and t/ = a+ ^6 q=i V (&*--4a6-4a'). 

PROBLEM LXIV. 

To find the side of an equilateral triangle, inscribed in a circle, 
whose diameter is d ; and that of another circumscribed about the 
same circle. 

Let AFGC be the given circle, and ABC "jg^ 

the required inscribed equilateral triangle. 

Join A and the centre E ; also join CE, 
and produce it to D. Then by (Euc. iv. 2.) 
the angle D is a right angle, and the trian- 
gles ADE and ADC are similar. But AD 
= lAC, therefore also DE = ^ AE. H 

Let then AE = radius = ^d ; and consequently ED = ^ AE = 
id] also put AB = a?, or —AD =Jar. Then by (Euc. i. 47.) la^ 
^id^^^d^ = ^dli'^ Whence x = V ?<^ = i<^ V 3, the side of 
the inscribed triangle. Again produce CD to F, and AE both ways 
to G and H ; and draw HI, IK, perpendicular to EF and EG. 

Then it is obvious from the proposition above referred to, and (Euc. 
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IV. 3.) that EF = |HE, and HF = iffl. Let now HI (the side 
of the circumscribed triangle) = y and we shall have HE'* = EF* 
+ HF^ ; and since EF = jd, HE = d, and the above becomes cP = 
id^ + J^, or t/* = 3d*, or y = d V 3j the side of the circumscribing 
triangle. (See Prob. xix. p. 31.) 

PROBLEM LXV. 

To describe a circle through two given points A, B, that shall 
touch a right line CD given in position. 

Join AB; and through O, the assumed 
centre of the required circle, draw FE per- 
pendicular to AB ; which will bisect it in E 
(Euc. in. 3). Also join OB ; and draw EH, 
OG, perpendicular to CD; the latter of 
which will fall on the point of contact G 
(Euc. III. 18). Hence, since. A, E, B, H; , ^ . ^ 

F, are given points, put EB = a, EF = <^, C F GUI D 
EH =c, and EO=a:; which will give OF = b — x. Then, be- 
cause the triangle OEB is right angled at E, we shall have OB' = 
EO^ + EB^ or OB = V(^+0- But, by similar triangles, 

FE : EH : : FO : OG or OB, or * : c : : 6 — ar : OB ; whence, also, 

(J 
OB =-r{b — z). And consequently, if these two values of OB be 

put equal to each other, there will arise, ^/ (ar* -|- a*) =— (6 — 2:). 

Or, by squaring each side of this equation, and simplif3nng the re- 
sult, (fe2 _ c') a^ + 2bc' x = b^ (c'—a''). 
Which last equation, when resolved in the usual manner, gives, 

rr = - ^37^ + ^ V j (g2ir^»+ jr:Z72 / ) foj^ t^e distance of 

the centre O from the chord AB ; where 6 must evidently be greater 
than Cj and c greater than a, 

PROBLEM LXVI. 

The three lines AO, BO, CO, drawn from the angular points of a 
plane triangle ABC, to the centre of its inscribed circle, being given, 
to find the radius of the circle, and the sides of the triangle. 

Let O be the centre of the circle, and on ^ 

AO produced, let fall the perpendicular CD ; 
and draw OE, OF, OG, to the points of con- 
tact E, F, G. Then, because the three an- 
gles of the triangle ABC are, together, equal 
to two right angles, (Euc. i. 32.) the sum of 
their halves OAC -f OCA + OBE wiU be B 
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equal to one right angle. But the sum of the two former of these, 
OAC -|- OCA, is equal to the external angle DOC ; whence the 
sum of DOC + OBE, as also of DOC + OCD, is equal to a righi 
angle ; and consequently, OBE = OCD. Let therefore, AO = a, 
BO = 6, CO = c, and the radius OE, OF, or OG = x. Then, since 
the triangles BOE, COD, are similar; BO : OE : : CO : OD, or 

b: x: :c : OD ; which gives OD = -r-j ^^^ ^1^ = V (c* - — n")* ^^ 

(J 
~ry/{f^ — ^)- Also, because the triangle AOC, is obtuse angled 

at O, we shaU have (Euc. ii. 12.) AC* = AO* + CO' + 2 AG 

XOD; or AC= V (a* + c* + -^), or V ( I )• 

But the triangles ACD, AOF, being similar, AC : CD : : AO : OF, 
or V (— — ) ' -T" V (^* — x^) ::a: X. Whence, multi- 

plying the means and extremes, and squaring the result, there will 
arise oa^ \ b{a^ + ^^) + 2aca: j = aV(6* — x^). Or, by collecting the 
terms together, and dividing by the coefficient of the highest power of 

, , ^ / ah , ac , bc\ ^ ahc 

ar, we have the equation, a?« +1 — + — -f— ^a;J»=:_ 

From which last equation x may be determined, and thence the side 
of the triangle. 

PROBLEM LXVII. 

From one of the extremities A, of the diameter of a given semi- 
circle ADB, to draw a right line AE, so that the part DE, inter- 
cepted by the circumference and a perpendicular drawn from the 
other extremity, shall be of a given length. 

Let the diameter AB = d, DE = a, and AE 
= X ; and join BD. Then, because the angle 
ADB is a right angle, (Euc. iii. 31.) the trian- 
gles ABE, ABD, are similar. And conse- 
quently, by comparing their like sides, we shall 
have AE : AB : : AB : AD, ot x : d::d: 
a? — o. Whence, multiplying the means and ex- 
tremes of these proportionals, there will arise ^ 

x^ — ax = (P. Which equation, being resolved after the usual man 
ner, gives a; = Jo + v' ii^ + <^). 

PROBLESI LXVAl. 

A gentleman has a triangular piece of land, whose sides are in the 
proportion of 3, 4, and 5, and the area of it is equal to the cube of 
one-fifth part of the base ; required the sides and area in numbers. 

E2 
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B 



The given proportion denotes a right-angled triangle ; let therefore 
3wF be the base, then 4a? and 5x will be the hypothenuse and perpen- 
dicular, and, by the question, the cube of three-fifths of the base 
= \jz\^ = \\ix X 4a?|, whence a; X 3 = 83^ = the base, 111^ = 
the perp. and 139f = the h3rpoth. the area being 4629^. If 4a; be 
called the base, then the three sides will be, 35|^f , 46^, and 58 Jf, area 
823|f^| ; but 18, 24, and 30, area 216, if the hypoth. be base. And 
had the triangle been oblique, an equation might have been formed 
and the sides found, with the same ease. 

PROBLEM LIX. 

To find the area and the sides of a rectangle of which the perime- 
ter and the diagonal are given. 

Let ABCD be the proposed rectangle caU D^ . C 

the perimeter p, and the diagonal BD, d. 1 

Let AB = Xy AD = t/, and we shall have A I — 

a? -f- y = ^ p. and ar* -^- 1/* = a'*. Squaring the first equation 
obtain a^ + 2xy +1/"= ip», and therefore {a? + 2xy +f)-^x'^+f) 
= 2xy = Jp' — a\ Consequently xy , or the area = }pp — ^a', and 

PROBLEM LX. 

Having given the segments of the 
base, made by a perpendicular falling 
firom the vertical angle, and likewise the 
ratio of the two sides, to determine the 
triangle ; t. e. to determine the actual _ 
value of the sides of the triangle. B 

In this problem, BD, DC are given ; /. let BD = o, DC = b. Like- 
wise the ratio of B A : AC is given : but since the actual values of AB, 
AC are unknown, let BA=a;, and AC= y, andlet the ratio of BA : AC 
be that of to : n. Now BA : AC : : ar : y : : m : n .*. nx = my and y = 

**a:. AlsoAD»=AB«— BD«=^-a^ But AD«=AC«- CD« = y' 



we 




TO 



_^ ... a^_ o* = y»— J^, And by substitution a^--^* = -5 . ar»— tf* 
X'by m^ and m^a^—m^aJ' =: n^x' — m^lf', By trans. Im'^-^n'^la:* 

By a similar process y = ».^ { ^2~^8 } = ^^^ ^^lue of AC. 
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PROBLEM LXXI. 

Given all the three sides of the triangle, to find the radius of the 
inscribed circle. 

Conceiving the figure 
constructed (in the accom- 
panying diagram) draw 
lines from the centre to each 
of the angles, and to the 
points of contact. Produce 
either of the lines joining 
the angular points and 
centre (as BO) indefinitely 
through the opposite side, B 
and on it produced let fall a perpendicular (as AG) from that angular 
point from which the perpendicular falls without the triangle. 

Put afor Ad, b for dB, and c for C/ Also x for Od = Oc = 0/ 

Then V 1 ^^ + ^ J [BO] : x [Od] ::a + b [AB]:-^,±^^ [AG]. 

ButBO:Bd::AB:BG. that is,-^^^-,— Vl^ + a^l = 

ao — or 
, iiii^l ' -^.nd AG : OG : : Cf: (X whence az-^-bxiah — ar 

Therefore x=z ^ ( — -?^-i- — A Which was required. 

PROBLEM LXXir. 

To determine a right-angled triangle ; having given the hjrpothe- 
nuse, and the difference of two lines drawn from the two acute angles 
to the centre of the inscribed circle. 

In the annexed 
fig. let CD be the 
greater, and AD 
the less of the two 
lines of which the 
difference is given, 
and let DH be a 
production of CD, 
and AH perpendi- 
cular to CH, AH is ^ 
equal to HD, be- 
cause the angle ADH is equal to the sum of the angles ACD, CAD, 
together equal to half a right angle, and the angle at H a right-angle. 

If a be put for AC the hypothenuse, z for CD, y for AD, b for the 



C « JUt 
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difference of x and y, r for DH, and 9 for AH. Then (Geom.p. 34) 
r = « = y-r-V2. But 3^ + y^ + 2rx = d^ = ai^ + f + xyy/2. 

Now substituting x — i for y, and c for the V2, it will be ar* — 2bx 
+ i« + a:« + ca:2— c6a: = a», that is, (2 + c) a?— (2 + c) ia? + 6* 

=0*. Whence a? = J^± V { /T +iy | , and 

f a* — ^ ) 

y= V I -^3^ h 4^ J — a^- Consequently the radius of the in- 
scribed circle is known, and the triangle determined. For put 

— i^ = AD. And let DE, Df, Dg, be three radii at right angles to 
the sides of the triangle ; likewise put w for Ag, and z for Cg. r — w^ 

= «i' — n'. Also z^ w =a; and by division z — w 



m' — n* 



that IS, z = — 5— : w = -— !■ — ^ 

' 2a ' 2a 

m'— ^^ — ^^~7Zj J = <Ae radius of the inscrib- 



ed circle. 



PROBLEM LXXIII. 



Given the perpendicular, base, and sum of the sides of an obtuse 
angled plane triangle ABC, to determine the two sides of the triangle. 

Let the perpendicular AD =|?, the base 
BC = by the sum of AB and AC = 5, and A 

their difference = x. Then, since half the 
difference of any two quantities added to 
half their sum, gives the greater, and, 
when subtracted, the less, we shall have, 
AB =i(« + ar), and AC = i(«-^). 

But, by (Euc. 1. 47,) CD^= AC* — AD», ^ = 

orCD=vU(« — ^)'— p'^;---hyGeom. -B EC 

p.37)AB» = BC^ + AC«+2BCXCD; whence 1 (« + :r )« = 

^'+H^ — ^T + ^b^{i{s—xf^p%oxsx^b'=z2b^\i{s^xr 
— p {. And if each of the sides of this last equation be squared, 
there will arise, by transposition and simplifying the result, («* — ly^)x^ 




aJ3 I 



= b^ (^_y) ^4iy, or x = 6 V ( 1- -^r^y Whence, by ad 

dition and subtraction, we shall have, AB = ^ -j- 1^ -^ (i ---? — > 

and AC = i«— I* V (1— 7~^) as required. 



ANALYTICAL OEOMETRT. 



67 




THEOREM LXXIV. 

If two chords in a circle intersect each other at right angles, the 
sum of the squares described upon the four segments, is equal to the 
square described upon the diameter. 

Let ADC be a circle ; and let the two chords 

AB, CD cut each other at right angles in E. 

Find the centre G ; join GC, GB ; and draw 

GK, GH perpendicular to AB, CD. Then 

AK = KB and CH = HD. (Euc. iii. 3.) 

Now because AB is divided equally in K and 

unequally in E, .-. AE« + EB^ = 2AK'» + 

2KE-^ (Euc. n. 9.) Also BE' + EC^ 

2DH« + 2HE\ .'. by addition AE^ + EB'* + 

DE* + EC* = 2 AK» + 2KE« + 2DIP + 2HE2 
=2(BK' + K&) + 2(Gff + can 
=2BG« + 2GC« 
=4GC*=(diameter)l 

PROBLEM LXXV. 

Upon a given straight line as an hypothenuse, describe a right-an- 
gled triangle which shall have its three sides in continued proportion. 

Let AD be the given straight line ; upon it 
describe a semicircle ABD. Let AD = a, AC 
= X. Then AD : BD : : BD : DC. (Euc. vi. 
8.) But by the question, AD : BD : : BD : AB, 

.*. AB=DC. Hence ^/ \ax =: a — x] .'.ax=^ 

a^ — 2ax + x*, or a:^ — 3ax = — a^ Complete AC D 

the square, and x^ — 3ax + i^^ = |a^ Or a; — |a= ± ^{a ^/ 5) 
.*. a? = ^\3a±a^/b] =^a. ^3± V^| which determines the point C. 
Draw Bu perpendicular "to AD, join BA, AD, and the triangle ABD 
will have its sides in geometric progression 

PROBLEM LXXVI. 

Having given the perimeter of a right-angled triangle ABC, and 
the perpendicular CD, falling from the right angle on the hypothe- 
nuse, to determine the triangle. 

Put p = perimeter, CD = a, AC = a:, and j^ 

BC = y ; then AB =p — {X'\-y). But, by 
right-angled triangles (Euc. i. 47,) AC* + 
BC= AB* ; whence x^ -4- y*=p* — 2p (z + V) 
+2r*-f-2icy 4" y^' Or, by transposing the terms 
and dividing by 2, p{x-^y) — ip*=a:t/. . (1). 

And since, by similar triangles, AB : BC : : -^ 
AC : CD, we shall also have, by multiplying ^ 
the means and extremes, AB X CD = BC X AC, or op — a (a?-|-y) 

8 
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= a:y. . . . (2). Whence, by comparing equation (1) with equation 
(2), there will arise (o+p) X (a; + y) = <*P + iP^- 

And if these values be now substituted for a; -f- y and y in equation 
(2), the result, when simplified and reduced, will give (a+/>)a:* — 
p(a + ip) a; = — \ap^. From which last equation, and the value of 
y above found, we shall have, 

2(a4-p) 2{a+|>) 
And if the sum of these two sides be taken from p, the result will 



give AB =|) — (a;4- y) = 



Which expressions are, there- 




2(a+p) 
fore, respectively equal to the values of the three sides of the triangle. 

PROBLEM LXXVII. 

To find the side of a regular pentagon, inscribed in a circle, whose 
diameter is d. 

It appears, from (Euc. iv. 10,) that the side of 
an equilateral and equiangular decagon inscribed 
in a circle, is found by dividing the radius of the 
circle into extreme and mean ratio, the greater 
part of which is the side of the decagon. 

Hence calling the radius OB = r, and the 
greater part OD = a;, we must have r(T — x) = 
5*, or a^ 4" •* ^ = *^ J whence a:= — i** + i V^^» 
ora?=:^r(— l+Vfi)* That is, BC or AB in 
the above figure =ir(—l+V5) Produce BO to E, and join 
EC ; then by (Euc. i. 47,) EC?=EB«— BC^zrr^ (f + i V 5). or EC 
=rV (l + i V5), Again, as EB : EC : : EC : ED=r(J -f-i V6), 
and EB : BC : : BC : BD = r (f — J VH whence DC = V(EDX 
DB)= Vj^(i + iV5)a— iV6)!=i^V(10 — 2V5,)orAC= 

\d^/\\0 — 2 V 5 1 • the side of the pentagon required. 

PROBLEM LXXYIII. 

To find the side of a square, inscribed in a given semicircle, whose 
diameter is d. 

Let ABCD be the given semicircle : AB, 
' its diameter : G, its centre : and CDFE, the 
required square. Then, since DF = CE, 
we have ¥G = GE. Let therefore AB=d 
or CG = \d\ also CE=x, and consequent- ^ 
ly GE = ^ar ; then by (Euc. i. 47,) CG^ = 
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GE«+CES or x^+ia? = JcP. Whence 6a? = cP, or j? « d VJ= 

Otherwise, let ADCB be a semicircle whose diameter AB = a. 
Suppose CDFE to be a square inscribed in the semicircle. Find G, 
the centre of the circle, and join GO. Let GE = x. Then AE.BE 
= CE^ by (Euc. m. 36.) Or (AG + GE).(GB— GE) = CE» t. c. 
\ia + xl\ia--x\=CE\ Orja'— ^ = CEl 

Now since FECD is a square, CD=DF=FE = FG + GE=2ar, 
•.•jflr* — a?=4ar', a:!^ -^ 4a;' = Ja^ or6a;* = Ja^,a? = aV^^I .\2x= 
2a V ^ 2V I = o V liV$ = * V f il = a side of the square. 

PROBLEM LXXIX. 

The lengths of three lines drawn from the three angles of a plane 
triangle to the middle of the opposite sides, being 18, 24, and 30, re- 
spectively : it is required to find the sides. 

Let ABC be the required triangle, and AF, BE, 
and CD, the three given lines bisecting the three 
sides CB, AC, and AB. Make AF = o, BE = 6, 
CD = c, also CB = ar, AC = t/, and AB = z. 

Now it is a well known property of triangles, .that 
" double the square of a line drawn from any angle of ^i 
a triangle to the opposite side, together with double 
the square of half that side, is equal to the sum of the squares of the 
other two sides ;" that is 2a^ + ^a^ = f^:^^ 26* + -Jy^ = ar^ + r» 
and 2c^+i^ = ^4-^*, Or f + ^ — i^r" = 2a^ x^ — ^y^ + z^= 
26', and a;* + y* — i^ = 2c^. From whence, by taking the former 
of these equations from twice the sum of the two latter, there comes 
out 4r* + iar» = 2(2Zi' + 2c'— a*); .•.ar = | V (26' + 2c^ — a'). 
Inlikemannert(=a:|^(2a*+2c'* — Z>2), and z = | V(2a'*4.26''— c^); 
Where, by substituting the given values of a, 6, and c, viz. o = 18, 
6 = 24, c = 30, we have x = 34.176, y = 28.844, and «=20, which 
are the sides required. 

PROBLEM LXXX. - 

Given the base (194) of a plane triangle, the line that bisects the 
vertical angle (66), and the diameter (200) of the circumscribing 
circle, to find the other two sides. 

Let ABC be the proposed triangle, AB its 
base = 194 = ^; IK the diameter of the cir- 
cumscribing circle = 200 = d, drawn parallel . 
to AB ; and DC the bisecting line = 66 = a. .^ 
Thm we shall have HI = GK = 1 (IK — AB) i( 
=r:3, .-. AH = GB = V(IG X Gk,) = V197 
X 3 = V691 = c. Let now CD be produced 
to meet the circle in E ; Then, because CD 
bisects the angle ACB, it will bisect the arc 
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, PROBLEM LXXXT. 

Given the perpendicular (24), the line bisecting the base (40), and 
the line bisecting the vertical angle (25), to determine the triangle. 

Let ABC be the proposed triangle, and 
make the perpendicular CD = 24 =p, CE 
the line bisecting the angle ACB = 25 = 6, 
and CF, the line bisecting the base, = 40 = c. 
Then (Euc. i. 47.) ED = V(CE» — CD'O 
= 7 = m, AlsoFD = V (FC* - CD'*) =32 

=n ; And in order to simplify, let EF =zq. Also 

let half the base AF = FB = x; then AE = A P ED B 

a; 4" 9»EB = x — q] AD =a;-f-», DB = x — n; 

Hence AC =^/\{x + nf + f\,BC= ^\(x --nf +p^. And 
from (Euc. VI. 3.), we have AC : BC : : AE : EB, or ^Hx-^n f 
•^p^l : ^/\{x — n)'+ p^l : : x + 9 : x — 9; Whence ^(x + w)* 
+p''\ X (n — qf = Ux -»)^^ 4-p2 X{x + q?^ Which by multi- 
plying, cancelling, &c. becomes nx{3^ + 9^) = qx(^ + »** + P^)' 

Where ^ ^?!^^!zi!^^, or 2. = 2 /^'-^^'+< 

nr-q q^q 

the base of the triangle ; which, by substituting the proper numeral 

values of g, n, and p, gives *4'\/ 14; from which and the given lines 

the other two sides are readily obtained. 

PROBLEM LXXXVI. 

Given the hjriwthenuse (10) of a right angled triangle, and the 
difference of two lines drawn from its extremities to the centre of the 
inscribed circle (2), to determine the base and perpendicular. 

Let ABC be the proposed right angled trian- 
gle, and O the centre of its inscribed circle ; and 
let CO - AO = 2 = d, and AC = 10 = h. 

Produce CO to D, and let fall upon it the 
perpendicular AD ; which put = x. Then, 
since CO and AG, bisect the two angles, C 
and A, and these two angles together are equal 
to a right angle, it follows that the two angles 
OAC and OCA = half a right angle. But the outward z. of any 
triangle, being equal to the two inward opposite Z.s, Z.AOB = 
Z OAC + Z.OCA. Whence also AOD = half a right angle, ahd 
since D is a right angle, DAO is also = half a right angle. 

Therefore DO = AD = ar, and AO = y/^^ = xy/2 ; and con- 
sequently CO = a? V2+ d, and CD = x -{-x y/2 + d= {1 + ^/2)x 
+ d. Now AD'+DC^ = AC% or a»+\{l+^/2) x + d\^ 
= yi», or{l + (l +^/2flx'+2d(l+^/2)x = h^-^d!', or (4 + 
2 V2) r'-f 2d (1 + V2) ar = fc^ — ci*, or 
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o^J^2d — p—^— — 3? = — -. Then *by quadratics we have 

4 -y-2 Y 2 4-4—2^2 

* - - 44:2^2'' =^ ^^U + 2V2^ '*^+4 + 2"72 5- 
By reducing these surds to rational denominations, we have ar = — 

(2 — V2) (^+ d) (/i — d;^ = 3.10860256 = AD = DO. Hence 
OA = ir V2 = 4.39608646 = m. OC = 6.39608645 = n. That 
is AO = wi, and OC = » ; now to find the segments AG and GC, 
(by Geometry, p, 360.) we have As h : n + w::» — m: CG — 

GA = ( » + ♦") X(n- m)^ ^^^ CG + GA = h. Hence CG = +A 
^ (n + m) X(n-m) ^^ ^^ ^^^ ^(n + m) X (n-tn). ^^^ 

OG ==,/ ^OC^-CG«^ == V { n« - (i/i + (^^,i^ 

= 1.98822609, CG = ife + ^'^ + ^^ ^ ^^ "I ^) = 6.07921729, & 

Gxi = 3.92078271 ; consequently, AB = AG + OG = 6.9090078, 
BC = CG + OG = 8.06744238. , 

Note. The answers given in Bonnycastle*s Algebra appear to 
be wrong, (from which this is taken.) 

Proof. The sum of the squares of those numbers above is 
99.9999997 which should be just 100, viz. the square of the hypothe- 
nuse 10, the error beingT^^lTririrT i 

Otherwise, 

Let X and y denote the base and perpendicular, then as is well 
known \{X'\-y — a) = the radius of the inscribed circle, (Simpson's 
Algebra, Lemma, Page 345, Published by Carey & Sons, Philadel- 
phia,) or (Young's Geometry, just published by Carey & Lea,) put 
J(a? + 2/ — a).=zr then V \{x — r)* + r^ | = the line drawn from the 
extremity of the base to the centre of the inscribed circle ; and 

V \{y — r)' + *^l = ^^® ^® fr^™^ ^^® centre to the extremity of the 
perpendicular. Hence supposing aiyy (per ques.) ^/\x^ — 2rx-\-2ii^ \ 

= 1+ ^/ {y*--2ry + 2r^|; orx^— 2ra; = ^' + 26 V {y^— 2ry + 
2r« \-\-f^2ry,Qr a?'—f+2r{y — x)^y'=z2h^/ \f—2ry+2A, 
or restoring the value of r, a{x — y) — l?z=.2b^f\\{a — xY-{- 1^\ 

=2iv^|o' — ax\^ (sincea:'+y* = a'), .•.y= ^^ 

a«— a» , c? — z^^h^ — 2bz 



Put y/\€^ — az\ =z, or x = , then y = 



a 



a^^{z+hf .. . o 2a*— 2aV+z*-.2a«(^+i)«+(z+A)* 
-= .••af-j-y'=(r= — 5 
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or by reduction, (a« — 7?f - 2a\z + hf + (z + bY = 0, 
or (a« — ^f — 2(a» — ;2^)(;^ + 5)« + (z + i)*=2z«(z + J)«, or by 
extracting the square root we have a'— 2*— (z+6)'=:2(z4-6) V2, or 
a' — 6» = 2z« + 2^2 + 2 (2 + i) V2 = (2 + V2) X (2= + A«) ; 

a'^— 68 2— V2 , o 
.-. 2;»+6z=~p— 2=-^ XK— ^1 ; or by quadratics^ 

we have. = VK^ - 2V2 ).( a'- i^ +^|^-i^ 

2 ' 

hence a:=: and y = become known. 

Otherwise, Geometrically. Let CH denote the given difference 
of the lines drawn from the acute angles to the centre of the inscribed 
circle, then draw the indefinite line AH so as to make the angle 
AHO= JP, (where P= two right-angles) then with C as a centre and 
the given hypotenuse as radius, describe an arc cutting AH in 
A, and join AC, then draw BC through C so as to make the angle 
BCO=: ACO and let fall the perpendicular AB from A to BC, then 
ABC is the triangle sought. 

For, draw AO bisecting the angle B AC and meeting CH produced 
in O, then evidently O is the centre of the inscribed circle ; but since 
B= a right-angle=iP, A+C is also=iP .-. 0AC4-0CA= 
i(A-f C)=iP, and AOC=P— iP=jP .-. in the triangle AGH we 
have AHO-f HA0=JP, but AHO=|P .-. HAO=|P and the 
triangle AOH is isosceles, and CH=the given difference of the line 
CO and AO as required. — See calculation, p. 286. 

PROBLEM LXVI. 

Having given the sides of a quadrilateral which has two of its op- 
posite angles equal ; determine its area. 

Let ABCD denote the quadrilateral whose four sides are given, 
and which has the angle B = D ; join AC and draw the perpendi- 
culars AF, AF^ to DC, BC. The triangles ADF, ABF^ are evi- 
dently similar, hence AD : AB : : DF : BF^ : : AE : AF .-. BF= 
AB.DF-7-AD, and AF'=AF.AB ~ AD, hence if A=the area we 

AF AD.DC+AB.BC . t^ , at> r^r^ i^ r^r^ 

have ^^ X ? =A. Put AB=(i, BC=*jCD~c, 

AD 2 n cd-i-ah 

AD=d, AF=;:jp, DF=a? ; then we have ^ X — ~ — = A (1), 

also AC« = AD^ + DO*— 2DC.DF, and M? =AW + BC — 
2BC.BF^ •. a^-\-h^—2h. BF = (f + c^ — 2ca:, 

or (since BF=— ), a'+'^ -7-^=^?+^'— 2cz. hence we have 

x-=i- — — r-^ — 7- — -— ,\ »= V i^ — ^i becomes known, and 

2{cd—ab) r ^i i » 

thence A becomes known by (1). 
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Having given the base of a plane triangle = 2a, the perpendicu- 
lar = a, and the sum of the cubes of its other two sides equal to three 
times the cube of the base ; to determine the sides* 

Let a? -|- d, x — d, denote the sides, then {x + d)^ {x — df=. 3 X 
{%af = 24o^ or by reduction s^ + 3xd^= 12 (1), also by the common 
rule for the area of a triangle when the three sides are given, (Hutton's 
Mathematics vol. 1. p. 406), we have VK^ — ^) ' (^ — ^)|= ^^^ 
area of the triangle, but \{a X 2a) =a® (Hutton p. 403), = the area, 
hence results the equation (ar* — c?)'{€? — ^) = c^^ (2); by (2) 

2a* — aV 
^ ^ — 2 — 'JT which substituted in (1) gives a^ + ^aV — 12aV — 

6a*j7 + 12a' = 0, this equation is satisfied by putting x = 2a, hence 
„ 2a* — <r*ar* 2a?» 6a* , a ^ . , . . 

^== ^2_^ =-3- =-9-1 ord= - V 6, .-. a? + d=a(2 + i>/6), 

X — d = a(2 — i^ v/6) are th6 sides sought. 

Remark, that the solution of question 61 page 46, might have been 
much simplified by the method used in the solution of this question. 
For by denoting the sides by x -^^c, a: — \c we have the area of the 
triangle=^J(a:»— ;}6') • (JZ»2—:J-c») J =a« (per question) and ar*= 

I2 — 2 + 4 **) ^ ^"v i ftg fA "1" J I ' ^®^^ce the sides come out the 

same as in the solution cited. 

Ctuestions* of this kind may be made as follows : Let the base of a 
triangle be = i ; the sum of the other two sides = w6, and the sum of 
their cubes = nh^ ; Then the difference of the sides will be = 
6 V((4» — m') ~ 3ni) ; where (4« — m') -^ 3m may be any positive 
number with the following limitations : Since, from the nature of the 
question, m must always be greater than unity, it follows that n must 
be greater than J-, and because 6' X ( J*»' + |m') is the greatest limit 
of the sum of the cubes of the sides, it is evident that n must be less 

than Jm' + A*'*^- 
The two least whole numbers for m and n (unity excepted) that will 

answer the question : Let m=2, and n=3 ; then the difference of the 
sides will be 26 ~ -^Z ^» ^"^^ ^^® ^'^^ themselves 6 -|- 6 -r- -v/ 6 and 
h — 6 -f- V 6) and the perpendicular = \h as giv6n by the question, 
For by (Trig. p. ) * : 25 : :'A -^ ^ 6 : 43 -7- ^/ 6 = twice the 
distance of the perpendicular from- the middle of the base: hence the 
greater segment = ^3 + 23 -f- \/ 6 ; therefore (3 + 6 -J- v^ 6)^ — - 
(|6-4-25 -r ^/ 6)' = J3^ the square of the perpendicular. In this 
manner, when the values of m and n are chosen withui the above 
limits, the perpendicular, and thehce the area may be determined. 

K m = 3, then the least whole number for n will be 7 ; and the 
three sides of the triangle will be b emd 1^3, and 1|3, and the trian^ 
gle is right angled. 

9 F* 
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Let BC be the given base = 2a; take a line M 
a mean proportional between BG and JBC; on BC 
describe a triangle such, that the side AB = BC 
-f- M, and AC = BC — M, and the thing is done. 

For let fall the perpendicular. It is well known 
that AB' + AC = 2BC' + 6WxBC] and by 
construction, 6JVP = BC^ therefore AB' + AC 
= SBC, one of the conditions. Again, BC : AB 
+ AC(2BC) :: AB — AC (2M) : 4M, hence 
BK = iBC + 2M ; and (by Euc. l 47,) AK* = 
AB' — BK^ = (BC + M)' — (iBC + 2MY = |BC — 31VP =: JBC» 
or AK = ^BC = a, the given perpendicular. 

I Let the given base BC be bisected, in G by the perpendicular NM ; 
upon which talce GE = iGB, GH = GC, HL = 2GB = BC ; upon 
the diameter LE describe a circle cutting HA parallel to BC in A, 
the vertex of the required triangle ABC. 

For it is evident that GL = f BC, GE = ^BC, HE = |BC, and 
HA or GK=BC V f (by Euc. vi. 13.). Also BK=BCX(i4- Vi)> 
and CK = BC X ( Vf— J). Therefore BA*^ = BC X (^ + V?) 
(Euc. I. 47,) and BA = JBC x (2 + V i). In like manner, AC= 
^BC X (2 — V I). Whence the whole is manifest, for (2 + Vf )' 
+ (9— Vir-^8 = 3. 

Cor, I. GK = BA — AC. Cor. 2. BA + AC = 2BC. 

Cor. 3. If CCl be perpendicular to BC, the cubes on BCl and CIC 
are together equal to seven times the cube on BC. Also B€l + ftC 
= 3BC, and Btt — aC = ^BC. 

JDraw BC = the given base, which bisect in G ; make GK = 
BC V|» and at K erect the perpendicular KA = BG; join AB, AC, 
and ABC will be the required triangle. 

For (by Euc. i. 47,) AB' = BK' + AK' = BG' + 2BG X GK 
+ GI^ + BG' = BC X (J + V i), or AB = BC V (J + v^ f)= 
BC X (1 + Vi). Also, AC = CIC + KA' = BG* — 2BG X 
GK+GK' + BG' = BC X (i — V |), or AC = BC X (1 — Vi). 
Now* it is obvious that if AB and AC be each cubed and added to- 
gether, all the terms except the first and third in each will destroy 
each other, viz. AB' + AC = BC X (2 + 1) = 3BC^ 

Let ABC be the proposed triangle, in 
which BC = 2a, and AD = a, ED =3?. 
Then BD =z a-^ x, and ED = a — ar, 
or — {x — a) we have AB = V (2a^+2oa; 
+ a^), AE = V (2o«— 2aa; + i^. And 

by the question (2o'4-2«^ + ^) ^ + 

(2a'— 2ax + x*)* = 24a». Let 2(f + 
2«a; + ^ = »»i and 2a? — 2ax + ^=^f 




i 
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Thenw^ 4-n^=24a'. And by squaring, m' + n' + 2m^n2'= 576a' 
Or 4mV= (676a' — m? — n^)^. Where, substituting the above values 
of m and », the equation reduces to this ; viz. a?=o^|. Whence BD 
= (1 + V |)«) and ED = ( 1 — V | K Which, being negative, 
shows that the perpendicular falls on the base produced. Therefore 
A.B = a V ( V + i V 6 ), and AE i= o V V — i */ ®)- -^.nd this, 
by extracting the roots, gives AB = a(2-}-iV6)» AE = a ( 2 — 
^ V6)» which are the two sides required. See page 40. 

PROBLEM LXXXIX. 

Having given the base of a plane triangle (15), its area, (46), and 
the ratio of its other two sides as 2 to 3, it is required to detennine 
the lengths of these two sides. 

Let ABC be the proposed triangle. Let AB 

45 
= a, CD = — .= 6, and AD = ar, therefore 

BD = o— a;; also the ratio AC : CB : : 3 : 2, 

orw:n; then AC2 = Z^^ + ar^, and BC« = V 

+ (a — xf .-. h^ -{- od^ : y^ -}- {a—xf : : m' : W*. 

Whence, we have vr^h^ -f- mW — 2m^ax + m'ar* 

= n^'b^ + »V, or (w* — n'')a^— 2m^ ax = (n«— m") ti" — mV ; 

therefore, by solving this quadratic and substituting the values of a, 6, 

w, and », the numeral value of x may be determined, and hence those 

AC and BC. 

PROBLEM XC. 

Given one angle, a side adjacent to the said angle, and the differ- 
ence of the other two sides, to determine the triangle. 

Put a = AB ; d = the difference of the sides 
AC, BC ; c = cosine z. A ; and x = AC ; then 
BC = x±d, and (by Geom. . ) AB*+AC' 
— 2c. AB. AC = BO*, that is o^ + a:« — 2acjc= 
x^± 2dx + cP ; therefore a?=(a*— (P)-h(2ac± 
2(i)=AC. 

PROBLEM XCI. 

Given one side, the difference between the square of the other side, 
and the square of the base, and the difference of the segments of the 
base, maie by a perpendicular from the vertical angle, of a plain tri- 
angle, to determine the triangle. 

Put a = the given sides i^ = the difference of the squares of the 
other two, d = 5ie difference of the segments, x = the base, and y = 
the other side ; then tf^ — cr* = ± di? (by Euc. in. 36,) and ar* — y'= 
±b\from which equations we get x^^ dx=: a^±b^^ an equation 
which exhibits the four cases of th^ problem. 
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Observation L — Since by the conditions of the question, d can never 
be greater than a?, it is evident that the least value of ar* — dx^a^ — h^ 
is ; or that, in this case, b must not be given greater than a. 

Observation 11. — Since a^ + dr can never be less than 2d^, this is 
tjie least value of a' — 6* in that case. 

PROBLEM XCII. 

A gentleman has a garden in the form of an equilateral triangle, 
the sides whereof are each 50 feet : at each comer of the garden 
stands a tower ; the height of A is 30 feet, that of B 34 feet, and that 
of C 28 feet. At what distance from the bottom of each of these 
towers must a ladder be placed that it may just reach the top of each 
tower, and what will be the length of the ladder, the ground of the 
garden being horizontal ? 

Observation. — Had the height of A been 38, B 42, and C 45, 
and the distance from A to B = 50/ B to C = 40, and from C to A 
= 47 feet, the operation would have been taore difficult. — ^The length 
of a ladder in this case would have been 49-652, R 

and hence, the distances would have been found 
as in my key to Hutton's Mathematics. 

Admit P to be the point sought, from which 
let fall the perpendiculars PG and PF, and pro- 
duce PF to K ; let AD BE, and CH represent D 
the three towers, then the angles DAP, EBP, 
and HOP will each be right angles, and lines 
drawn from D to P, from E to P, or from H to ^ 
P will be equal to each other, and equal to the 
length of the ladder. 

AD = a, BE = 6, CH = c, AB = d AC = e, BC =/ AF = x, 
AG = y, PF = z, GP = V. First, we have AE' 4- FF = ( AP)^ 
and BF» + FP = BF; But AD* + AP = BE^ + BP; hence 
AD» + AP + FP = BE^+BF^ + FF, that is AD^+AF^ = BE'^ 
+ BP; letAF = a:,BF = d — a:; hence a« + af^ = 6'* + d?^ — 2da; 




+ 3)^, then X = 



_b^ + d'^a^_ 



2d 



=AF. 



, Proceeding exactly by the same process, we shall find AG. For 
AG^ 4- GP= AP^ and GC^+GP«=PC'^ ; But AD^ + AP=CH« 
+ PC«, hende AD^ + AG« + GP = Off + GC^ + GP, that is 
AD' + AG* = CH» + GO* ; Let AG = y, GC =e — y, hence a^-f 
y« = c« + t/2— 2ey4.c^from which y = (c^ + c^ — a«)-r-2c = AG. 
Again, because the 3 sides of the A ABC are given, the segments, 
AI and IB are found thus, AB : AC + BC : : AC — BC : AI — IB ; 

TheniAB + i(AI-.IB)=AI=id + ^^=^±^A P^t 
this quantity == r, then V(AC'— AF)= ^{e'^r')=lC. 
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Now because FK is parallel to IC, the angle AKF = angle ACI; 
and the angles AFK, AIC and KGP are J angles : these triangles 
are similar AI : IC : : AF:FK, r : ^(^—r'): : x:{x -i-r) X 
V (c' — r*); put this quantity = s. Again AI : AC : : AF : AK ; or 
r:e: : x : {ex -r-r). Now AG == y, therefore AK — AG = (ex-r-r) 

— y = GK, and KP =FK — PF = *— z. But AP + EP^ = 
AG' + GP^ viz. x^-^i^ = f + v^ and GP' + GK? = KP, viz. 
V* -{- [{ex -7- r) — yy=z^ — 2sz + «", from the first of these equations 
«*= jr + z* — t/* ; and from the second v^ = ^ — 2«r-|-z* — [(car-r-r) 

— yY' Hence x^-\-z^ — y^ = ^ — 2sz^it^ — [^{ex-r-r) — y]'j 
and z = (5^ + 2^^ — af^— [(ea? ^ r) — • t/P) -j- 2«. 

And lastly, because AP + FP^ = AP, and that V ( AP + AD*) 
= the length of the ladder, it follows, that V (AP + FP + AD^= 
the length sought. Now AF = x, FP = z, and AD = a, all of 
which quantities are known. If d = 60, e = 47,/= 40 ; a = 38, 
^=42, and c = 45, then will AF = ar = 28,2 ; AG = y = 29,68086 ; 
AI=r = 31.09; FK = «= 31.971365, GK = ( ca? -^r) — i/ = 
12.95022180, FP = « = 14.7033673 : And ^/ ( AP + FP + AD») 
= V (a^ + ^ + a^) = V 2455.4287168914 = 49,65228 the length 
of the ladder. 

PROBLEM XCIII. 

Given the four sides of a quadrilateral figure, two of which are 
parallel ; determine its area. (See Diagram to Problem 97, p. 73.) 

Let ABCB denote the quadrilatereJ having AB parallel to CD 
and its four sides given ; suppose DC aAB then through A draw 
AE parallel to BC meeting DC in E, then AE = BC, AB 
= EC (Geom. p. 84.) .-. the three sides AD, DE=DC — AB, 
AE=BC of the triangle ADE are all known and thence its alti- 
tude AF=the latitude of its quadrilateral is easily found by known 
methods, and consequently we find the area of the quadrilateral 
=^AF X (AB + DC) becomes known as required. 

PROBLEM XCIV. 

A quadrilateral figure has two of its sides parallel; determine its 
area, when its altitude, one of the parallel sides and the two adjacent 
angles are given. 

(See fig. last question.) Let ABCD be the quadrilateral, in 
which the side AB, CD are parallel, and CD together with the an- 
gles at C, D and the altitude AF are known ; then by making the 
same construction as in the last question we have the triangle ADE 
whose angles are all known, for the 8uigle D is given, and the angle 
AED = BCE (Geom. p. .) .•. the remaining angle is easily found ; 
also the perpendicular is known, hence the sides of the triangle are 
easily found by (trig. p. .) Hence the sides AB=CD — DE 
becomes known, and then the area sb^AF. (AB ~|- CD) becomes 
known also. 
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PROBLEM XCV. 




The lengths of two lines that bisect the acute angles of a right 
angled plane triangle being 40 and 60 respectively, it is reqtured to 
determine the three sides of the triangle.| 

Let ABC be the proposed triangle, AE = o, 
and DC = d, the two given lines. Also let x 
and 1/ represent the sine and cosine ABC re- 
spectively : then by (trig. p. .) we have 

V — s~^ = ^^*- BAE, andy^ —^ = cos. 

BCD. Also x\h\\ »J -^t-. : -y "J" = AC, and « : c: : 

^— J-? : ^y^-L = AC : Whence -V T ^—^—w^ or 
2 y^ 2 »^ 2 y^ 2 

^T+T^- Again by tng. p. , «n. A* = ^^-j-^^.-^, and 
COS. A = ,--T--. — ^-Jr i Putting, therefore, tan BAE = f, and substi- 
tuting :. = — -^, and 2^ =^^-p, We have _ _=^^-^^, or 

^(1 + <){i -,<9) _ 2a<V2, or <» + <«+ (.^^^^) < = 1. 

Which is a cubic equation, whence the value of t may be deter- 
mined : viz. the tangent of the angle BAE : and hence, also, the an- 
gles BDC and .BEA become known, and consequently the sides AB 
= 35.80737, BC = 47.40728 and AC = 69.41143, as required. 

t Make AE=a, CD=6, s = sine of z. AFD = CFE = 46«, y= 
tmg. z. E AB or E AC, 1 -^ a? = its cosine, and y -^ a? of course 
= its sine ; also (1 — i/^) -:- 2y = tang. ACB, and (« + sy) -7- a? = 
sin. D = COS. DCB or DCA. Now, (by trig, p ,) as 1 : a : : 

i:^=AB,andl.6::!±fy:^i±i^ = CB. Hencefang. 

XX XX 

a 1 1 — t/" 

ZACB = -r- X:; = — TT-^y from whence by a cubic equation 

h8 \+y 2y 

the angles are found and consequently the sides as before. 

Otherwise, let ABC be the right angled triarigle, AE, CD the two 
given lines bisecting the two acute angles and intersecting one ano- 
ther in F. Draw LFG perpendicular to AE and KFH perpendi- 
cular to CD; and join EG, KD. (By Geom. p. Th^* ®^ch of the 
angles at F is equal to half a right angle, and consequently that FL 

* A denotes any angle ; but in this example it is put for the angle BAG See. 
trig, by Dr. Day, President of Yale College. 
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= FG = FE, and FK = FH = FD. Put AE = a, CD = b, FL 

= FG = FE = ar,and FK = FH=:FD = i/; then AF = a — a: 
CF =6 — y, EG = a? V2, and DK = y^/2. By similar trian- 
gles, AF . FD : : AE : EG, and CF : FL : : CD : DK, which give 
these two equations, viz. ay = (a — x) . a:V2, and hx = (6 — y) 
X y V2 ; from the former y = (a— a?) . a? v/2 -^ o, which substituted 
in the latter, gives, (a — xy ,2x»/2=^ (a — 2x) . a J, a cubic equa- 
tion by which x will be found as before. 

PROBLEM XCVI. 

Given the triangle ABC, AB=24, and BC= 37.44; together 
with the segment of the base, DE= 16.80 ; made by the two lines 
BD and BE drawn from the vertical angle to the base ; the angle 
ABE = CBD = 90°. To determine the triangle 

Let ABC represent the triangle, BE and BD 
the perpendicular to BA and BC, and ED the 
given distance, instead of the number on the 
question it will be more convenient to take the 
numbers 60, 78, and 36, or 6, 7.8 and 3.6, which 
are in the same ratio with the others. j) 

Let AB = 6 = o, BC = 7.8 =6, ED = 3.6 
= c. and BF = x. Then AF = ^\h^^3^\, 
CF = V I a'* — a:* ; by similar triangles CF : FB 



FB^ 

: : FB : FE, or, EF =7^^-= 



XT 



FB'* 
FD = -— = 
AF 

consequently. 



(^ 



CF Via*— ^1 



-TTT. and 




-j^pj-^butEP+FD^ 
ar . a^ 



ED or=c. 



+ 



= c." 



Which is made rational by putting a;^= ^ "* ^ ^ ^ —- the 



,1+y' 



segments are V(^' — ^^)~~k^~ ^^^ Vi^^ — a')- 



and by re- 



duction we get the final equation o^(l + y*)*— 6^(1 — y*)'= 

cv(6«— a«)y(l — y*.) 

* In numbers, a being equal to 6, 6 = 7.8 and c = 3.6. then we have 

a* 3^ 
— J oT- + — r TT = 3.6, bv a few trials we easily 

VJ60.84— ar*^ Vl26 — ar^j ' ^ tiia« wo oaaijr 

find a? = 3. Hence 6 : 24 : : 3 : 14.4 = BF. 

WhenceAF=vK — a:^^ = 19.2, FC = ^/\V^ — x^\=Z4.M\ 
consequently, 19.2 + 34.66 = 63.76 = the base AC ; and EF = 

-2 5-. = 6 ; and FD = —r-r-. ^ = 10.8. Hence BD = 



15.6 and BE = 18, and the area = AG X JBF = 387.072 feet. 



^/\h^ — ^\ 



/ / 
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Let AB = c ; BC = o; DE = 6 ; the angle A = 9, €=9^. Draw 
the p^pendicukr BF to the base AC ; then it is evident that it will fall 
within the triangle DBE, and that the angle EBF = A = 9 ; also, 
that the angle DBF = C = 9'' ; but BF = AB X sin. A = c^ sin. 9 ; 
and EF= BF X tan. FBE = c sin, 9 tan 9 ; and DF = c' sin. 9 tan. 
9 .-. c^ sin. 9 X (tan. 9 -\- tan. 9^) = J (1) ; also c^ sin. 9 =a sin. 9^^ 
(2) ; it is easy by (2) to eliminate tan. 9' = from (1) whence.there 
would be had an equation in terms of 9 and known quantities ; but 
it appears to me better to use (1) and (2) as they stand, by assimiing 
in (2) a certain value for 9 and then by (2) calculate 9'' substitute 
these values of 9, 9' in (l)and if they satisfy it, 9 was rightly assumed, 
if not then by the usual methods of trial and error 9, can be found to 
any degree of accuracy desired ; and thence every thing else becomes 
known also ; remembering always that the sines and tangents are to 
be taken to the radius (1) ; also that each of the angles, 9, 9^ must 
be less than 90°, and indeed it is evident that their sum cannot ex- 
ceed 90'' supposing the point D . E not to lie in AC produced. 

Again put DF = ar, BF = y ; the right-angled triangle DBC gives 
^ = CB«— BF, or^ = a«-y^ .-. y' + ^xf = aV (3) ; .-. f 

= -Jja?V(4a^ + ^) — ^\] similarly by the right-angled triangle 
ABE,i/*+(6 — a;)V = c^^(6 — xf{4); .-. f -= \\{b-x)^/\^^ 
+ (6- — xf\ — (6 — ^T\\ put these values of y^ equal to each other 
and there results the equation a; V ^4a* -{- x^ \ -^ a^ z=: [b — x) X 
^\Ac^J^(h— xf\ — (6 — xf (5) ; X can be found by (6) by the 
usual methods and the problem will be solved as before. 

By constructing the curve whose equation is (3) and the curve 
whose equation is (4) we shall find the vertex B of the triangle ABC 
at their intersection ; remembering that in these equations x is to be 
reckoned on DE from D towards E, and that y is to be drawn through 
the extre mity of x at right angles to DE above it. The point B can 
also be found by polar equations .; for put DB = r, BE = r' ; then 
r tan BDC = root. 9' = o, or r=a tan. 9', (6); r^ = c^ tan. 9 (7); con- 
struct then (6) and (7), and the vortex B will be given by their inter- 
section as before. It appears to me, however, that the solution by (1) 
and (2) will be more easy in practice than any of the other methods 
which I have mentioned. 

Otherwise. Let AB = 50 = a, BC = 78 =: Z>, ED = 35 = c 

and the base AC = x. Then AC : AB + BC : : BC — AB : FC— 

12 2 

AF, or FC — AF = ~'^ , and AF + FC = x. Hence FC = 

X 

-—^ or, -~— , and AF = -^-— BP = AW— AP = 

2x 2a; * . 2x 
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a"— il——l=z ^ ^. Again CF : BF : : BF : FE 

"CF "" 2a?xK + »l AF " 2a^x\^—nl 

but EF + FD = c, whence l^^Zl^^^ + 

4y»a'».— (a^— n)^ _ 1 1 

C _ Of c 



Or 



By clearing 



4j«a*-. ja^ — nf ^*V — n« "" 4xV— ^a:* — »f * 
it of fractions 4x^0' — a?^ + 2^:^^' — »V = ex* — err, 

Otz^+cx* — (2n + 4a') x^+ n^x — cn^ = 0] 
in number a:^ + 35 «*— 17168 a;' + 12845066 a:— 449576960 = 0. 

By rule given in Young's Algebra, p. 212, just published by Carey 
and Lea, Philadelphia, we find x = 112 ; Therefore 50 : 24 : : 112 

: 53.76 = AC and AF = — — = 40, and CF = 72, BF = 30. 

2a; 

Whence EF = 12.5 and FD = 22.5; consequently EB =32.5, 

BD = 37.6 and '±t±^A^i,.e-EB^6^.^^g^ =18=BD, 

50 60 ' 

and the area =387.072 feet as before. 

PROBLEM XgVlI. 

A triangular field ABC whose sides are given, is to be divided into 
two parts in the ratio of 2 : 1, by a fence passing across from a given 
point D, in AC to BC. Determine its length. 

Let ABC denote the tri- 
angular field whose sides 
are all given, D the given 
point in AC, and suppose 
that AD is not greater 
than DC it is evident that 
the division line will meet 
BC at some point between 
B and C. Join BD, and 
through A draw AE parallel to BD meeting BC produced in E, join 
DE then the triangle DEB=the triangle ADB, for they have the 
same base DB and the same altitude (By Geom. p. ) hence the tri- 
angle ABC=the triangle DEC, then take EF : CF : : 2 : 1 ; join DF, 
which represents the fence both in length and direction ; for the tri- 
angle DEF, DFC having the same altitude are as EF : FC : : 2 : 1, 
but the triangle EDF=the quadrilateral ABFD ; hence the quadri- 
lateral ABFD : triangle DFC : : 2 : 1, as was required. 

The calculation is easy, for since the three sides of the triangle 

10 
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ABC are given, the angle C is easily found. Also, since DB is paral- 
lel to AE, we have CD : AD : : CB : EB (Legendre 196.) Hence 
EB is found /. EF — fEC is found also, or FC=|EC is found ; then 
in the triangle DFC we have the two sides CD and CF and their 
contained angle C, whence BF is easily found by (trig. p. 120,) also 
the angle FDC becomes known, whence DF is found both in length 
and direction. 

Remark. If AB is greater than DC the same construction will 
hold provided the point F does not fall further from C than the point 
B ; but should F lie beyond B, then draw the division line from D to 
AB in a similar manner to what has been done above, and the position 
and length of the fence become known as before. It may also 
be observed that the above process will serve if two parts of the 
piece are in the general proportion of m : n, where m and n are any 
two given numbers. 

PROBLEM XCVin. 

Having given the sides, a = 6, ^ = 4, c = 5, and d = 3, of a tra- 
pezium, inscribed in a circle, to determine the diameter of the circle.* 

Let ACE denote the circle, AB DC A 

the inscribed trapezium; draw the 
diameter AE, join EC, EB, -the 6.n- 
glcs ACE, ABE, being each in a 
semicircle are right angles, {Geom, p. 
62.) .-. CE= V^AE^-AC^I, 
EB = v/ lAE^ — AB''^, (Geom p. 
350 Join CB, then AB • CE + 
AC • EB = AE • CB {Geom. p. 233) 
put AB = a, AC = 6, CD = c, DB 
= dj AE = 2r, then the equation be- 
comes ay \ 4r»— 6« ( + V 1 ^r''^^' i 
= 2r • CB, in like manner we have, 

2rCB, ...a!/H/-fe'l + & V H^-a«| =cv/ \^^-^ 
fl ^ Uyfi — c^l (1) in the same manner we find 6v^}4r^ — c ^ 

By squaring (1) and reducing we have^2(o' + ^* — c -^j) ^— 

2dc VM^-«MX vH^'-^M+4cV-c«i« and reducmg 

dc V \ 4r^-«' \ X V I4t^-^'1 (4), eliminating f Hf-/i X 
V Ur» — c«^by (3), & (4), wehave2 ad~cd X(a'+6^--<^'— ^r 
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or by rejecting the factor ab r— cdj 2 (o^ + fc^ — c' — cP)r^ — {ab-\-cd)ab 
:= — (ab + cd)X^/\^r^—a^ X V \4r^—lr^l (5) by squaring (6) 

a'l^iab + cd)« = {ab + cd)* X (4r« — a») X (4r^ — b^) = (ab + cdy 
X (16r*— 4r^(a'^-|-^»2) +«''/,«), or 4(0^^+ Z>^— c^— cP)V— 4aZ>(a6+cd) 

Or(Ja« + 6* — c* — cP)^ — 4(a^> + cd)»^r»=^a^>(a2 + 62_c»_c?) 
— (a6 + cd) X (a« + b"") X (a6+cd) =_[aA(c« + (?) + cdia^'+b^) i 
Xja^ + c4 or there results \^ab + cdy — (a"" + b"^ — c"^ — d')^r^ 
= \aH{c-\-a^)'^cd{a^+b^) \ X (ab-^cd) consequently we have 
^_ n \ab{(^ + d')+cd{a' + l^)lX{ab + cd) \ 

V < I4(ab + cd)^ — {a^+b'—c'^d:')^ i ^^ ^® 
, li \ab + cd\ X l ac + bdl X jad + bc l \ ra^ a • 

.^^^^ "=V \ 4X\ab + cdl^-[a^+b^-c^-d^l^ ) ' (')' ^^^^^ 
wehave4Xlo6+c(ip— |a« + 6^— c'*— d»|2=|a« + &2+2a6_ 
c8_(i2+2c(l|XJc2+c^"+2cd— o^— 6''+2a^>|= J(a + 6)2 — 
(c — d)^|XK<^+^)' — («— ^)'j = l«+6+« — rf}X(a+6+(^-c) 
X{a + c + d—b)X{h + c-\-d — a)] puto+ J-|-c-f(l=2s, then 
a-\-b-\-€ — d=z2{8 — (i),a4-^ + ^ — c=2(« — c), a + c+d — 6 
=:2(« — 6), and 6 + c-f-(i — a=2(« — a), consequently we have 

Cor. lfd=0 the trapezium becomes a triangle and (7) reduces to 

'•=iX v((.-a)X(»-t)X(.-o) 3<7) = *' '^'"^'^ "^^^ '^^'^^^ 
which will circumscribe the triangle. 

*Put the angle CDB = a: by (trig. p. 100), a« + b^ — 2ab,co8. x 
= BC* = c^ + (?-2cd. COS. (180'' ^x)=:c^ + d!^+ 2cd. cos. a? 

Hence co5. a? = -^tt— .— i — tx — » The area of DCB = ab. sin. x = 

2(a6 + cd) 

CB. DG But BC = v(a^ + *>' — 2a6. €05. x) = w. Hence DG 

ab stn X 
= — '- '— By (Euc. VI. C) a6 = D X DG (the diameter of thecir- 

cumscribing circle, ah — — '- — X D, .*. D=-; =w. cos. c. a;. 

^ m sm, X 

PROBLEM XCIX. 

In a given circle inscribe an equilateral triangle ; and within this 
tricmgle describe a circle, &c. ; then if r = radius of the first circle, 
fiind the sum of the areas Of all the circles and all the triangles ad in- 
finitum. 

It is easy to see that the radius of the first circle is twice that of 
the second, the second twice that of the third, and so on indefinitely, 
. . the radii are r, Jr, ^r, |r, and so on. Put j)=3.14169266 &c. 
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then the areas of the circles are pi^, jpr', xVP^> iVP^» &c., {Geom. 
p. 291.) hencepr» + |pr«+&c.=^(l+| + T^ + &c. ad infi. 
nitum) = the sum of the circles required. Put this sum=*, now 1+J 
+ iV + ^c- ^s a decreasing geometrical progression whose ratio of 
decrease = J, hence by the common rule for finding the sum of such 

a series we have 1 + i + tV 4" ^^- = l-rl — i = 1-5-? =^i 
.-. 8 =ipr*=the sum of all the circles, as required. 

It is also evident that the sides of the first triangle are twice those 
of the second, and so on as before. By putting a=6 = c and » = fa 
in the cor. to the solution of problem 98, there results r=o-T- ^/3 and 
a=zr V3=the expression for the side of the equilateral triangle inscrib- 
ed in the circle whose radius =r ; bv the common rule for the area of 
the equilateral triangle we have (a^V3)-r-4=the area of the first tri- 
angle, and \ {j^afl Xi V3=that of the second and | (^-o)^^ XJ V3= 
that of the third, and so on. Let y denote the sum of these areas and 

If a=10 feet, then a=67.736 square feet very nearly. 

Remark. If within any triangle we inscribe aiiother by joining the 
middle of its sides, and within this second triangle we insciib^ 
another by similar means, and so on, the sum of the triangles so form- 
ed together with the first is easily found in an analagous manner to 
the methods used in the above solution. For let s denote the area of 
the first triangle, then it is evident that ^s is the area of the second, 
iV that of the third and so oil, let s denote the sum of these areas 
continued ad infinitum ; then «'=«(1 + i + tV + ^^0 *^ infinitum, 
=4»-r3 as required. 

PROBLEM c. 

If from any point within an equilateral triangle perpendiculars be 
drawn to the three sides, their sum is equal to a perpendicular drawn 
firom one of the angles on the opposite side. Required proof. 

From the point within the triangle draw straight lines to all the an- 
gles of the triangle, and they will evidently divide it into three trian- 
gles, whose bases are all equal to each other, being each one of the 
sides of the equilateral triangle. Let a=one of the sides of the equi- 
lateral triangle, |)= the altitude of the triangle, then {Geom. p. 176.) 
if A=its area we have A=z\ap] also let ar, y, z denote the perpendi- 
culars firom the point within to the sides of the triangle, then \{ax + 
ay-^-ax") = the sum of the three triangles into which the triangle was 
divided=:A .-. io(3? + y + «)=i*P» and x + y + « =!> as was to be 
proved. 

PROBLEM CI. 

Given the four sides of a quadrilateral inscribed in a circle, to find 
the diagonals. 
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Let ABDC (see fig. to prob. 98.) be the inscribed quadrilateral, 
having AD, CB for its diagonals, put AB=a, AC =6, CD=:c, BD 
=d, CB=ar, AD=y. Now {Geom. p. ) xy=ac'-\-bdf (1), also 
{Geom, p. ) ab + cd: (id'\'bc ::y:Xi (2), or ab-^-cd: ad+bc 

. , , ^, ... ,, a) .=V {^^^±^3+^- ! h^ 

If {ab + cd)X{ac + bd) \ , . ^ ^ ^. 
y = -/ ^ • adxh — ] '^^^^^ ^^ ^"^ diagonals. 

PROBLEM CII. 

If a, ^, c, (i, be the four sides of a quadrilateral, inscribed in a circle 
and ff = a + i + c + d, it is required to prove that the area 
^Via«-«) (i«-^) a* — c) {^s — d)\ 

Let ABDC (see fig. to prob. 98.) be the quadrilateral inscribed in 
the circle ACE, from the angle A draw the perpendiculars AF, AG 
to the sides CD, BD, respectively, let A denote the area of the trape- 
zium, then J(AFCD) = the area of the triangle ACD and i(AGBD) 
that of the triangle ABD, {Geom. p. 176.) but these triangles make 
up the trapezium .-. A=^( AF • CD + AG • BD.) Now the two an- 
gles ACF, ABD when added make two right angles {Geom. p. 130) 
also ABD 4- ABG = two right angles {Geom, p. 28.) .•. the angle 
ACF= ABG, and ACE being acute ABD is obtuse, and the perpen- 
dicular AG falls without the triangle ABD; hence {Geom. p. 191, 
192.) AD'* = AC* + CD''— 2CD • CF, and Al^ = AB'' + BD« + 
2BD • BG, whence AW + BD'* -f 2BD • BG = AC* + CD* — 
2CDCF,orBDBG + CDCF = i(AC*+CD*— AH*— BD*) 
(1), put AB = a, AC = ^, CD = c, BD=cl, and (1) becomes BGX 
d-(- CF X c = i(Z»«+ c'*— a'* — d»), (2). Now since the angles at 
F and G are right they are equal {Geom. p. 27.), and since ACF = 
ABG the triangles ACF, ABG are equiangular, {Geom. p, 74.), 
.-. similar and AC : CF : : AB : BG, AC : AB : : AF : AG {Geom. p. 

202.), or BG = CF • AB -f. AC = ^^j^k AG = ^^^^ ^ ,hence 

A = _(c* + ad) (3), also (2) gives — = \^^^^. , 

AF* 
but CF=r V(AO*—AP*)=V(^—AF«), hence v(l — ^) = 

2{cb + ad) ' .c'-i ) 2{bc+ad) ) 

4(6c + qd)«— (^-f c^— <^— dC)'* AF_ 

4:{bc + adf ' ^^ b " 

^-^ — IC — ^^^^ \ . "* ■ LL this value when siubstituted 

2(Ac+ad) * 
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in (3) gives A = ^^ ^ ^ ' ^^ ^ W 

Now 4(6c + a«i)« — (6' + c«--a»— €P)*^(6^4^+2*c— a*— <P 
+2ad)(a« + #+2aci— &• — c» + 26e)=n6 + cP— Ja — dP) 
(|a4.dp— f6— cn=^a + 6 + c— d^li + c + d— a|-Ja4. 
rf + " — cl'\a-\'d-\-c-^b\={8mce »=a+6+<^-|-^ = l* — 2oJ 
$5 — 26| -J* — 2cJ-J» — 2c2^, hence (4) becomes by subBtitution 
A=^((\s — o)(J* — ^)(1* — O'C^* — ^ ^ required. 

Otherwise. It has been proved {Geom. p. ) that the product 
of the three sides of any plane triangle = its siurfe.ce multij^Hed by 
twice the diameter of its circumscribed circle; hence (supposing the 
same notation as in ^oblems 98, 101, and the present problemt) 
AC • CD • AD=the area of the triangle ACD X 4r and AB*BD-AD 
=the area of the triangle ABDx4r or (since the area of the two 
triangles=the area of the trapezium=A), by addition (AC 'CD + 
AB • BD) X AD = {he + ad) X AD=4Ar, or substituting the va- 

lue of AD=y =7 { ^^^+ ^^^^^ + ^^^ } as found in prob. 101. 

we have A= V ( {ab + cd) X {ac+bd) X (ad+bc) ) -^4r = (by 
(7) found in the solution of problem 98.) ( V(S— a)(S— 6)(S — c) 
(S — d) ) which agrees with the result found above, for S= J*. 

Cor. If one of the sides (as (d) for example = 0,) the trapezium 
becomes a triangle and the area = -v/ |S(S — «)"(S — b)'{Q — c)l 
which agrees with the commoa rule for the area of a triangle when 
the three sides are given. 

PROBLEM cm. 

Find the side of a square inscribed in a circular segment, which is 
contained by a chord^ and one third part of the whole circumference. 

Let PAGL denote the given circle, apply the ra- 
dius from A to B, then from B to C, and join AC, 
and the arc ABC = one third of the circumference 
{Qeom. p* ). Let EDFG be the inscribed 
square having DE parallel to AC, draw the radi- 
us OB perpendicular to AC and it will be perpen- 
dicular to DE (Geom, p, 65.) hence (supposing 
that OB meets DE in jz, and AC in t^,) y and z 
are the middle points of AC, and DE ; again be- 
cause the chord AB=the radius AC and that Ay 
is perpendiGular to BO, BO^is bisected in y, (Geom. jj: 47) of Oy = 
0B^2; Join OE.and let r=the radius OB and EGr=y»=ap^ then * 
E«=|a;, Oy=^TS 02:=|r+ar, then since by the- right angled triangle 
OzE we have OE'sOjb'+Es* .-. by substitution (iH-a:)«+|a:^= 
r* or by reduction fa^-f-rarsfr', or a^4-i***=}*^i which by quadra- 
tics we have xc=^r{^/l9 — 2) =" .47178r nearly, ffr = 100, then 
x=47.178 feet as required. 







f 
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(104.) Having given the area and its four sideff respectively of a 
trapeziom, to determine the length of the greatest diagonal. 

Put AB =a, BC=6, cnrrc, AD =d, angle bad = a?, angle bcd =y, 
and the double area = e. Then by Young's trigonometry, page 47, 
Amer. Edition, rt^ -j- cP — 2adco9 a; =Bir =r ^ -f- c^ — 26c cos y, 

therefore 2od cos x — 2he cos y = a^ + ^ — ^ — ^• 

Again, tlouble the area of the triangle bad =r act sin r, and double 

the area of the triangle bcd = 6c sin y ; therefore, putting 2'r =a*+ 

d* — 6* — c*, we have ad sin a?+ be sin y=:e and ad cos x — 6c cos y 

= r. Hence o*d* sin^ x = (c — ftc sin y)^ and a^cP cos^a? = (r + 

6c cos y)^, therefore by addition, and remarking that 

sin^ar + cos8x=l, and sin ^y + cos '^=1, a^d^ = (e — dc sin y)*+ 

(r -U 6c cos y)^ = c^ — ^2cic sin v + r* + 2r6c cos y + 6^c*, 

aSd* — 62c2-.«2-^r2 
or, r cos y — e sm y = -j =»». 

Whence r cos y — m = c sin y : 
or; r* cos 'y — 2rm cos y -}- w*^ = *' si^^ 'y = c" — c* cos \ 
therefore (r + c^^ cos 'y — 2r m cos y = e' — 1»', and, dividing by 
r* -|- ^ ^^^ completing the square, 

cos y = ^ ^ X I c V (r* + «^ — »»*)+ »^ C » 

and the diagonal bd = V (6' 4" ^ — ^ic cos y). 

Or since {be sin y)'* = (c — ad sin a?)* 

and (6c cos yy =^ (r — ad cos a?)^, we have as before 

a«d« — 6V + c« + r' 

c sm a? + r cos a? = ~~ ■ = n, 

•^ 2 2a<i ' 

therefore cos x = » ^ X |r y (r* -{- «? — n') + m^, 

and the diagonal bd is then = V (^ + <^ — 2ad cos x),. 

Here it may be remarked, that when the value of e is such as to 
make either m' or »' greater than r^ -f" ^^ t^® P^-rt under the radical 
becomes negative, and consequently the problem does not then admit 
of a solution. Therefore the limit of possibility, or the case in which 
the area is the greatest possible, will be when m^ and n? are each 
equal to r* + **• The values of wi and « are then equal, but have a 
different sign, and the above expressions for cos y and cos x give 
rm . r m — *" , 

fore cos y is = — cos x, and consequently the one angle is the sup- 
plement of the other, and the trapezium is inscribed in a circle. Again 

^dP — 6«c»— «» — r» i^rf»-.6V4.6»+f*: 

because m = — n, — = — — -i 1— 

' 26c 2ad 

therefore by reduction e'=(ad+6c)' — r*, or e=^/\{ad'{- 6c)' — r^J 

Hence, when the four i^ides are given, if the double area be greater 

than -/ {ad + 6c)' — r'^ the problem is impossible. 
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The common rule for finding the area of a trapezium capable of 
being inscribed in a circle, when the four sides are known, may be 
deduced immediately from the above expression for c, by considering 
that (ad+bc)^--r^ is = {ad + be +r) {ad + be --r)= i (^ad + 
2bc + a^ +d2 — 62 —c2) {2ad+ 2he — a^ — d^ + ^+ c^) = 
j(a + d+c— h){a + d—c+h){h + c+a— d){h+ c+d— a). 

(106.) A dodecaedron is a solid composed of twelve regular pen- 
tagonal pyramids, whose vertices meet iu the centre of the circum- 
scribing sphere, and the bases of the pjnramids form the superfices of 
the dodecaedron. Now suppose a dodecaedron having the side o^ 
each pentagon composing the superficies thereof 8 inches, and sup- 
posing every two of its composing pjnramids to be hollowed out in 
the form of the greatest hemisphere, cylinder, cube, cone, triangular 
pjrramid, and square pyramid : What will the remainder of the dode- 
caedron weigh after having been hollowed or scooped out as above 
described, supposing each cubic foot of the matter of which it is 
composed to weigh 601b % 

The dodeceadron weighs, after all the twelve cavities are cut out, 
1746.6646016 inches = 1.0108013 feet = solidity remaining; which 
at 601b. a foot, weighs 60.6480771b. 

(106.) In gauging a spheroidical ale cask, I found the diameter 
of one head to measure 18.1 inches, that of the other 16, the bung 
diameter 20, and the distance between the two heads 20.6 inches ; 
also, by the cask lying a little obhquely, I observed that the liquor 
just rose to, or touched the upper extremities of the two heads. 
Having noted these dimensions, I was informed that there were in 
the cask a ball of iron weighing 601b. another ball of lead weighing 
901b. and a cube box, a foot square. What quantity of liquor was 
in the cask? inches. 

The spheroid's greatest distance from bung to head . 12.054 

The lesser distance 8.547 

The content of the cask in ale gallons , . 20.763 

The iron ball equal to cubic inches . . 217.048 

The leaden ball . . 219.717 

The cask's vacuity 117.814 

The box emerged 1723.000 

The sum, cubic inches 2277.579 

which are equal to ale gallons 8.076 
which deducted from the whole content leaves 12.687 
ale gallons, the true quantity of liquor remaining in the cask. 
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CHAPTER n. 

CONSTRUCTION OF ALGEBRAICAL EXPRESSIONS. 

(13.) Having, in the preceding chapter, given several examples of 
the algebraical method of solving problems of geometry, it will be 
proper now to show how the algebraical may be converted into geo- 
metrical solutions. We shall commence with the construction of 
rational expressions. The simplest of these are such as denote lines ; 
they are necessarily of one dimension, and are called linear expres- 
sions ; they may always be reduced to one or other of the forms 

x:=i a — b'\-c — d + &c. X = — , x^ — ^, in which o, 6, c, &c. 

c c 

represent lines of known length, or rather they express the number of 
linear units contained in these known lengths. 

The construction of the first of these expressions, when put under 
the form a; = a -|- c +> &c. — (^ + ^ +» &c.) is obvious. All that 
is necessary is to draw a line equal to the sum of the lines, a, c, &c 
and to take from it another, equal to the sum of the lines, b, dj &c 
the remainder being the line represented by x, 

ob 
The construction of x=: — is reduced to the finding, geometri- 

c 

cally, a fourth proportional to the three given lines, c, a, b, for the 

above expression reduces to the proportion c : a::b :x. 

The expression rr = — requires us to find a third proportional to two 

c 

given lines, c, a, since c\a\\a:x, 

(14.) Let us now proceed to more complicated expressions. 

1. Suppose we had to construct the expression x = —-p ; then, 
decomponog it into &ctors, in order to apply the foregoing element- 
ary constructions, we have x = -rr-r- X --« The first factor repre- 

3a c 

sents a fourth proportional to the three Enes dd, 2a; and h\ hence, 
constructing tfaos line and calling it m, the proposed expression be- 

fllC 

comes z s — , which represents a fourth proportional to the three 

known lines, e, m, and c. 

11 
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2a' 6' c 
2. Let X = ^ be the expression proposed, then, putting it 

under the form, a; = —=■ X j X -t-X /.X - we shall have first to con- 

3" » / / g 
20^ 
struct the fourth proportional — to the three lines, 3d, 2a, and a. 

Calling the line thus found tii, the proposed expression becomes, 

wa 3 6 c , , , ^ . 

J? = -J X ->.X ->X -i and we have now to construct the fourth pro- 
^ J f S 

portional, -p, to the three lines d, tii, and a. Calling it w, we have 

wfh h c ^ . . -., 1^-1 

X = -^X-7.X- Constructmg m like manner the fourth propor- 

tional, —TT^ and calling it w , a? becomes, a? = —jr- X - and this is 

J J S 

constructed, as in the last example, so that the line x wiU be con- 
structed after finding five fourth proportionals. And it is obvious that 
in every such expression the construction will require the aid of as 
many fourth proportionals as are equal to the sum of the exponents of 
the letters in the denominator. 
' After these examples the construction of such compound expres- 

c? , he , ^ P^ t^ o irr. 

sions asa? = |--r+ iq« q 5i &c. can present no diffi- 

c d Irl^w p 

culty. I 

' (16.) Before proceeding further, it should be remarked, that every 
algebraical expression, admitting of geometrical construction, must 
have its terms all of the same dimension, that is, each term must be 
either of one dimension, and thus represent a line ; pr, secondly, each 
must be of two dimensions, and so represent a surface ; or, lastly, each 
must have three dimensions, and denote a solid. It is plain that if 
this uniformity of dimension does not belong to all the component terms 
of an algebraical expression, that such an expression involves a geo- 
metrical absurdity, for we can in nowise combine a line with a sur- 
face, or a surfece with a solid. Nevertheless, it often happens that 
an expression really admitting of construction does appear under this 
unsuitable form, but such a result can arise only from the linear unit 
having been represented in the calculation by the nwwicra/ unit, 1, 
thus causing every term into which it entered as a feictor to appear of 
lower dimensions than the other terms. Whenever, therefore, for con- 
venience of calculation, the linear unit is so represented, the result 
should be made homogeneous^ by introducing it and its powers into 
the defective terms. Thus, if we happened to have such a result as 
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X ±: a6, then calling I the linear unit, we should change it into the 

homogeneous equation Ix =z ab ,\ x = -y-, showing that the line x is 

a fourth proportional to the lines I, a, and b. 
In like manner, if the result were x = abcj we should change it into 

Px = abc^ whence x = -=- = — X -j") which expression we have 

already seen how to construct. 

1. Let now the expression to be constructed he a compound frao 

tion, such as a? = , — r"5"> ^^ admit of geometncal representa- 

o -^ 2c -J- o 

tion, both numerator- and denominator of this fraction must be homo- 
geneous ; and to represent a line, ar, the terms in the numerator must 
be one dimension higher than those in the denominator ; so that intro- 
ducing the linear unit, /, the expression to be constructed must be 



X = 



a^ + 3lhc — Pa 



that is, X = 



o^ + 3/6c— Pa ___ a' 36c la 

i{b+2c+zi)~"ik'^ir~r 



lh + 2lc + ZP 

where k is put for the sum of the Unes 6 + 2c + 3/ ; hence the pro 
blem is reduced to the construction of simple fractional expressions, 
such as have been considered in art. (14.) 

2. As another example of this kind, let there be proposed the ex- 

2c^—^a^b + l^c ^ 
pression x = — ^ o aj, A 8 ~ ^^ ^^^ ^® constructed as the pre- 
ceding, if we can represent the denominator as a single product, and 
this we may do, by putting 6* = ua, or by determining v so that 

6« ^ ^ . , 2a8— 3oH + 6»c 

v=z — , for then the expression becomes x = -r--, — r— = 

a' ^ a(a — 26-j-u) 

-5 = — h -rr- where A; is put for the line a — 2b 4- v, 

k k k 

3. Again, let x = . •^°' be taken. To reduce the denomi- 

mnp -|- qr8 

nator to a single product, put ^r = tm» .-. « = i- is a known line, and 



m 



the denominator becomes m (np -|- ««), it remains then to reduce 



V8 



np -J- M to a single product. Put, then, t?« = wn .*. w = — is a 



n 



Jknown line, and the proposed expression becomes finally 

abed 4- efffh abed , efgh , , . ^ /. .i. i 
X = L_£o_ = — JL '^^ where k is put for the » + tc. 

mn (p --f" ^) ^^'^ ^''^'^ 
(16.)- We now proceed to consider trraftonoZ expressions. These 
mayalways be reduced to one or other of the following simple forms, 
viz, x=^abj X =: V { ^' + ^'^ ^= V ^ «' — 6^^, we shall, therefore, 
begin by constructing these elementary expressions. 

E2 
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From the first, x :=z^ah^ we deduce 3^=2 ab ,'. a:x:: xib^ there- 
fore X is determined by finding, geometrically, a mean proportional 
between the given Hnes, a, 3, (Geom. p. 136.) 

From the second expression, a? = V 1 a' + fc'|, we have a?*=a' + 6", 
so that ar is the hypothenuse of a right angled triangle, of which the 
iddes are a and b. {Geom. p. 58.) 

The last expression, a? = ^|a* — 6^ |, when put under the form 
X = ^/ \{a -}- b) {a — b)^, represents a mean proportional between the 
two lines a + 6 and a — 6. 

(1.) As a first example, let a: = V |^' — ^' + ^ — dP-^e^ — &c. | 

be proposed. Put m=z^\c^ — b^^ and construct this line; then 

m^ = t^ " iPj and a? = V f w*'^ + c' — <? + *' — ^^- \ ^"^ ^^w » =: 

V |m' + c'l , and construct the line n ; then, since »' = w' + <^i aJ^d 

^rzryln'-d' + c^ — &c.| 

This series of constructions being continued we shall at length 
have but two squares under the rad^l, and the construction of this 
last expression will be the line sought. In the same way may any 
numerical surd be accurately represented by a line first assuming 
some fixed length for unity, for any number may be decomposed into 
squarenumbers,thusV7 = V^2* + 2'— 1^; Vll = Vl3«+l+l| 
andV13=Vl3' + 22}; V43 = v/j62+ 3^— 1 — l.| 

2. Let the expression to be constructed be a: = V !«* + 3ic. ] Put 
3^ = v^ .*. V = V 36c is a known line, and the expression is reduced 
to ar = V {o* + ^'- 1 ^r the same expression may be constructed by 
putting sic = at* .% a? = V Jo (a + tt) J .•. a? is a mean proportional 
between a and a -f- «• 

\ del ; then, putting — = i» and de — an, we 

c c 

have x= ^/\a (m — n)l .*. a? is a mean between a and m — ». 

. A 1 1 , I (^ — 2b''c + Sb^ , ^ 

4. As a last example, let * = ^/ \ r | j then, put- 

( ^(■^— 2C + 36)) 
ting it under the form x = ^/ \ br \ we can first con- 

I a— 6 ) 

8 1.3 

Struct the line -^ — 2c + 36, then =-, and, calling these m and », 

b — 6 

we shall have, lastly, to construct x = ^/mn. 

We shall leave the student to point out the'constructions of the fol- 
lowing expressions, viz. 



" ^\3d + 2c 



F 
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CHAPTER I. 

ON THE POINT AND THE STRAIGHT LINE. 

(1 .) In the preceding section we have endeavoured to show the use 
of algebra, when combined with geometry, in the solution of problems. 
In the remaining part of the present treatise we shall proceed in a 
maimer more strictly analytical, dispensing with the truths of geo- 
metry, except a few of the simplest kind, and depending upon ana- 
lytical expressions, as well for the estabfishment of theorems, as foi; 
the solution of problems ; that is, as well for the determination of the 
form and properties, as of the magnitude of geometrical quantity. It 
is this extended application of the principles of analysis that, strictly 
speaking, constitutes the science of Analytical Geometry. 

On the Eqtiation of a Point. 

(2.) Let AX, AY, be two assumed straight lines, intersecting, in 
any angle, at A ; and let P be a point in the same plane, whose po- 
sition it is required to determine relatively to these assumed lines. 

Let the lines PC, PB, be drawn respectively 
parallel to the lines AX, AY ; then, if the lengths 
of the former be known, it is obvious that the 
position of the proposed point will be easily deter- 
mined. It will be situated at the intersection of Cy 

two lines, CGI, BR, drawn, the one parallel to 

AX, from a point, C, in AY, the distance of which ^ B 

from A is the given length, BP, and the other parallel to AY, from a 

point, B, in AX, the distance of which from A is the given length, CP. 

The two lines AX, AY, in reference to which the position of the 
point is to be determined, are called axes, and their point of intersec- 
tion, A, is called their origin. The distance, AB, is denominated the 
abscissa of the point ; P, and BP, or its equal, AC, is called the or- 
dinate of the same point ; hence the axis AX is distinguished from 
the axis AY by the najne axis of abscissas^ the latter being called 
asns of ordinates. 

The abscissa and ordinate of a point, when spoken of together, are, 
for the sake of brevity, called the coordinates of the point, and, for a 
like reason, the two axes are referred to as axes of coordinates. An 
abscissa is generally denoted by the letter a?, and an ordinate by the 
letter y; and often, for shortness, the axis of abscissas is called the 
cfcm ofxj and the axis of ordinates the axis of y. 
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(6.) When the axes of reference are oblique, the coefficient a may 
still be represented by trigonometrical quantities, 

for , or o, is the same as 55lii : therefore, since the angle 

AC' sin. ADC' ^ 

AE>C is equal to the angle YAD, if we represent the angle NAX, 
which the proposed line makes with the axis of x by a, and the in- 
clination, YAX, of the axes themselves by ^, we shall have 

sin. DAC __ sin. a 

sin. ADC ""sin. (/3 — a) 

• 

and for the equation of the line AN, y = -— ! x 

sin.(p — a) 

In this equation the coefficient of x will obvious- 
ly be negative, when a 7" /S, that is, when AN 
takes the position in the annexed diagram to the 
left of the axis of y. We see, therefoxe, that, 
whether the axes be rectangular or oblique, the co- 
efficient of a?, in the equation of a straight line pass- A" 
ing through their origin, will be positive, if the portion of this line 
situated above the axis of x lie to the right of the axis of y, but the 
same coefficient will be negative, if it lie to the left. 

(7.) The equation to the straight line, which has just been exhi- 
bited, applies only when the line passes through their origin. Let us 
now suppose that this restriction is removed, and that the proposed 
line takes the position LM, cutting the axes in ' y^ 

CandB. ^ "^ 

Let AN be parallel to LM, and from any point, 
P, in the latter, let the ordinate, PDE, be drawn. 

Then, since AB=DP, it follows that any ordin- 

ate, PE, is equal to AB, plus the ordinate ED, y^Aj 
of that point, D, in AN, which has the same ab-^ 
scissa, AE, as liie point P. Now this latter ordinate is always ex- 
pressed by the equation y=cLr, as we have already seen ; consequent- 
ly, if we put b for AB, the ordinate of the proposed line at the origin, 
we shall have for every point in LM this relation between the coordi- 
nates, viz. y = aa? 4- 0, this, therefore, is tJie equation of the straight 
line in ^general. 

With regard to the sign of a, its changes have already been exa- 
mined ; and as to the sign of the ordinate 6, we know that it will be 
positive so long as LM cuts AY above the origin, and negative when 
the intersection is below it. It may, however, be satisfactory to the 
student to have here exhibited the form of the equation for every pos- 
sible position of the proposed line. 
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1. Let the line, LM take the position shown in 
the annexed diagram, cutting the axis of x to left of 
the origin, and the axis of y above it, then a and 
h are both positive, and the equation is 

2. Next, let the proposed line cut the axes <Mi 
the opposite sides of the origin, as here represented, 
then a will still be positive, but 6 will be negative ; 
the equation, therefore, in this position of the 
line is 

y=:-\-aa: — 6. 

3. Thirdly, let the line cut the CLxis of y above, _ 
and the axis of x to the right of the origin, then a ^^ 
becomes negative, and b positive, in this case, there- 
fore the equation is 

y= — ctx + h. 



4. Lastly, let the axis of i^ be cut below, and the 
axis of X to the left of the origin, then both a and 6 
will be negative, so that the equation becomes 

y=z — ax — 6. 

It thus appears that when both axes are intersected, the proposed 
line may take four different positions analytically represented by four 
distinct equations. ^..^^.. 

There remain two other positions to be considered, viz. those in 
which the line is parallel to one of the axes. If it be paraDel to the 
axis of abscissas, as it caimot then form an angle y 

therewith a = 0, and therefore (6) a = 0, so that 

this position is characterized by the equation q / jil 

y = Ox±h,oxy = ±h, I 
intimating that, whatever abscissa be taken, the - a7 ^ 

value of the ordinate remains the same. ' ^ 




,When the line is parallel to the axis of ordinates, substitute for a, 
in the general equation, its equal — , putting c for M^ ^ 

AC, the distance of the intersection, with the axis 

of X from the origin, b representing, as usual, the ^-r—j 

distance of the intersection with the axis of y, in the ^ •^/ ' 
present case infinite, we thus have 



12 



U 
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y = — *+fr, 



.•.0? = 



which, since b is infinitCj is the same as :r = 0^:pc, ora:=qpr, 
an equation which indicates that whatever be the ordinate, the ab- 
scissas are constantly equal to c. From the preceding discussion it 
follows, that the general equation y = ax-\-b comprehends in it all 
those that can clmracterize straight lines, whatever be their position 
in reference to two assumed axes, any how inclined to each other, 
each particular position being denoted by the particular values given 
to a and b. As these quantities remain the same, while the coordin- 
ates X and y vary in value for every point in the same line, the former 
are called constants^ and the latter variables. 

Since two constants enter into the general equation of a straight 
line, as many particular values as are given to them, so many particu- 
lar lines will be represented. They may, therefore, take such values 
as will render the line whose, equation is expressed, subject to certain 
proposed conditions, provided such conditions are possible. Thus we 
may suppose such values given to the constants, that the line repre- 
sented must of necessity pass through two given points, or only one 
of the constants may be fixed, and of such value, that all the lines re- 
presented by the equation shall pass through a proposed point. We 
have already seen, that, if the origin of the axes were the proposed 
point, the constant, 6, must take the particular value 6 = 0, the equa- 
tion y =zax representing all lines subject to this condition. Let us 
now proceed to a few determinations of this kind, and, as we are at 
liberty to assume any angle of inclination for the axes of reference, 
we shall, in general, for greater simplicity, assume them rectangular, 
excepting only in a few cases, to be hereafter pointed out, where ob- 
lique axes may be more advantageously employed. 

PROBLEM I. 

(8.) To find the equation of a straight line passing through a giv- 
en point. 

Let us denote the coordinates of the given point by x' and y' ; then, 
since the general equation for every point in the required line is 

y=iax + b (1), 

it follows that for the particular point in question we must have the 
relation t^ = ox' + ^ •'• ^ = y' — ^ • • • (2), hence, substituting this 
value of 6 in (1,) we have 

y — l/ = a («— a?')) or y = a {x—x)+y\ 
which is the equation sought, and characterizes every straight line 
that can be drawn through the point {x\ y'). By comparing this with 
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the general equation of the straight line, we find that the ordinate at 
the origin is y — ax. 

If the given point were on the axis of a;, then y' = 0, and the equa* 
tion would be t^ = a (a? — a?'). 

If it were on the axis of y, then a/ = and the equation' would 
become y—ry' = aar, or i^ = oa? + y, 

PROBLEM. II. >-V^ 

(9.) To find the equation to the straight line, which passes through 
two given points. 

Representing the given points by (ar,^ t^,) and {a/\ /',) we have 
to subject the equation y — y^ ^=za{x — a?) of a line passing through 
one of the, points to the additional condition y^ — y^^ = a {a/ — x^^)^ 
which equation as a?^, x^\ y^, yf\ are all given, detemiines for a the 

particular value a =^ — —, ; substituting, therefore, this value of o in 

the former equation, the analytical representation of the required line is 

y — y^ =■ / // (J? — a?^),in which equation all are constants, except 

X and y, the variable abscissa and ordinate of the hne. 

By writing the equation thus, y ^-zr~:j,^-\ — ^~7 — ^^7- which, 

however, is less simple than the former, its identity with the equation 
y = aa: -f- ^j for the particular case in question, is more distinctly seen, 
as it shows at once the value of the tangent a, and of the ordinate 6 at 
the origin. If, for instance, the coordinates of one of the given points 
(ar'j y'^ be 4 and 6, and those of the other point {xf\ y^^^) 3 and $, then 
the equation of the line passing through them is y = la? + 2; there- 
fore 1 being the trigonometrical tangent of the angle made by the line 
with the axis of ar, this angle must be 45^, and the ordinate at the 
origin is 2. 
If (a^, y^,) is on the axis of a?, y' = 0, and the equation is 

If it is on the axis of y, then aK = 0, and the equation is 

And lastly, if it be on both axes, that is, at the origin, then a/ = 0, 
/ = 0, and the equation becomes y = ^/x. 

PROBLEM III. 

(10.) To find the equation of the straight line which passes 
through a given point, and is also parallel to a given straight line. 
Representing as before the given point by (a?^, y'), we have for every 
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line passing through it the general equation y — y' = o (a? — a/), and 
among these lines we cure required to distinguish that which is paral- 
lel to the given line, or, in ot^r words, that which makes a given 
angle with the axis of abscissas; putting nf for the tangent of this 
angle, the equation of the line sought will beiy — y' = a' (a? — a/). 

PROBLEM IT. 

To determine the point where two given straight lines intersect. 

Referring both lines to the same axis, let their equations hey ^= ax 

+ bf y z= a^x -{- bl then, since at the point of intersection the ordinate 

is the same for both lines, we must have for this particular point clx 

-[- 6 = o'a? + y , whence we obtain for the coordinates of the inter- 

l/^b ^ a\/ — a'b 

section X = ;, and y = — 7— 

a — or * a — (x 

If we suppose a = a^, the expressions for x and y become infinite, 
as they evidently ought to do ; since the lines, being in that case pa- 
rallel, can meet only at an infinite distance. 

If ^=y, then a; = 0, and y = -;■ 6 = ^, showing that the ordi- 
nate at the origin belongs to the point of intersection. 

PROBLEM V. 

(11.) To find the expression for the angle of intersection of two 
given straight lines. 

Let the two lines be A'B and CD, P being their 
point of intersection; then it is required to find an ex- 
pression for the angle A^PC. 

Let the equations of A^'B and CD be respectively, 
y = oar -f- ^» ai^d 1/ = a'a: -f- ^^ ; then a will be the 
tangent of the angle PA^X, and a* the tangent of the O^ /I / ^ 
angle PCX, the Imes being refened to the rectangular AT AC 
axes, AX, AY. Now the angle ATC is equal to the difference of 
the angles PCX, PA'X ; hence, calling the tangent of this difference 

», we have (TWe-. p. ) u = -— ; ;, or « =-r— ^ ; accordingly 

as the angle is to the left or right of AT. 

If the angle of intersection be a right angle, its tangent must be in- 
finite, which the expression for t? becomes, only when \-^aof \&^ ;* 
this condition, therefore, is necessary, in order that the proposed lines 
may be perpendicular to each other; so that, in this case, we must 

have oaf c= — 1, or a =: 7. 

a 

* Or, since the cotangent of a right angle is 0, and that the cotangent of an angle 

U the redprocal of the tangent, we must have — ,or — . = .*. 1 +aa' = 0. 




ANALYTICAL GEOMETRY. 9S 

It follows from this, that, if y = a!x + V be the equation of a given 

straight line, then will y = j- a? + ^ be the equation of a line per- 

pendicular to it These perpendiculars may be innumerable. If we 
fix one of them bj the condition that it may pass through a given 
point, (z'j y',) then {Vroh. 1) it will be characterized by the equation 

When (a/, t(^,) is on the axis of abscissas, y' = 0, and the equation is 

When it is on the axis of ordinates, then a/ = 0, and, therefore, the 
equation is t/ — i/^ = jx. And when the given point is at the 

origin xf and y\ being both 0, the equation is, y = j x 

(12.) If we wish for the sine or cosine of the angle of inclination of 
two lines, instead of the tangent, they may be obtained thus. By 
trigonometry sin. (a — ttf) = sin. a cos. a' — sin. of cos. a, in which 
formula, if a, a , represent the angles, whose tangents are a, a', wp 

shall have, sin. a = .^ , — ^r* <^os. a = -77-7-1 — 27-; 

sin. a = — TTT — ;t^» cos. a^= . , — ^^-r hence by substitution, 

In like manner, from the expression ' • ' . 

cos. (a — a^) = COS. a cos. a' + sin. a^ sin. a, 

we get, COS. («-«') = ^^^^^^ (i^^^^ . 

PROBLEM VI. 

(13.) To find the equation of the straight line which passes 
through a given point, and which makes a given angle with a giyen 
straight line. 

Let the given line be represented by the equation, y = aa; + ^ ; 

then, because the required line passes through a given point, (a?', y',) 

its equation will take the form y — y^ = a'' (2: — a/ ) ; and we have to 

determine a', so that these lines may intersect in a given angle. Put 

V for the tangent of this angle, the^ {art, 11) 

±(a — d\ , a — V a-A-v 

»= —— r^, .-. a' = — -T , or - — ' — 

1 + aa 1 + ^ 1 — ^ 

H2 



, 1, 
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hence the equation of the line sought is 

Two lines, therefore, may be drawn through the given point, fulfill- 
ing the required condition ; the one forming the proposed angle, to the 
left, and the other forming it to the right, of the given line, conformably 
to the two expressions for its tangent, v. 

Thus, in the annexed diagrams, the equa- 
tion of PC formng the given angle to the left 
of the given line, AB, is 

a — V 



y — y/=. 



{x—a/y, 





N 



M 



Zl 



-M' 



but the equation of PC, forming an equal 
angle to the right, is y — 1/-= - ^— (x — af), 

PROBLEM VIJ. 

(14.) To find the analytical expression f(»r the distance of two 
given points. 

Let the given points be M, {x\ y',) and N, (a?", i/\) 
Draw Mp parallel to AX ; then the axes being rec^ 
tangular, the distance, MN, will be V {Mp^-j-Np'l; 
but Mp = a/^ — x^, and Np ^ y" — y', therefore the 
expression for the distance, D, is 

D=:^/\{a/'-xr+{y^^-yyi. 

If one of the points, as (a:', y'), is at the origin, then x = 0, and 
y ' = ; therefore, D = V 1 a/^ + V^^- 

The expression for D would have been much less simple, if we had 
chosen oblique axes of coordinates ; for, if the angle MpN had been 
oblique, we should have had {Trig, p, ,)* 

MN = VlMp«4.Np«^2Mp-N|)-cos.MpNJ; 
or, putting A for WpN we have cos. MpN = — cos. A, 
.-. D = V 1 (a^' — ar^r + (y"' — y")' + 2(jr'^ — a/) (y^^ — yO cos. A J^ 

If « y^) is at the origin, D = V J i^"* + y""^ + ^^' 'if cos. A \ . 

PROBLEM VIII. 

(15.) To find the analytical expression for the distance of a point 
from a line. 

Let N be the point, and BC the line, then it is re- y 
quired to find the length of the perpendicular NM. 
If the coordinates of M be represented by rr, y, and 
those of N bj x^^ y^, we have by the preceding pro- 
blem MN = V 1 (a^'— xY -f- iy'—yYl m which the 
values of a:'' — x and y^ — y, must be determined by A 
means of the equations to the lines BC, MN, 

♦ The Trigonometry ueually referred to, is that of Dr. Gregory. 
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Taking for the equation of the fonner y = or + 6 . . . (1,) that 

of the latter will be (aW. 11,) y — y!' = {x — x') .... (2.) 

In order to obtain from these equations the values sought, in the 
simplest manner, put equation (1) under this form: 

y — y^ = a{x — ic') — t^+aay' + ft .... (3.) 
by subtracting y^ from one side, and its equal, y' + aa/ — oj/, from 
the other, in order that the equations (2) and (3) may both contain 
the unknowns x — a/ and y — y\ then the determination of the values . 
of these becomes easy. Subtract (2) from (3) and the result is 

= {a+\) {x-x^)^Y+ax^ + b, 

-. ^ ^^ <y'—^^—^) 

and by substitution in equation (3) 

«^ — a^ — h 

- y-y=--grj-r- ■ 

These expressions for a? — ar'andt/ — y\ by changing the signs 
prefixed to them, represent ar' — x andi^^ — y] but, as these latter 
enter into the expression for MN only in the second power, it is indif- 
ferent what signs are prefixed ; we have, therefore, by substitution, 

(a«+l) "" V(«'+l) 

If the point N be at the origin, then a?^ = and t/^ = ; therefore 

V(a' + 1) 
expresses the distance of the proposed line from the origin. 
If the proposed line pass through the origin, then 6 = 0, and the 

value of the perpendicular upon it from (ar^, y\) is P = ^ 



V(a»+1) 

(16.) By means of this last expression, we can ^ immediately arrive 
independently of any trigonometrical property, at the values of the 
sine and cosine of the angle formed by the intersection of two given 
straight lines. 

For let AM, AM'', through the origin, A, be pa-Y 
rallel to any two given intersecting straight lines, 
thus forming an angle at A, equal to the angle of 
intersection. Take any point, M'', on one of the 
lines, and, representing its coordinates by (ar^, y^^) 
the value of the perpendicular from this point to the A.' 

W^ "—^ €Lxf 

Other line will be M^M =-i_-__. , a being the tangent of the angle 
MAX. Now, if we represent the tangent of the angle M^AX by a\ 
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we shall have at the point M^, y'', = oV ; hence, by substitution 

V(a» + 1) 
Now M'M is the sine, and AM the cosine, of the angle M^AM to 
radius AM^, whose length is expressed by the equation 

hence, calling this radius R, we have a?' = — -^ 

.-. M''M = — ,, o . TTV . — r^=sineZA; . 

and, subtracting the square of this from R^ and then taking the 

square root, we get AM = ,,, » . ,w ^/, ,x> = cosine Z A ; 

and these expressions are identical with those given at (12), where 
the radius, R, of the tables is unity. 

The preceding problems contain every useful particular relative to 
the straight line. They should be attentively studied by the student, 
who, before closing this chapter, should be fully prepared to state? the 
conditions under which any straight line is drawn, when its equation 
is given, or on the contrary, when the conditions are given to write 
the equation. We shall now devote a short chapter to the solution 
of a few problems, in which the principles here established will find 
their application. 



CHAPTER II. 

PROBLEMS IN WHICH THE EQUATION OF THE STRAIGHT LINE IS 

EMPLOYED. 

. PROBLEM I. 

(17.) It is required to determine whether the perpendiculars drawn 
fiom the vertices to the opposite sides of a triangle meet in a point. 

Let the perpendiculars, AF, BE, CD, from the ,^ p 
vertices to the opposite sides of the triangle, be 
drawn and assume AB, AY, for rectangular axes 
of reference. Let {x\ y^) represent the given point, 
C, and for AB put c. 

Then the equation of AC, passing thi'ough the aT {> 

. ' . . y^ 

origin and the given point, C^isy = ~ x] and the equation of BC 
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passing through the two given points, B,C, the former (c, 0) being 

on the axes of ar, is y = — ^ — (x — c). 

or — c 
Now BE, AF, being respectively perpendicular to AC, EC, and 
passing each through a given point on the axes of ar, their equations I 

are, of BE, y = —^(x—c) ; and of AF, t/ = ~ x. | 

At the point where these intersect, the ordinates must be «qual, so 

that at this point ~ (ar — c) = :?^- x, whence, ar = x' ; that is, x, 

y y 

the abscissa of the intersection of BE, AF, is equal to a/, the abscissa 
of the point C ; hence, the perpendicular, CD, passes through that 
intersection. 

PROBLEM II. 

(18.) It is required to determine whether perpendiculars from the 
middle of each side of a triangle meet in a point. 

Let M, M^ M^^, mark the middle points of the 
sides of the triangle ABC. Let P be the point 
where two of the perpendiculars, MP, MT, meet, 
and, as before, take the rectangular axes, AB, AY. 
Represent the point C by (a/, y^)^ and the base, AB, 
by c; then the point M' will be (^c, 0), and the a 
points M^^, M, having their ordinates parallel to the 
ordinate of C, will obviously be (^ a/, \ y^\ and (^ c + iar^» iy^)^ re- 
spectively, for the triangles AM^^ wi^, IVf'Mm will be equal. 

Now the equation of AC, passing through the origin and the point, 

(a/, y^,) is t( = ^a:, and that of BC, through the points (c, 0) and 

ar 

(^» y'O is ^ = --^ {x—c). 

XT C 

Now PM^^, PM, being respectively perpendicular to these, and, at 
the same time, peissing the one through the given point M''', and the 
other through the given point M, we have for the equation of PM^'', 

xf 

y — ^^ = 7" (a: — \:X^) and for the equation of PM, 

Now, if these two lines meet in the perpendicular from M^, they 
must necessarily have a common ordinate for the abscissa, A M'', or 
^, otherwise the ordinates will be different. Substituting this valtie 

of a;, in the equation, for PM^^ we find y = \y^-\ — - — and, 

13 2/ 




/» 
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making the same substitution in the equajtion for PM, there results 

The two ordinates are, therefore, identical, and thus the three per- 
pendiculars meet in a point. 

PROBLEM III. 

(19.) It is required to determine whether the straight lines drawn 
from the vertices of a triangle to bisect the opposite sides, meet in a 
point. 

Let the lines, CM, BM^, AM^^ bisect the opposite 
sides of the triangle, CAB; and, let us, in this case, 
employ the oblique axes, CM, MB. Since AM^ is 
half AC, a parallel to CM, from the point M^, will y^l \p\ m' 
bisect AM, and be equal to half CM. In like man- 
ner, a parallel to CM, from the point M''^, will bisect j^^ _ 

MB, and be also equal to half CM, so that the coor- M 

dmates of the points M^, M'''', are numerically equal. 

Now, if (x^, 0) represent the point B, (> — xf^ 0) will represent the 
point A ; and, if {pc/^^ y^^) denote the point M^'', ( — x^^^ y'^) will de- 
note the point M''; hence the equation of AM'''', passing through the 

points ( — x\ 0) and {xf\ yf^\ is y = - ^ (ar + x^) ; and the equa- 

3/ ^^^X> 

tion of BM', passing through the points (a/, 0,) and ( — xf'^ y^\) is, 

Now, in order that these lines may intersect on the axis, MC, the 
ordinates of both at the origin must be the same, and this they evi- 
dently are, for the ordinate corresponding to a? = is, in both equa- 

Cor. Since x'^ = \x*, and y"^ =r ^CM, it follows that 

PM = *^a/ = iCM. 

fa: 

PROBLEM IV. 

(20.) To determine whether the lines bisecting the three angles oi 
a triangle meet in a point. 

Let AF, CD, BE, bisect the three angles of the 
triangle CAB ; and, as before, let the oblique lines, 
CD, DB, be taken for axes of reference; then — DA 
will be the abscissa of the point A, and DB will be 
the abscissa of the point B ; consequently the equa- 
tion of AF will be y = a (ar + AD) . (1.);, 

and the equation of BE, y=za^{x — DB) . . . (2). 
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Now it appears from {art 6,) that, as the axes are oblique, the 



value of a will be 



sin. FAB sin. iA sin. 4A 



sin. (CDB — FAB) sin. ^ ( A + C) "" cos. ^B 
In like manner, the value of of will be o' = — \ hence, when 



cos. ^A 



^• = 0, the equations (1) and (2) become, by these substitutions, 



(3), and y = 



sin. ^B 
COS. ^A 



DB . . . (4) ; and it now 



COS. ^B 
remains to inquire whether these two expressions for y are identical. 

For AD, in equation (3,) substitute its equal, viz. AD = . ' DB, 

sin. j\. 

and the equation becomes, y = — ^^'— . ' ^ DB, which is4dentical 
^ ' * ^ COS. ^B. sm. A ' 

with equation (4.) {Trig. p. )* Hence the three lines meet in 

a point. 

PROBLEM v. 

(21.) To express the area of a triangle in terms of the coordinates 
of two of its angular points. 

Let the triangle, BAG, be proposed ; and let y. 
the rectangular axes originate at the point A ; let I ^^^...JB 
a/, y^ be the coordinates of B, and a/^, y^\ the co- ' ' /"'"■■'^^^c 
ordmates of C ; then we have for the equation of 
BC, passing through both these points, 

y^ — /^^ , x^y^'—i/a/' aH^ ^X 




y- 



7,^ + 



a/ — a/'" ' x' — 7/' 
and for the length of the perpendicular AD, upon this line, from the 

origin, we have {art, 15), the expression P = .r a i 

w\a +1^ 

substituting here for a and ^, their values as exhibited in the foregoing 



equation, viz. a = — — ^ 



6 = 



and the expression for 



aZ — x"' 

P become*, after reduction, P = ,c. , J,,a if/ ma y i 

Now the denominator of this fraction expresses the distance of the 
point (a?'',j^^), from the point {a/, y^,) that is, it denotes the line BC ; 
so that EC; X P = — ( xy— yV^ ) ; consequently ^ |BC X P^ 
= — i\ xY^ — y^ ^'i = area of the triangle. 

The foregoing exercises on the equation of the straight line may 
suffice for the present ; further applications will repeatedly occur in the 
succeeding chapters. 

• For, at art. 18, p. 43, we have ain. i B =0"^'^' and cos. JA = """ ^ 



2cos.||B 



'2 sin. 4A 




A 



100 ANALYTICAL GEOMETRY. 

(22.) At the commencement of the present section it was shown 
that a straight line, whatever its position, might be represented by a , 
simple indeterminate equation ; and it will be proper, before we pro- 
ceed to the circle, to show, conversely, that every simple indetermin- 
ate equation containing two variables is the analytical representation 
of some straight line. 

Let My = Na? + P be any simple indeterminate equation, contain- 
ing the two variable quantities, x and y, then we have 

N P N P 

2/ = ^ a:+ — , or putting for simplicity A for^, and B for-^j^ 

y = Aar + B .... (1). 

Now, draw any two straight lines, X'AX 
XAY^, intersecting at A, and make AB = B, 

B 

AC ==-T-, and through the points C, B, draw the 

straight line CBL, which will be the geometrical X^ 
representation of the proposed equation. For the 
equation of this line, in reference to the axes, AX, j^ 

AY, is y = -T^ ar + AB . . . (2) ; but by the construction -r-p^ = 
AO AC 

B 

B -T- -T- = A, also AB = B, therefore the equations (1) and (2) are 

identical, each, therefore, is the analytical representation of the line 
CBL. 

(23.) The line which any equation represents, or in which the 
variable point {x, y) is always found, is called the locus of that equa- 
tion, or of the point {x, y). Hence the locus of a simple equation con- 
taining two variables is a straight line. 

When the equation is given, and it is required to construct the 
locus, it will be sufficient to determine two points in it, since the locus 
will be the straight line passing through them. Now the two points 
most easily found are those where the locus intersects the axes. The 
abscissa of the one point will be furnished by the proposed equation, 
by making therein y = 0, and the ordinate of the other, by making 
x = 0. 

Let, for example, the locus of the equation 2t/ = 3j? — 6 be required. 

Making y = 0, there results for x the value x = ^\ ^i 
and, making x = 0, we have y = — f ; therefore hav- / L 

ing assumed the axes AX, AY, on the former take / y^ 
AC = f ; and, on the latter, take AB = f ; then thp. / /^ — ^ 
straight line, BCL, drawn through the points B, C, willM/^ 
be the locus sought. ^ /^ 

This method of determining the locus can, however, / 
be applied only when the equation is of the form y = aa; + ^ ; for, if 
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it were of the form y z=:ax, then b being 0, the locus would pass 
through the origin, so that its intersection with the axes would furnish 
but one point ; another, therefore, must be found, before we can deter- 
mine the line ; for this purpose, we may give to x way particular va- 
lue, and this, with the resulting value of y, will be the coordinates of 
another point. 

It is obvious that of every point in the locus of the indeterminate 
equation y = ax-\-b, the coordinates exhibit a geometrical solution ; 
and, as an infinite number of these points may be taken, the locus 
supplies all the infinite solutions, of the equation. If, therefore, any 
other indeterminate equation were susceptible of solutions that belong 
also to the former equation, and if the loci of both equations were to 
be constructed on the same axes, these common solutions would be 
geometrically represented by so many points being conunon to both 
loci. 



CHAPTER in. 



ON THE CIRCLE. 



(24.) Let r represent the radius of a circle, the centre of which is 
0. In the same plane as the cicrle, assume any rectangular axes, 
AX, AY ; and let it be required to determine the equation of its cir- 
cumference, or the analytical representation thereof, in reference to 
the assumed axes. 

Let the coordinates AB, OB, of the centre, be repre- 
sented by a, /3 ; while the coordinates of any point, P, 
in the circumference, are denoted by the variables a?, 
y ; then, drawing the radius, OP, and Cm, parallel to 
the axis of or, we shall have Om = x — a, and Pm = 
y — jS; consequently, since Om^ -{■•Fm^ = OV^^ we^ 
have(a;— af+Cy — ^)« = r» or ar»— 2aar-f a« + j^--2% + )Q« 
= f^ . . . (1), which is the equation sought, and obviously subsists 
for every point, P or {x, y,) taken in the curve. For brevity, the 
equation is usually called iJu equation of the circle^ the circumference, 
however, and not the enclosed surface, is to be understood. 
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If the origin of the axes be assumed on the cir- y 
cumference, as at A, in the annexed diagram, the 
equation will be more simple in form ; for then, if 
AO be drawn, we shaU have AB* + BO* = AO^ 
that is, a'4- /3" = **; so that equation (1) reduces^ 
toar'—2ax + y*— -2)8^ = 0, 
or a:* + y*— 2(aa? + ^y) = 0, .... (2), the equation of the circle, 
when the origin is on the circumference. 



If, in this case, the axis of x pass through the 
centre, then a z= r, and jS = 0, and equation (2) be- 
comes a^ + y* — 2rx=0, or y* = (2r — x)x . . (3).^' 




But, if the axis d[ y pass through the centre, 
then a = 0, and /S = r, and equation (2) takes 
the form 

a?« + y*— 2ry«0 .... (4). 




-X 




When the axes originate at the centre, the form 
of the equation is still more simple ; for, as in this 
case, both a, and jS are 0, equation (1) becomes 
o^'\'^:=if^ . . . . (6), and this form, on account' 
of its simplicity, is most generally employed. 

Equation (3) may obviously be converted into this proportion, viz. 

X :y : :y : 2r — x] 
that is, a perpendicular, PM, from any point in the circumference, to a 
diameter, AD, is a mean between the parts AM, MD, into which the 
diameter is divided by it. 

If in the foregoing cases the angle at A had been oblique, instead 
of right, the several equations would have been more complicated ; 
equation (1) would then have taken the form {art 14,) 

(^ — a)' + (y — iS)' + 2(2: — a) (y — fi) cos. A = t^, 
and the simplest form of this equation, viz. that corresponding to equa- 
tion (5), above, the axes originating at the centre, would be 

a^ -j- y^4" 2a?y cos. A = r^. 

We shall now proceed to the solution of some problems relating to 
♦lie circle, always referring the curve, for the sake of simplicity, to 
rectangular axes. 
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PROBLEM I. 

(25.) To find the equation of the tangent at a point in the circum- 
ference of a circle. 

Let the rectangular axes originate at the centre 
and let (ar^, y^) represent the point, P; then we 
have to find the equation of the straight line, AB, 
which touches the circumference in mis point. 

Let the radius, OP, be drawn: then since it' 
passes through the point P, and is drawn fiom the 

origin, the equation of OP is y = ^ ar. 

Now a tangent is perpendicular to the radius at the point of con- 
tact, consequently, we have merely to express the equation to the line 
drawn through (a?', y^,) and perpendicular to that represented by the 
foregoing equation, the equation of the tangent is, therefore, 

y — y' = ? (3? — ^)i which, by reduction becomes 

y 

yy^ -{- xa/ = y^ -{- a/^^ or=V. 

The first form of the equation is that most firequently employed. 

The equation of the tangent may also readily be determined, inde- 
pendently of the geometrical property referred to above, by a mode of 
investigation which is applicable to all curves whatever. Thus, 

Let us first consider a secant to the curve, that is, a line cutting it 

in two points, (a/, y^,) and (a;''^, y^^), 

9/ — 1/^ 
The equation of this secant is y — y^ = ~ — ~ (a? — x^) . . . (1); 

and, as in the present instance, both points are in the circumference 

of a circle, we must have a^ 4- y^ = ^ • • • (2), and a?^^ + ^''^ = 
f^ . • . (3), equation (3), subtracted from (2), gives 

thatis,(/+y^O (/— y'0 = — (^+^0 (^—^0; 

iZ — y"' x' + x'^ 
whence ^^ — 177 ~ / _±_ // » consequently, by substitution, equa- 

tion (1) becomes y — i^ =: /~l_ // (* — ^) • • • W 

If now we suppose that the points through which this secant passes 

coincide, it will then become a tangent; we have only, therefore, to 

put in equation (4) a/ =za/^ and jP = y^\ and there results for the 

x" 
tangent the equation y — y^ = ; (a?-^ar^), as before found. 

. ' y 

Since the equation of the line drawn firom the origin through the 

y^ 

point (a/, y^) is y = ~ ar, it follows, firom the foregoing equationt 
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which is obviously that of a perpendicular to this, through the point 
(j/, y^,) that the tangent through any point is perpendicular to the 
radius at that pointy a property which was assumed in the preceding 
investigation. 

PROBLEM II. 

(26.) To draw a tangent to a circle from a given point without it. 

Let (a, 6,) characterize the given point, P, when referred to rectan- 
gular axes originating at the centre, then it is required to find through 
what point, (x^, ^,) on the circumference the line must pass to be a 
tangent. 

The point (y, i/j) being on the circumference, there must exist the 
relation x^^y^=zr^ . . . (1). Also, since the point (a, b^) is on 
the tangent, we must have, by substituting its coordinates for x and 
y, in the equation of the tangent, the relation aa/ + by^ = f^ . . (2). 

Now, from these two equations, we may determine the unknown 
coordinates a/ and y^ ; and it is obvious that we shall arrive at two 
systems of values, for the first of the equations above is of the second 
degree ; we may infer, therefore, that there will be two points in the 
curve, to each of which a tangent may be drawn from the given 
point. As the analytical representation of the coordinates of these 
points will be rather complicated, instead of obtaining them from the 
preceding equations, we shall determine the points geometrically ; and 
to do this, we shall merely have to construct the locus of the simple 
equation ax + by =r^j in reference to the axes of the circle, for this 
locus must of necessity intersect the curve in the two points sought, 
since, by virtue of equations (1) and (2), the coordinates a/, y^, be- 
long both to this locus and to the circle {see art. 23.) 

For v = 0, the value of aris — , andforx = 0, the value off/ is-- 

a 

therefore, on AX take AC = -— , and on AY 

a 

take AB = -7-, then the straight line, BC, 

drawn through the points B, C, will intersect, 
the circumference in the required points, M, 
M''. The value of x for y = 0, that is to say, ' 

AC, being — , an expression independent of 

6, must be the same, whatever value b may 
take, that is, whatever be the length of the perpendicular, NP; we 
may infer, therefore, that in whatever point of this perpendicular P 
be situated, the chord joining the points of contact of tangents drawn 
from it, will always intersect the axis of x in the same point, C. 
This property may be thus expressed. 




-X 
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If from any number of 'points in a straight line tangents he drawn 
to a circle, the chords joining each pair of tangents will all intersect 
the perpendicular J from the centre to the line, in the same point. 

If the proposed line cut the circle, the intersection of the chords 

will lie without the circle ; for as then a Z- r, x=— must exceed r; 

' a 

but, if the line be wholly without the circle, the intersection will obvi- 
ously be within it. 

If instead of constructing the locus of the equation ax -f- ^ = »^i 
we had actually solved the equations (1) and (2), we should have ar- 
rived at the following expressions for the coordinates of the points of 

u'r ar 
contact, viz. y^ ^^^^^^±—^^\a' + V^-r^\ (3) 

By means of these coordinates we can find the equation of the line 
passing through the two points to which they belong, and this equa- 
tion we shall find to be aa; + 61/ = r^, as above. For the equation of 
a line passing through two points is of the form 

y-y^^a^(^X-X^) (I), 

in which the coefficient a^ is equal to the difference of the ordinates 
of the points divided by the difference of the abscissas ; in the present 

2(17* 

case, the difference of the ordinates is +"a~nT V f <»' + ^' — **j| 

a -|- 

2hr 

and the difference of the abscissas, ^ V ^ <*' + ^'^ — »^ 1 5 

so that, dividing the first of these expressions by the second, we have 
for the value of a^, a^=: — - and, consequently equation (1) is 

y — y* z=z — - (a? — a?'), or ^ + aar = iy^ -{- oa?^ ; but, by the condi- 
tions of the problem, oa/ -f 61/'' = r*, and .*. aa? + ^y = r^, the equa- 
tion required. 

PROBLEM III. 

(27.) A circle and a point being given, it is required to draw firom 
the point a straight line through the circle, so that the part intercept- 
ed by the circumference may be of a given length. 

Let ACBD be the given circle, and P the 
given point, the coordinates of which are a/, y', 
the axes being as before. Let the unknown^' 
distance of the point (a/, y^) from one of the points 
of intersection be represented by z, we shall then 
have the following equations, viz. 

14 
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ar» + y« = r. . (1) y—y'=:a{x—a/)..{2) ond z" = (x -^ a/)* 
+(y — l/)^ • • (3)- th® fi^t representing the given circle ; the second, 
a straight line through the given point ; and the third, the square 
of the unknown distance. . 

Now at the points where the line and circle intersect, the same co- 
ordinates will belong to each, so at these intersections the values of a? 
and y will be the same, in each of the above equations. 
• Hence, substituting for (t^ — y^)\ in equation (3), its value 
a'(a" — y)*, in equation (2), we have 2* =(a? — o/Y{l +0'), 

z az 

from which we get a; — a/ = — rr— j — ^ and y — y' = 



after reduction, - , ,«, , «> 



consequently x = x^ + :;^-^, and y =y^+ :;^r^^«y 
Substituting these values of x and y, in equation (1,) it becomei^, 

The roots of this quadratic are 

Since the diiOference of these two values of z must express the given 
length, we have, by calling it 2fn, ^ 

If now we square this expression, we shall obtain, after reduction, the 
quadratic (a/« + w^—Oo»—2a:^y^a + y^ + m«—»^ = . . . (5), 
in which all the quantities are known, except a ; this, therefore, may 
now be determined, and thence the required line y — y^ = a (« — a/) 
drawn, and it is plain that, as the solution of the above quadratic will 
give two values for a, two lines may be drawn from P, fufilling the 
proposed condition. 

If the given point be upon the axis of a?, then y^ = 0, and equation 
(5), becomes (aJ^ + *'*'* — 1^)0^ + m* — r^ = 0, so that the expres- 

sion for a. which in this case is, o=V ^ . — 5 5 • . . (6)1 will 

xr^-f-mr — ir ^ * 

be most simple, if we choose for the axis of abscissas a line from the 
centre through the given point. 

Let us now actually construct the line from its equation 
yz=,a{x — a/), which equation (2) becomes, when the axis of x pass- 
es through (a/, y*). The numerator V | **—•»' | of the coeflScient a, 
in this equation, obviously expresses the side of a right-angled trian- 
gle, of which the h3T)othenuse is r, and the other side m. Let, then, 
this line be constructed, and call it f. The denominator, also, of the 
fraction a being V \ a?^+w»* — *^ I j or ^\o^ — (r^ — «•')(, expresses 
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ihe side of a right-angled triangle of which the hypothenuse is a/, and 
the other side y/\ti^ — n^\^ the line just constructed. If then this 
second line be also constructed, and represented by q^ the equation lo 

the required line will be y =- {x — a/). 

Take, therefore, on OP, the distance, PF = 9, 
and on a perpendicular at the extremity, take 
FG =p, then the straight line, GE^, through 
P, will be drawn as required ; for the trigono- 
metrical tangent of the angle FPG will be p-i-qi 

If m = 0, the proposed line will be a tangent* 
to the circle, and, in that case, equation (6) be- 
comes a^zr-T- ^/\x^ — r*|. This, therefore, is 
the value of the trigonometrical tangent, which the line from the giv- 
en point to the centre must make with another line drawn from the 
same point, in order that this latter may touch the circle, hence we 
have an analytical solution to prob. 2. 

The same expression for the tangent of this angle might have been 
readily derived from equations (3) and (4), in problem 2. For, since 
a tangent, PC, is perpendicular to the radius, OC, it follows that the 
angle, OCp, included by this radius and the ordinate of the point C, 
is equal to the angle OPC ; so that the trigonometrical tangent of this 
angle will be expressed by dividing the abscissa, Op, of the point C 
by the ordinate, pC, the axis of a? being supposed to pass through P. 
Now, on this supposition, ^, in the equations referred to, is 0, so that 
the coordinates of C become 

y^=-V^tt'* — *^Jj xf =- .-.-7= ' . ^ — 57- which expression 
a ' a y^ ^\or — r*5 ^ 

is the same as that above the abscissa of the point, P, being repre- 
sented by a in this expression, and by a/ in the former. 

From equation (4) two well-known theorems may be easily deduc- 
ed, for representing the roots of that equation by z^ z'\ we have, by 
the theory of equations, {Mg.'p. 177), 2/2f\ orPE X PE^=x^»-|-^^ 
— r* ; and as the values of a/, y'', and r, are quite independent of m, 
this equation subsists for every position of PE'' ; hence, when P is 
within the circle, we infer that chords intersecting each other in P are 
divided, so that the rectangle of the parts of each is the same ; and, 
when P is without the circle, we conclude that all lines drawn there- 
from, and terminated by the concave part' of the circumference, are 
so divided by the opposite part, that the rectangle of the whole line 
and the external part is the same in each. 

PROBLEM IV. 

(28.) To find the coordinates of the points of intersection of two 
circumferences. 






» 
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Let the radii of the two circles be r, r^, and the distance of their 
centres, d. Let the rectangular axes originate at the centre of that 
circle, whose radius is r, and let it pass through the centre of the other 
circle ; then the equation of the former circle will be y* + a;^ = f^ (1 ), 
and the equation of the latter, the coordinates of whose centre is a=d, 
)8=0, will be y* + (ar — df = r^. . (2). At the points of intersec- 
tion, the values of x and y must be the same in both these equations. 
To determine them, subtract equation (2) from equation (1), and there 

results 2dx — cP = r^ — r^, .-. a: = ■ . Substituting this 

{f* j.^-4-(J2 ) 2 
—L — S 

whencey = ivl4dV— (r«— f^ + cP)«} . . . (3). 

Now we may observe of this equation that the expression within 
the brackets is the difference of two squares ; it may, therefore, be re- 
placed by two factors, the one denoting the sum, the other, the diffe- 
rence of the roots of these squares, that is by the factors, 
(2dr + T^-fd"— O (2d[r— r»— d^ + r'^). 

Here again it occurs that each factor is the difference of two squares^ 
the first being (r + d)^ — r^*, and the second, r^ — (r — d)^] hence« 
by decomposing each of these into factors, equation (3) is finally re- 
duced to 

y = ^Vl(r + r^ + cf)(r + d-0(*' + *^-d){r^,+ ci-r)}.(4). 

Since y has here two values, numerically the same but with contrary 
signs, it follows that the line joining the centres of two intersecting cir- 
cles bisects at right angles the line joining the intersections. 

The form under which we have just exhibited the expression for y 
is very convenient for the examination of the circumstances of the 
problem, which examination will lead us to the theorems relative to 
intersecting circles already established in Elements of Geometry. 

As the first factor under the radical is necessarily positive, the 
whole expression must also be positive, provided that all or only one 
of the remaining factors are likewise positive. Now two of the re- 
maining factors, at least must be positive ; for if CMie, {r-\-d — r^) 
for instance, be negative, then (r-^-d) i^r^ \ consequently r Z »'^, 
and also d V r^, which proves that the other two factors must be po- 
sitive. There can, therefore, be but two cases to examine, viz. that in 
which all the factors are positive, and that in which one is negative. 
In the first case the values of y will be real, in the second, they will 
be imaginary. In the first case, there must obviously subsist the con- 
ditions r -f- d 7 r , r + »^ "7 d, r + <^ "7 **» which prove that if two 
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circumferences cut, the distance of their centres must be less than the 
atmij and greater than the difference of the radii. 

In the sec(Hid case where y becomes imaginary because of a nega- 
tive factor, we must have one of the conditions rf^/. r^ — r, d T *•+ 
r', d V r — t^; so that two circumferences can have no point in com- 
mon^ if the distances of the centres he less than the difference or greater 
than the sum of the radii. 

Lastly, let one of the three last factors be 0, which can happen only 
when d is equal either to the sum or difference of the radii. In this 
case, y = 0, showing the circumferences have but one point in com- 
mon, and that this is on the axis of a? ; so that two cirumferences 
touchj when the distance of the centres is equal to the sum or difference 
of the radii. 

(29.) In addition to the problems here given, a variety of others 
relating to the circle might be proposed, which would conduct to other 
properties of this curve. But, as the circle occupies so large a portion 
of elementary geometry, where its most important properties are 
unfolded with the utmost simplicity and elegance, it would be super- 
fluous to dwell upon it at any great length here. Indeed, the theorems 
established in elementary geometry are, for the most part, obtained 
with less ease and simplicity by analytical processes than by pure 
geometrical reasoning. This fact the student has, no doUbt, had oc- 
casion to remark, in some of the foregoing investigations ; these how- 
ever, it would not have been proper wholly to have omitted, on this 
account ; their introduction has not only furnished the student with 
the means of appl3ring the fundamental principles of analysis, but has, 
at the same time, given him confidence in those principles, by con- 
ducting him to results previously known to be true. 

In the remaining sections of this work, which will treat of curves 
not within the limits of elementary geometry, the great advantage of 
analysis will be more distinctly seen. Many important properties of 
these curves will be obtained with the utmost ease and facility, which 
could not be established by common geometry but by very leng-thy and 
elaborate reasonings. 

(30.) We shall terminate this section with one or two problems on 
loci ; first, however, showing that, as the general equation of a circle, 
when referred to rectangular coordinates, is {x — a)^ + (y — i^)*=^^j 
or, r* — •2aa? -\-a^-\-y^ — 2/3y + ^^ — r* = 0, so, conversely, every 
equation of the second degree of the form ar* -|- y^ -j- Ax + By +C=0 
(1) will be the e(juation of a circle : this may be proved as follows. 

Take any rectangular axes, AX, AY, and find the point 0, whose 

abscissa is — ^ A and ordinate — JB ; then, from this point as a centre, 

A^ + B^ 
with a radius equal to V \ — r — C | , describe a circumference ; 

this circumference will be the locus of the proposed equation. 

K 
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For the equation of this circumference being Y 
{x — «)'+ {y — PY=f^9 where, by construction, 
a=— iA, i8=— IB, and r»=i( A*+B«) — C, it is 
the same as {x + ^Af +{y + ^B)«=KA*+B»)— 
C, which reduces toa;* + ^ + Aa?-4-By + C=0; 
hence the circumference just described is the locus 
of this equation. 



© 



Suppose, for example, it were required to construct the locus of 
the equation 2al^ + 2y^ — 3jr + 4y — 1 =0, which reduces to ar* -f- 1/* 
— f 2; + 2y — ^=0. First, then, find a point 0, having f for its absc- 
issa, and — 1 for its ordinate ; then from this point, as a centre, with a 

32 

radius equal to J(^ + 2'*) + i~ VH=4 V^^' describe a circumfer- 

ence, which will be the locus sought. 

It must be observed that the coefficients of the proposed equation 
may be related so as to render J(A* + ^^) = C, in which case the 
equation will represent a circle whose radius is 0, that is, merely a 
point ; such is the equation ar* + t/^ — Zx — 2i/ + y =0, which re- 
presents a point whose coordinates are a? = f and t/ = 1. 

The coefficients may also be so related that the equation may have 
no geometrical representation, as in the equation x^-\-y^'\-4x — 2y 
+ 7 = 0, which, for every possible value of t, gives an imaginary 
value for y] so that no real line or point can be represented by the 
equation. In such equations, the expression for the square of the 
radius will always be negative ; when, therefore, we say that equa- 
tion (1) represents a circle, we must be understood as meaning, that 
no other line can be represented by it ; so that, when the locus is not 
a circle, the geometrical representation is impossible. 

We shall now add a few questions, leading to indeterminate equa- 
tions of the second degree, the loci of which will furnish every geo- 
metrical solution. 

PROBLEM V. 

(31.) Given the base and the sum of the squares of the sides to 
determine the triangle. 

Let AB be the base, and put m for the sum of the 
squares of the sides, AC, BC. 

Let the perpendiculeur, OY, from the middle of the 
base, form, with the base, the rectangular axes ; then 
putting a for AO, or OB, and ( j, y), for the point C, 
we shaU have the equations ^-|-(a: + a)^= AC^. (1) 
B.ndf + (x — af=BC\ (2). Adding these toge- 
ther, 2i/* + 2r^ 4. 20" = AC* + BCl (3) ; there- 
fore, putting m for AC* + BC*, 2/* + ar^ = i(w — 2a*) which equation 
represents a circle, of which the centre is the origin, O, and the 
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radius y/i^m — a') ; so that, if this circle be described, and lines be 
drawn from A, B, to anj point in its circumference, a triangle having 
the proposed conditions will always be formed, and thus, when th^ 
base and sura of the squares of the sides are constant, the locus of the 
vertex is a circle. 

Since i/* -f- ^ = OC*, it follows, from equation (3), that we have 
2A0^ + 20C^ = AC* + BC* ; that is, in aay triangle, the mm of the 
squares of the sides is equivalent to twice the squares of half the base^ 
and of the line from the vertex to the middle of the base. {Geom. p. 38.) 

PROBLEM VII. 

(32.) Given the base and the vertical angle to determine the 
triangle. 

Let b represent the given base, AB, and put v for y 
the tangent of the given angle ; then, taking AB, 
AY, for rectangular axes, we shall have, for the 
equation of any line, AC, drawn from the origin 
y = aa? . . . . (1), and the equation of another line, 
EC, drawn from the point (6, 0), and making the>\} 
proposed angle with the former line will be 

y = - — '— {x — 6). (2), (2:, y) being the point of intersection, C. 

Now, for a, in equation (2), substitute-, its value in equation (1). 

— -4-u 
and we thus obtain the equation y= {x — J), which reduces to 

X 

^' 4" ^ ^ — 6a? = 0, the equation of a circle of which the coordi- 

nates of the centre are p = ---,anda=--, and radius y' (--8+ -7-) = 

2« 2 4v 4 

From the foregoing expression for the radius, it is plain that the 
eircomference passes through the origin ; and, since for y » the 
above equation gives 27 = 6, it follows that it also passes through B ; 
hence the base of the triangle subtends the arc of which the vertex is 
the locus. 

If the given angle is right, then its tangent, v, is infinite, and there- 
fore = 0; so that, in this case, the centre of the circle is at the 
middle of AB. If the angle be acute, j8 must be positive, for « will 
be so in this case ; therefore, the centre is situated above the base ; 
but, if the angle be obtuse, then j3 will be negative, and the centre 
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will be below the base. Hence the segment containing a right 
angle must be a semicircle, and the segment will be greater or less 
than a semicircle, according as the angle contained in it is acute or 
obtuse. 

It must be remarked, that no part of the arc 
below the base belongs to the locus, which we 
have determined, because equation (2) requires 
that the angle be formed to the right of AC, («c« 
art. 13,) fixing the intersection above AB. As,j^\ 
however, there is no restriction of this kind in the 
problem, we may admit, the proposed angle to be 
formed to the left of AC, in which case the equa- 

a — V 

tion of BC will be y = 7—; (ar^— 6), and the 

1 -|- av 

locus,- y^^-a:'^ — y — bx = 0, representhig a circle of the same ra- 

V 

dius as before, the coordinates of the centre being j8 = , and 

a= Ji ; so that, in strictness, the locus consists of two equal arcs, situ- 
ated the one below the other, as in the annexed diagram. 

The three problems next following resolve themselves into the 
preceding. 

PROBLEM VII. 

(33.) Given the base and vertical angle of a triangle to determine 
the locus of the intersection of perpendiculars firom the angles to the 
opposite sides. 

Let AB be the base, P the intersection of the per- c 

pendiculars, AF, BE, on the sides BC, AC ; then, 
since the sum of the angles of a quadrilateral amount 
to four right angles, the angle P must be the supple- 
ment of the angle C, and therefore constant, because^- 
C is. Hence we have the base, AB, and vertical 
angle P of the triangle PAB, to find the locus of P. 
ceding problem, this locus is the arc APB, whose chord, AB, sub- 
tends an angle equal to the supplement of C. An equal arc below 
AB also belongs to the locus. 

PROBLEM VIII. 

(34.) To find the locus of the centre of the inscribed circle when 
the base and vertical angle of the triangle are given. 

The centre of the inscribed circle is at the inter- 
section of the lines bisecting the angles at the base, 
and, as the simi of these angles is constant, because 
the vertical angle is, the half sum must be con- 
stant, so that the triangle APB, formed by the 
given base, AB, and the fines AP, BP, to the centre a^ 
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of the inscribed circle, has the vertical angle P, constant, and equal to 
two right angles, minus half the sum of the angles at the base of the 
proposed triangle, that is, to one right angle plus half the given angle ; 
hence the required locus is an arc described on AB, containing this 
ajigle. A similar arc below AB, belongs also to the locus. 

PROBLEM IX. 

(35.) The base and vertical angle of a triangle being given to 
find the ocus of the intersection of the straight lines, drawn from the 
angles to the tniddle of the opposite sides. 

By art. (19.) if P be a point of intersection, its distance from M, 
the middle of the base, AB, will be equal to half its distance from the 
vertex C. 

If, therefore, Pm, Pwi^ be drawn respectively pa- 
rallel to AC, BC, we shall have Mwi, Mm', each 
equal to one third of AM or BM, and the angle P 
equal to the angle C ; that is to say, the base, mm\ 
and vertical angle, P, of the triangle, vn^rnf^ are 
constant, the locus of P is, therefore, the arc mPmf,Ai^ — m m^" 
To construct it, we shall have to trisect the base, and to describe 
upon the middle portion an arc to contain the given angle, or rather, 
two such arcs, one on each side of mm\ 

We shall give another solution to this problem. 

Take the rectangular axes, AB, AY, then, 
since PM = ^CM, the perpendicular from P to y £ 
the base will be one third of that from C ; hence, 
representing the base by 6, the vertex by (x, y), 
and the point P by (X, Y), we shall have y=3Y ; 
X = 3X — 6 ; and, substituting these values of x ^ . .^ 
and y in the locus of (a?, y), as represented by its GfijML 

equation in Prob. 6, it becomes Y* + X* q= -- Y - &X + f 6* =0, 

ov 

the equation of a circle, of which the coordinates of the centre are a= 

b ^ b 

Let Y = 0, then the corresponding values of X, given by the soly- 
tion of the quadratic, are X = ^6 ; X = |6, showing that the locus 
intersects the base in two points, at these distances from A, thus in- 
tercepting the middle of three equal portions. 
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SECTION ra. 

ON LINES OF THE SECOND ORDER. 

(36.) The only curve which we have as yet considered is the cir- 
cle, whose equation we have found to be of the second degree. Be- 
sides this there are three other curves, which, like the circle, are each 
represented by an equation of the second degree. These three curves 
we propose in this section to examine, first determining the equation 
and form of each, and then proceeding to investigate its properties. 
We shall afterwards show, that every equation of the second degree, 
with two variables, whatever be its form, can represent no curve, but 
the circle, or one of these three ; and, from this circumstance of their 
equations being all of the second degree, these four curves are called 
lines of the second order. Before proceeding to the three new curves, 
of which we have just spoken, the student should attentively read 
the following prelimmary chapter. 

CHAPTER I. 

ON THE TRANSFORMATION OF COORDINATES. 

(37.) Every equation which characterizes a line, whether straight 
or curve, will depend for its simplicity upon two circumferences ; the 
relative position of the axes to which the line is refened, and the ab- 
solute position of the origin. 

This feet has already been observed, as regards the two classes of 
lines which have hitherto been examined, the straight line and the 
circle. It was seen in the case of the straight line, that when the 
axes were oblique, and their origin not upon the line, the equation 
which characterized it was far less simple than when rectangular 
axes were employed ; the relative position, therefore, of the axes 
affected the equation. It was moreover observed, that if, in addition 
to the axes being rectangular, their origin were upon the proposed 
line, the form of its equation became stiff more simple. Similar re- 
marks apply to the circle, the equation of which is much more com- 
plicated when the axes of reference are oblique, and originate without 
the curve, than when they are rectangular, and originate at the cen- 
tre. It may, therefore, readily be conceived, that, with regard to 
other curves, there may also exist certain positions for the axes, and 
certain points for their origin, by assuming which, the curve may be 
susceptible of su more commodious analytical representation, than 
when the axes and origin are chosen at random. Now the object of 
this chapter is to show that when a curve, is represented by an equa- 
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tion, in reference to any system of axes, we can always transform that 
equation into another, which shall equally represent the curve, but 
in reference to a new system of axes chosen at pleasure. This is 
cedled the transformation of coordinates : it may consist either in 
altering the relative position of the axes, without displacing the 
origin ; in removing the origin, without disturbing the relative posi- 
tion of the axes ; oir, lastly, it may be found necessary to alter both 
the direction of the axes and the situation of their origin. By means 
of these transformations, we may often simplify the equation of a 
curve, and many of its properties, not readily derivable from its equa- 
tion in one form, may frequently be obtained with great facility by a 
transformation of it into another, as will be repeatedly seen in the 
course of the subsequent chapters. 

(38.) Let the axes, AX'', AY, be those to which any line, MM^M^', 
is related by its equation, and let A^Xf, A''Y^, be the new axes, to 
which it is proposed to refer the same line. 

Let the coordinates of any point, M, in ,^ ^ 

the line, relative to the primitive axes, be ' 
X and y, and the coordinates of the same 
point, referred to the new axes, AT^ = a/, 
and P^M = 7/. Draw A^X'^ and P^H 
each parallel to AX, and P^K parallel to 3 
AY, then we shall have x = AP = BA^ at 
+ A^K + FH,andy = PM=AB + KP^ + HM. 

In these equations BA^ AB, are known, being the coordinates of 

the origin, A^, of the new axes, when referred to the primitive. It 

remains, therefore, to determine the other terms, and for this purpose 

let us represent the known coordinates of the new origin, viz. BA'', 

AB by a, b] the angle X^A^X^^ which the new axis of abscissas 

makes with the old, by a, and the angle Y^A^X^^ which the new 

axis of ordinates makes with the old axis of abscissas, by a^ ; then 

the inclination of the new axes will be a^ — a. Let also /3 represent 

the angle Y^'A^X'^, the inclination of the primitive axes ; then will 

^ — a be the angle formed by the new axis of x and old axis of y^ 

and ^ — a^ will be the angle formed by the new and old axes of y. 

Now, by trigonometry, the value of A^'K is 

.,^ AT^(sm. AT'K) x'sm. {13 — a) , . ^- ,„,^ 

A^K = — ^^—L=: ^Ml^ ^^, observmgthatAT^K 

sm. A^Kr^ sm. /3 ° 

= Y^^A^X^ or 73 —a, and that Y^^A^X^ or jS, is the supplement of 

A^KP\ In like manner, for KP^ we have 

AT^in.P^A^K) x^ sin, a 

we have, for P^H, FH = ^-^^^^ = ^ ^^" ^^ ^ ^^ and 

sm. MHP^ sin.i8 
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for HM , HM = r^-^ xTTT^ / = ^ . o ' Hence, for the va- 

' sm. MHP^ sin. jS 

, ^ , , , a?^sin. (/8 — a)+/sin.(/3 — of) 

lues of a; and v, we have a? = o -4 ^ . \^ 

^' * sin. /3 

, _ , a:^ sin. a + 2/^ sin. a^ m. -.i. ^x. ^ 

and V = ^ H r^-^ . These then are the values 

^ ' sm. /3 

which must be substituted in the equation of the curve, when related 
to the primitive axes, AX, AY, in order to transform it into the equa- 
tion which the same line must have when referred to the new axes 
A^X^, A^Y''. The above general expressions become modified in 
particular cases, the principal of which we shall here exhibit. 

1. When the new axes are 'parallel to the old. 

In this case, the inclination of the axes remaining unaltered, while 
the origin is removed, we have a = 0, ^ — a' = ; hence the above 
expressions become xz=a'\-3/ and y =:^ 6 + ^^ . . . . (1). 

2. When the priinitive axes are rectangular, and the new ones 
oblique. 

Y^ 

Here sin. (/8 — a) = cos. a, and sin. (j3 — a') 
= cos. a% therefore 



X = o 4" ^ COS. a + y^ cos, of \ 

\ .... (2). 
y=ib-{-xf sin. a + y^'sin. a^ j 



3. When both systenns are rectangular. 

Here of = 90** + «» •'• sin. a^ = cos. a ; 
also sin. ((3 — a^) = sin. ( — a) = — sin. a / 
and sin. (^ — a) = cos. a ; 

hence the expressions become, in this case, 

a: = a + a/ cos. a — y^sin. a) ,on 
y = 6 + a?' sin. a + y^cos. a ) ' * ' ^ ^' 

4. When the primitive axes are oblique, and the new ones redan' 
gular. 

In this case, a'' =90" +a .*. sin. a^=cos. a also,y- 
since the complement of /3 — a' is 90* — (/3 — a^) 
= 180° — (13 — a), we have sin. (jS — a') = — 
cos. (j8 — a), so that the formulas for this case \ / -V^ \ ^ 
axe 
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a/sin. (i8 — a) — y^cos. (/S — a)^ 



y = *+ 



sin. 13 
xf sin. a -}- y^ cos. a 



sin. jS 




In the first of the marginal figures, the two systems of axes are so 
placed that, ^ — a is less than 90° ; its sine and cosine are, therefore, 
both positive ; and the expression for x shows that i/^* times the latter 
is to be subtracted from a/ times the former. In the second figure the 
two systems are placed so that ^ — a is greater than 90° ; its sine, 
tlierefore, is positive, as before, but its cosine is negative ; and the for- 
mula shows that in this case y^ times the cosine, is to be taken posi- 
tively, that is, it must be added to x^ times the sine. It must be re- 
membered that, in each of the preceding cases, when the transforma- 
tion is confined merely to the direction of the axes, the origin remain- 
ing fixed the terms a, 6, become 0. It .must further be remarked, 
that, when the axes of a? in the two systems coincide, theaa = 0, and 
when the axis of y in both systems are identical, then /8 = a''. 

Suppose, for example, we wish to pass from an oblique to a rect- 
angular system, the origin and axis of x remaining undisturbed, the 
formulas (4) will give 

. ^cos. /3 / / ^ /, J / , o 

X = x^ — ^ — 7^ = ar — y^ cot. S and y = —t^-tt- = t/ cosec. ^. 
sm. /3 ^ ^ sm. 13 ^ 

(39.) Throughout the whole of the preceding investigation the an- 
gle a, or that which the new axis of x makes with the old, is suppos- 
ed to be positive, that is, we have unifonnly conceived this angle to 
be situated above the primitive axis of x. If, on the contrary, it be 
supposed negative, or to fall beloio the same axis, then its sine will be 
negative, but its cosine will continue positive. Hence, in this posi- 
tion of the new axis of x relatively to the old, the preceding formulas 
will require some modification. We shall, therefore, in order to com- 
plete this theory, here present them with the necessary changes. 

For the first of the preceding cases the formulas are the same. 

T^ ,, J . , /rt/\ ( ^ = a + y COS. a + v'' cos. a\ 

For the second they are (2') • • • } y ^ 5 Z ^ sjji. „ J J/ si„. «/. 

•CI xu *u--j /o/\ ( X = a + x' COS. a + V'^ sin. a. 

For the third, (30 ...{ y ^ 6 Jlx'sm.« + /cos.«. 

a/ sin. (jS+a) — y^ COS. (^+a) . 

For the fourth, (4') ...I 



y = b + 



sin. /3 
y^ COS. a — y sin. a 



sin./3 



or, since the angle (/3 -4- a) is here the same as of/ in figs. 1 and 2, 
we may write these Last expressions thus: a^ expressing the inclina- 
tion of the old axis of y and new axis of ar, and a/ — a the inclination 
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, a/ sin. a! — w^ cos. o/. 

Cxz^aAr . . / — r 

of the old axes of x and y, (4Q . . . < s^* v*' — ^h 

I . t 1/ COS. a — x^ sin. a. 

^ V = J4- -^ . ^ 

' sin. {of — a). 

It may, perhaps, be satisfactory to the student to verify this last for- 
mula, which is the most complicated, by determining the values of s/ 
and y from formulas (2) ; we shall thus have the values of the ob- 
lique coordinates in terms of the rectangular, as above. Omitting the 
constants a and 6, in (2), and multipljdng the first equation by sin. a', 
the second by cos. a^, and subtracting the latter result from the form- 
er, we have, x sin. a/ — y cos. a'' = a/ (cos. a sin. a^ — cos. of sin. a) 

/ . / y X / xsin. a^ — « COS. a^ ^ ... 

= ar sm. (a'^ — a) .-.x'^^ : — r—r ^^ • In like manner, 

sm. {oJ — a) 

by multiplying the first equation by sin. a, the second by cos. a, and 

2/ COS. a — a? sin. a 

proceeding as before, we get if = - — -. — — r — values which 

sin. ( ot ~^~ cc) 

verify the preceding formulas. 

(40.) Some authors employ a different notation in these formulas ; 
thus, instead of using the letters a, ct\ &c, to denote the angles about 
A^, they employ the sides which contain them, the primitive axes be- 
ing denoted by X, Y, and the new ones by X'', Y^, so that [X, X^] is 
put for a, [Y^, X] for a^, &c. By adopting this notation, the first 
class of formulas, where [X, X^] is positive, will be 

1. When the primitive axes are rectangular, and the new ones oblique. 

aj = a + a/ cos. [X, X^] + y^ cos, [X, Y^] 
y = Z> 4. y sin. [X, X^] + y" sin. [X, Y^]. 

2. When both systems are rectangular, 

x=:a-{'3/ cos. [X, X^] — y^ sin. [X, X^l 
y = 3 -|- ^ sin. [X, X^] + y^ cos. [X, X^J. 

3. When the primitive axes are oblique, and the new ones rectangular, 

,r^-sin.[X^Y]-y^cos.[X^Y] 

a^^a^ "ihTIxTF] 

__ a/ sin. [X, X^] + yf cos. [X, X^] 



sin. [X, Y] • 
The second class of formulas, where [X, X^j is negative, will be 

1. When the primitive axes are rectangular , and the new ones oblique, 

x-a + x^coa. [X, Xn -f y' cos. [X, Y^l 
y = ^ — a/ sin. [X, X'] + y' sin. [X, Y^ 

2. When both systems are rectangular. 

a? = o + a/ cos. [X, X''] + y^ kin. [X, X''] 
y = b — a/ sin. fX, X^] + ^ cos. [X, X^]. 

3. When the primitive axes are obliquej and the new ones rectangular, 

' _ , a/ sin. [X^, Y] ~ y' cos. [X^ Y] 
^-^+ Bin.[X,Y] 
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_^ii'!/ COS. [X, X''] — a/ sin. [X, X^] 

^"" sin. fX, Y] __ 

Under this form of notation, the angles introduced are more distinct- 
ly marked, and therefore more readily recognized, than when they 
are each represented by a single letter. StiU, however, as these for- 
mulas are less brief, and, consequently, less commodious in calcula- 
tion, the form of notation first given is generally adopted in preference. 



CHAPTER II. 



ON THE ELLIPSE. 




Its eqtiation and Properties, 

(41.) An ellipse is a curve from any point, P, in which, if straight 
lines be drawn to two fixed points, F^, F, their sum will always be 
the same. 

The points F'', F, are called the foci of the ellipse 
and the distance FT or FP of either from a point 
in tJie curve, is called the focal distance or radius 
vector of that point. 

From the definition of an ellipse, the curve may 
be readily described mechanically ; thus, to the two 
fixed points, F^, F, let the extremities of a cord be fastened, let this 
cord be stretched into a loop, FTF, by means of a pencil, P, then the 
motion of this pencil, still keeping the cord stretched, will evidently 
describe an ellipse. The cord must obviously exceed in length the 
distance FT. 

Let us now seek the equation of this 
curve, and, for this purpose, let us take 
OX, OY, for rectangular axes, the origin 
O being placed at the middle of F^F, and 
let the sum of the distances of any point, P,^ 
in the curve from the foci, be represented by 
2 A. Put also c for OF or OF^ ; then, if 
PM be drawn perpendicular to OX, we shall have OM = a:, PM=y 
and, consequently, fJ^{x—cf=V¥\ (1), i/2-L(^ + c)^=PF'^ (2), 
also PF + PF^ = 2A, . . (3). 

Hence, by addition and subtraction, we get 2^/^ -|- 2ar^ -f- 2c' = PF^ 
+ PF^*, (4), and Acx = PF^' — PF^ = (PF^ + PF) (PF^ — PF) 
=2A(PF^ — PF), .-.PF'' — PF=:2car-^A; hence, combining this 

last equation with equation (3) there resuhs PF^ = A + — and PP 

A 




= A 



ex 

— ; and, if these values be substituted in equation (4), we 
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have y* + a:* 4" ^' = -^' H — IT' which finally reduces to 

Ay + (A«— c^*) ar* = A^'CA'— O, (6). 

In this equation, x ajid y are the coordinates of any point in the 
curve, and the other terms are all constant ; this, therefore, is the 
equation of the curve. 

(42.) Let us now inquire at what points the curve cuts the axes. 

For this purpose, put i^ = 0, in equation (6), and there results for 
the abscissa of the point where the curve cuts Ox, a? = ih A. We 
hence learn that x has two values, viz. a; = A, and a? = — A, so that 
the curve cuts the axis of a? in two points, B, A, each at the distance, 
A, from the origin, the one being to the right, the other to the left. 

Suppose, now, ar = 0, in the same equation, and there results 
the ordinate of the point when the curve cuts the axis of y, 
y = ^/\^? — c^\. Since this value admits of being taken positively 
or negatively, we infer that the curve cuts the axis of y also in two 
points, C, D, equi-distant from O, the one above and the other below 
it. Hence the two chords, AB, CD, are mutually bisected at the 
point O. As the former chord is represented by 2A, let us denote the 
latter by 2B, that is, put 2 V ^ A^ — c^| = 2B, and then the equation 
of the ellipse (5), in terms of the two chords AB, CD, when these are 
tsiken for axps, assumes the more simple form, A^ y^ + ^^^ ~ ^ ^ 

or^=|-^(A'-^), (6), and .;.y= ± ^^{A.^-x'l ; 

From these expressions for y and a:, it appears that for the same 
value of a*, there are two values of y numerically equal, but having 
contrary signs ; hence the chord AB bis^ects all the chords drawn pa- 
rallel to CD. In like manner with regard to x ; this also has two va- 
lues numerically equal, but differing in sign for one value of y ; there- 
fore, the chord CD bisects all the chords drawn parallel to AB. 

Moreover, since, for a; = A, or a; = — A, the corresponding value 
if 2/ is 0, it follows that parallels to the axis of y drawn through the 
points B, A, of the curve, meet it in ho other point, that is, they are 
tangents to it at that point. In like manner, for y = B or i/ = — B, 
the corresponding value of a: is ; hence it may in the same way be 
inferred that parallels to the axis of x through the points C, D, of the 
curve, are also tangents to it. It appears, likewise, that at no point of 
the curve can the abscissa exceed A, for when xy A,t/is imaginary. 

(43.) Let us, now seek the expression for the distance of any point 
(ar, 7/) in the ellipse, from the origin, O. We shall merely have to 

B* 

substitute for y* in the expression, D= Vl^ + 2/^| its value -r-g- 

(A' — ar*), as given in equation (6), and the expression sought wiU 
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J^2 g2 

be,D = V^B'H Ta — ^li C^)- This expression for the distance 

will obviously remain the same, whether a?, y, be positive or negative, 
or the one positive and the other negative ; hence, those points in the 
curve, whose coordinates have respectively the same numerical values, 
however the signs thereof may differ, are equally 
distant from O, so that if OM = x, PM = y, and 
OM^ = — a?, P'M^ = — y be the coordinates of^/ 
two points, P, P^, then will OP be equal to 0P^ 
and, consequently, the angles M^'OPjMOP, are* 
equal ; therefore, M, M^, being a straight Une, 
PP^ must be also a straight hne, so that OP^ is only the continuation 
of OP. Since, to every abscissa there belongs two ordinates, equal 
in length, but of different signs, it follows that, if the ordinates of P^, 
P, be produced to jp^, p these points will be expressed by ( — ar, t/,) 
(a;, — y) ; they are, therefore, at the same distance from O as the 
former, andp, p^, will, in like manner, be a straight line, and equal 
to PP^ 

Because every chord passing through O is thus bisected in that 
point, O is called the centre of the curve, and the chords passing 
through it, diameters. It appears, from the above, that diameters PP', 
pp\ which make iequal angles, POM, jp^OM^ with the axis of x, are 
equal. 

Since A is necessarily greater than B (art. 42), the preceding ex- 
pression for D must increase or diminish, accordingly as x increases 
or diminishes : D will, therefore, be greatest when x is greatest, or 
equal to A, and it will be least when x is least, or equal to ; so that 
OB or OA is the greatest distance of the centre, O, from the curve, 
and OC or OD is the least distance. Hence, of all the diameters, AB 
is the greatest and CD the least, and, for this reason, AB is often call- 
ed the major diameter ^ and CD the minor diameter ; when spoken of 
together, they are called the principal diameters^ or the principal axes 
of the ellipse ; consequently, the equation A^y^ + ^^^ = A^ B^ (8) 
is the equation of the ellipse related to its principal diameters, the orir 
gin being at the centre. 

When A = B, this equation characterizes a circle, for it then be- 
comes y^ 4" ^ = ^- If we wish for the equation of the ellipse, when 
the origin of the axis is removed to A, the vertex of the principal 
diameter. A, it will be obtained by a very simple transformation. We 
shall merely have to substitute in the primitive equation, a? — A, for 
a?, (p. 116), because the coordinates of the new origin are — A, 0, 
hence the transformed equation is A'y* + B^ar* — 2AB*a? = 0, or 

■og 

y^ =-r^ (2Aa?--ar*), (9), the equation of the ellipse^ when tho origin of 

A. 

the rectangular axes is at the vertex of the major axis. 

16 L 
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It is sometimes convenient to introduce the quantity, o, denoting 
the distance of either focus from the centre, into the equation of the 
ellipse, that is, to substitute for B' its equal, A* — c*. The quantity, 
c, is called the eccentricity ; hence, from equation (6), 

y* = (1 —^J (A«—ar»), or putting e for ^,y»=(l—c») (A«—ar^), 

(10), the equation of the ellipse as a function of the eccentricity. 

We shall now proceed to examine more attentively the foregoing 
equations, for the purpose of deducing from them the principal pro* 
perties of the curve. 

Properties of the Ellipse as related to its principal Diameters. 

(44.) Referring to equation (6), we find that the second form of 



that equation reduces to 



V* B* 

7-r— ; ~-rr r = -j-s which fuTmshcS the 

(A + ar) (A — x) A* 



proportion y*: {A~{-x){A — x) : :B':A^ Now A + a?, A — x, 
are the two portions of the major diameter, into which the ordinate, 
y, of any point, {x, y,) divides it ; hence the above proportion shows 
that the square of any ordinate is to the product of the parts into 
which it c&vides the major diameter, as the square of the minor dia- 
meter, is to the square of the major. 

Consequently, the squares of the ordinates are as the products of the 
parts into which they divide the major diameter. 

If we suppose, in equation (6), the axes of reference to be transpos- 
ed, that is, X to become y and y to become x, we must then, in the 
foregoing theorems, substitute major diameter for minor, and minor for 
major ; so that the theorems hold good, whichever diameter be taken 
for the axis ofx. They are true, also, of the circle, which the ellipse 
becomes, when B = A; hence, if a circle be described on a principal 
diameter of the ellipse^ any <trdinaie in the ellipse will be to the corres- 
ponding ordinate in the circle in a constant ratio^ viz. as B to A, or as 
A to B, accordingly as the major or minor diameter is employed. 

Thus, in the annexed diagrams, 
ED:EC::C^iy: AB. From 
equation (10) we have A* 2/* = 
(A* — c') ( A^ — ar*); hence, when . 
a? = c, Ay = A«— c« = B', 
•.• 2y:2B: : 2B : 2A, where 2y 
is the double ordinate through the 
focus, and is called the parameter of the major diameter ; it is also 
sometimes called the latus rectum. 

From this proportion it appears that the parameter ts a third pro- 
portional to the major and minor diameters. Calling the parameter/?, 

B* p 

we have, therefore, 2Ap = 4B*, or dividing by 4A^, -^ = -^j hence, 
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by substitution, in equation (6), ^ = —^ (A* — tx?). In like man- 

ner, from equation (9), y* = pa; — -^ a?. 
The following problem will conduct us to some other properties. 

. . PROBLEM I. 

(45.) To find the expression for an angle inscribed in a semi-ellipse. 

Let APB be a semi-ellipse, and P an angle 
inscribed in it. Then the equation of AP 
passing through the point A, whose coordin- 
ates are a? = — A, y = Oi is y = a (re + A.) ^^ 

,-.a= — r^-r-(l) ajad the equation of BP 

x + A 

passing through the point B, whose coordinates are 

x = A,y=:0,isy = a^{x — A) .•. a^= — ^ j(2), 

in which equations o, a^ represent the trigonometri- 
cal tangents of the angles PAX, PBX, respectively. 
Now the expression for the angle P, which these ^ 

lines form when they meet, is tan. P = — r- — ^ which, by substitut- 
ing for a, a^ their values in(l)and(2),becomes, tan. P= %_i<i Aa (^) • 
But the lines in question not only meet, but they meet in the curve, 
the equation of which gives a;* — A' = ^- (4) ; hence, by sub- 

2 Av — 2AB' 

«titution, (3) becomes, tan. P = T3-= TTa — ^T; (^)* 

As this expression will remain the same, though x be negative, it 
follows that there are two points in the semi-ellipse, at which the dia- 
meter subtends the same angle, viz. (a:, y,) and ( — Xj y). 

If A is greater than B in this expression, that is, if the angle be sub- 
tended by the major diameter, the tangent of P is negative, the angle 
is, consequently, obtuse. Now an obtuse angle increases as its tan- 
gent diminishes ; when, therefore, the tangent is least, the angle is 
greatest *, and the above expression will evidently be least when its 
denominator is greatest, that is, when y = B. We infer, therefore, 
that aU the angUa subtended by the major diameter are obtuse, and the 
greatest is thai whose vertex coincides tcith the extremity of the minor 

— 2AB 

diameter. The expression for this maximum angle is tan. P = jj^ — p^r 

(A D ) 
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If B is greater than A in equation (5), that is, if the angle be sub- 
tended by the minor diameter, then the expression for the tangent is 
j)ositive ; the angle is, therefore, acute, and diminishes as its tangent 
diminishes ; it is least, therefore, when y is greatest, that is, when 
y = B. Hence aU the angles subtended by the minor diameter, are 
acute, and the hast is that whose vertex coincides vnth the extremity of 
the major diameter. The expression for this minimum angle is 

As this expression differs from the former only in its sign, we con- 
clude that these two angles are silipplements of each other. 

From the foregoing* theorems it appears, that, if an arc of a circle 
be made to pass through the extremities of one principal diameter, and 
a vertex of the other, it will be wholly within the ellipse, if its chord 
be the major diameter ; and wholly without it, if it be the minor dia- 
meter. Also, if upon the major diameter there be described a semi- 
circle, or any greater arc, such arc will be entirely without the ellipse ; 
but if, on the contrary, it be described on the minor diameter, it will 
be entirely within the ellipse. 

(46.) Returning to equations (1) and (2) in the preceding pro- 

blem, we find for their product aa^ = ^ ^ , or, substituting for 

B' 

'3^ — A", its value in (4,) ad = — — g. This equation shows that, 

the product of the trigonometrical tangents of the two angles , formed 
by Imes drawn from the extremities of a jninciptd diameter to meet in 

the curvcj is constant a$id equal to — -^. A representing the half of 

that diameter which subtends the inscribed angle. 

PROBLEM IL 

(47.) To find the expression for the distance of any point in the 
ellipse from the focus. (See Diagram to Art. 41, p. 119.) 

Let (a;, y) be any given point, P, in the ellipse. Thai FP^ = 
{x — c)* -f y* = ar* — 2cx + c* + y^ ; but, firom equation (10), p. 
122, we have f = (I — t^) {A^ — sf') ] hence FP = ar» — 2cap -f c* 
+ (l--e')(A'— a:')=A' — 2Aea;+c«a:» .-. FP=A — ear (1); 
and, since FP -f- F'P must be equal to 2A, we therefore have F^P = 
A-\-ex (2); hence, (1) and (2) are the expressions sought ; and 
we may conclude that the radius vector of any point in the ellipse is 
always a rational function of the abscissa of that point. 

For the difference of the focal distances, we have F''P — FP=2ea: ; 
and for their product, FP • FP = A' — e*ar*. 
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Properties of the Ellipse when related to its conjugate Diameters. 

(48.) The foregoing are the principal properties of the ellipse, which 
are directly deducihle from its equation, when the principal disimeters 
of the curve are taken for axes of coordinates. By referring the curve 
to other systems of coordinates, we shall obtain equations leading to 
other properties ; we shall, therefore, now inquire what form the equa- 
tion assumes when the axes of coordinates do not coincide with the 
principal diameters, but make any angles whatever with them, the 
origin remainiiig the same. 

It appears from equation (2), p. 116, that in order to transforin the 
coordinates from rectangular to oblique without displacing the origin, 
we must substitute for x and y in the equation of the curve, the values 
x='X cos. a + y cos. (t\ and y = a; sin. a + y sin. of ; making, 
therefore, this substitution in the equation A' y* + ^*^ = A'B*, it 
becomes 



A' sin.' a 
B' COS.* a' 



an/ + A' sin." a 
B'cos.'a 



aj8=A«B». 

ilique coordi- 



y* 4" 2A' sin. a sin. a/ 
2W COS. a COS. of 
Such is the general form of the equation when the o 
nates ar, y, make any proposed angles, a, (i\ with the major diameter 
of the curve. It is obvious that, if the term containing xy were ab- 
sent from this equation, it would then correspond in form to the primi- 
tive equation ; and, in order, therefore, that this correspondence may 
take place, the angles, a, a must be so related that we may have 
A' sin. a sin. a/ -|- B* cos. a cos. a^ = ; or dividing by cos. a cos. a', 
A' tan. a tan. a' + B* = ; the relation, must be such that 

It hence appears that the transformed equation will have the same 
form as the primitive, whatever be the angle, a, provided that the 
other angle, a', be subject, to the condition (1). The angle a, there- 
fore, being arbitrary, it follows that the systems of axes that may be 
chosen so as to render the transformed equation of the form 
(A'sin.» of + B* COS.* aO y" + (A* sin.'^ a + B* cos.* a)ar»=A«B* (2) 
are limited in number. This equation will be more concisely ex- 
pressed, and, at the same time, its analogy to the primitive equation 

A*B* 

more distinctly shown, if we put A^ for ^» . » — rrrrr 5— , and 

A" sm.'* a + B'* COS.* a 

A*B* 

B'* for 1^2 • 2 / \ T^ 3~7> because then equation (2) may be 

A sin. oc — |— si COS. OL 

put imder the form :^y*+ — 2 a^ = 1, as will appear by making 

the foregoing substitutions for A^, B**, in this equation : hence, finally, 
A^ y* + B''V ^ A^ B^ (3). Such, then, is the equauon of the 

L2 
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ellipse related to oblique axes originating at the centre of the cunrey 
the apgles a, of^ at which these oblique axes are inclined to the primi- 
tive axis of abscissas being related to each othet, as in equation (1). 
. (49.) If) in this kst equation, we put a? = 0, the resulting value of 
3f will be the ordinate of the point w^ere the curve meets the axis of 
y ; and, if we put y = the resulting value of x will be the abscissa 
of the point where the curve meets the axis of x ; m other words, 
these particular values of y and x will be the value of those semi-dia- 
meters of the ellipse, which have been taken for axes* 

Now for ar = 0, y = ± B^, and for y = 0, ar = ± A^ ; hence the 
semi-diameters in question are A' and B^. 

We may therefore conclude that the equation (3) is not only similar 
to the equation A'* i/^ + B^ ar*= A*B* in form, but also that in the same 
manner as the semi-diameters A, B, enter this equation, so do the 
semi-diameters A'', B', enter the former. 

Equation (3) furnishes the following properties, viz. 

1. IStoch diameter J 2 A', 2B', bisects all the chords draim parallel to 
the other, as was shown of the principal diameters, 2 A, 2B^ (42.) 
Diameters possessing this property are called conjugate diameters, 
hence the equation A'*2/*-j-B'*ar'= A'^B* is the equation of the 
ellipse referred to conjugate diameters. 

To distinguish the principal diameters from the other systems of 
conjugate diameters, they are generally called the conjugate axes of 
the ellipse ; the longer is also sometimes called the transverse axis, 
and the shorter its conjugate. 

1 . Straight lines drawn at the extremities of a diameter, 2 A'', paral- 
lel to its conjugate J 2W, are tangents to the curve (42.) 

3. The squares of chords drawn parallel to one of two conjugate 
diameters are as the rectangles of the parts into which they divide the 
other (44.) 

These properties are established as in the articles referred to. 

4. If any number of parallel chords he drawn^ the line which bisects 
them cdl will be a straight line passing through the centre. For if a 
diameter be drawn parallel to the chords, that which is conjugate to 
it must bisect the chords, and, therefore, must coincide with the for- 
mer line. Hence the solution of the two following problems, viz. 

1 . A diameter being given, to find its conjugate. 

Draw a chord parallel to the given diameter, and the line bisecting 
both wiU be the diameter sought. 

2. To find the centre of an ellipse. 

Draw a line to bisect any two parallel chords, and we shall thus 
have a diameter ; bisect this diameter, and the centre will be deter- 
mined. 

(60.) From equation (1) we may infer that no system of conjugate 
diameters can be perpendicular to each other, except the principal dior 
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meters. Far, that the diameters may be perpendicular to each other* 

we must have the condition, (11) tan. a'' = , but, by equation 

tan. OL 

(1), this cannot be, unless A = B, that is, unless the curve ceases to 

be an ellipse, and iDecomes a circle ; this teaches us, however, that 

each system of conjugate diameters in a circle includes a right angle. 

As to the principal diameters of the ellipse, the equation 

B' 

^= — -r-5 in which the above condition is implied, 

tan. a A'* tan. a 

does subsist, for then, a being 0, this equation is the same as qo=qo ., 
Equation (1) moreover shows that if one of the tangents, tan. a, tan. 
a\ be positive, the other must be negative ; consequently, accordingly 
as the axis of x is above or below the major diameter of the curve, so 
will the axis ofy be. to the left or to the right of the minor diameter 
of the curve ; for it can make an obtuse angle with the major dia- 
meter only in the former position, and an acute angle only in the 
latter. 

Again, from the same equation, it follows, that the product of the 
tangents of the two angles which a system of conjugate diameters tjfiake 
with a principal diameter is constant^ for that equation gives tan. a 

A* 
But it has been shown (46) that if a, a, be the tangents of the an- 
gles which two straight lines drawn from the extremities of a princi- 
pal diameter to a point in the curve make with that diameter, we 

must have aa^ = 7^ or a^ =z j-5— . It follows, therefore, that 

' A^ A^a ' 

if from the vertices of a principal diameter two lines he drawn to meet 
in the curve, the diameters parallel to these will he conjugate, and con- 
versely, chords drawn from the vertices of a principal diameter parallel 
to a system of conjugates meet in the curve. Art. (60) might obviously^ 
nave been inferred from this property. Chords drawn from a point 
in the curve to the extremities of a diameter are called supplemental 
chords 

Hence (45) of all systems of conjugate diameters, those contain 
the greatest angle which are drawn parallel to the equal supplemental 
chords from the extremities of the major diameter^. These last diame- 
ters are also equal^ for they form equal angles with the major diame- 
ter (43). 

When the conjugate diameters, 2 A', 2B', are equal, the equation of 
the ellipse related to them is i/'* -f- ^ =■' ^^^ which corresponds in 
form to the equation of the circle, and which curve it would charac- 
terize, were it not that here the axes of reference are oblique. 

(61.) It is obvious,* from the condition (1), that if any diameter of 
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an ellipse be represented by the equation y = €iXj the conjugate 

thereto will be represented by the equation y = ^ ar, the principal 

diameters being taken for axes. If from the extremities of any dia- 
meter, 2 A', supplement chords be drawn, and they be referred to the 
semi-conjugates, A', B', as axes, their equation will be y = w {x-\-A') 
and y r=td {x — A^), since the one chord passes through the point 
( — k\ 0), and the other through the point (A^ 0). Consequently, 
by iniitating the steps in art. (46), where the principal axes were 
employed, we arrive at the analogous property when any system of 

conjugates are taken for axes, viz. mni = — Tr% ^ which equation 

it is to be observed, that the s3niibols «i, m', do not denote i\i& tangents 
of the angles which the chords form with the axis A, but they denote 
the respective ratios of the sines of the two angles which each chord 
makes with the axes A', B', these being oblique. 

(52.) The several properties of the ellipse, which we have just no- 
ticed all immediately flow from the equation of the curve, when 
referred to the oblique axes, A', B'. If now we return from these to 
the original rectangular axes, A, B, by a transformation of the equa- 
tion, other properties will unfold themselves : let us, therefore, effect 
this transformation. 

As we here propose to pass from oblique axes to rectangular, we 

must substitute for x and y, in the primitive equation, the values in 

equation (4^), (art. 39). 

X sin. a/ — t/ cos. a'< . y cos. a — x sin. a , 

^ = : — r4> T^^n — ,andt/ = ^ — : — ^ ., ^ pz — , the new axis 

sm. [A, B'] * ^ sm. [A , B'] * 

of X being situated below the primitive axis. Making, therefore, 

these substitutions, in equation (3), p. 126, the transformed will be 

A'^cos.^a 

B'^cos.V 



y^ — 2A'^ sin. a cos. a 
— 2B''* sin. a' cos. a 



xy-{-A!^ sin.^ a 
B'2 sin.« a' 



a:»=A'«B'«sin.2[A,B'] 



Now this equation is to be identical with A' ^ 4"^' ^ — -^^ -^^ 5 
hence there must exist the following relations. Viz. 
A^ cos.'^ a + B^ C0S.2 a^ = A'^ (1). A^sin.«a4-B^sin.»a^=B« (2). 
A/^ sin. a cos. a -|- B^^ sin. of cos. a^ = . . . . (3) 

A^ B^ sin.2 [A^, B^] = A'^B' (4). 

By adding together equations (1) and (2), we obtain the property 
A^ -j- B'^ ::== A^ + B'* (5), that is, the sum of the squares of any sys- 
tem of conjugate diameters is equal to the sum of the squares of the 
principcd diameters. 

(53.) From equation (4) there results 4A' B^sin. [A^ B^]+4AB. 

(6). 

Now the first member of this equation expresses the surface of a 
parallelogram, of which the adjacent sides are equal to the conjugate 
diameters, 2A^, 2B^ and included angle equal to the angle [A^, B'] ; 
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and the second member of the equation represents the rectangle of the 

principal diameters, 2A, 2B. Now, if through the extremities of each 

of the two conjugates, A^B^, C''D^, parallels be 

drawn to the other, they will be tangents to the 

ellipse, and the angle O^ will be equal to the 

angle O, that is, to the angle [A^ B^] ; hence 

the parallelogram formed by these tangents is 

equal to the rectangle of the principal diameters. 

Equation (6) therefore expresses this theorem, viz. 

Any parallelogram circumscribing an ellipse, and having its sides 
parallel to a system of conjugate diameter 9, is equivalent to the rectan 
gle of the two axes, * 

Since systems of conjugate diameters are unlimited in number (48), 
it follows that an infinite number of circumscribing parallelograms 
may be found all equal in surface. Of these but one will be a rhombus, 
viz. that of which the sides are parallel to the equal conjugate diame- 
ters ; and but one will be a rectangle, viz. that of which the sides are 
parallel to the principal diameters. 

It can be shown, conversely, that if a parallelogram circumscribing 
an ellipse be equivalent to the rectangle of the principal diameters, its 
sides must be parallel to a system of conjugate diameters. 

For let PR be a circumscribing parallel- 
ogram, the sides of which are not parallel 
to a system of conjugate diameters. Draw 
a diameter, A^B^, parallel to one of the sides 
PGt, and let C^D^ be the conjugate to this 
diameter, and complete the parallelogram 
P'R^, having its sides parallel to the system 
of conjugates just drawn. Then, since A^B^ is parallel to PGl, but 
does not meet the parallels SP, RGl, it is less than PGl, but it is 
equal to V^Q/ ; therefore P^Gl'' is less than PQ, ; and as both paral- 
lelograms are between the same parallels, PQ,'', S^R ; P^R'' must be 
less than PR, but P'R^ is equivalent to the rectangle of the principal 
diameters; hence PR is greater than that rectangle. It follows, 
therefore, that of all parallelograms circumscribing an ellipse, those 
about conjugate diameters are least in surface. 

AB 

From equation (6), A^B^ = -. — --r— —_, and addmg twice this 

sm. I x\. . Jl> I 

to equation (5), and extracting the square root we have 

VCA^^ + 2A^B^ + B% or A^ + B^ = V (A« + B^ + ^.^^^^.^b^-, ) 

consequently A^ + ^^ is greatest when sin. [ A^, B^] is least, that is, 
when the obtuse angle [A'', B^] is greatest, and Af +B^ is least, when 
sin. [A^ B^] is greatest, that is when [A'', B'] is a right angle ; and 
hence of all systems of conjugate diameters, the sum of thjse which are 

17 
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equal is the greatest, and the sum of those which are rectangular is the 
least. We shall terminate this division of the present chapter with 
the following additional problems. 

PROBLEM III. 

(54.) The axes of an ellipse and the vertex of any diameter being 
given to find the length of that diameter, and of its conjugate. 

Let {j/y y') represent the given vertex of the diameter 2A'', the 

length of which is required. Then the distance of (a?^, y'') from the 

centre of the ellipse is A^ = a^ + 1/^ ; but by the equation of the 

B' 
curve, y'^ = B^ la ^ • l^ence, by substitution, 

A^=B^+^-'ar^=B«+~a/'=B'+cV« .'. A^= V (B» + c^x'^); 

also since A'^ + B^ = A« + B^ .-. B^ = A'— e« ocf^ .-. B' =^ (A^ 
— e^x^)j and these values of A^ andB' are the expressions sought. 

If the radii vectores of the point (a/, y^) be FT, FP, then (47) 
F^P • FP = A^ — e v. Hence the product of the radii vectores of 
any point is equal to the square of the semi-diameter conjugate to that 
passing through the pointy that is FT • FP = B^. 

PROBLEM IV. 

(66). The axes and the inclination of a system of conjugate dia- 
meters being given to determine them in length and direction. 

Let A', B' represent the semi-conjugates ; then, from equations (5) 

and (6), p. 128, we have (A' + B')' = A» + B« + ^l^g,, . 

2AB 

and (A' — B0'= A'+B' — -: — - ; Consequently, by addi- 

sm. I ^^ « o I 

tion and subtraction, 

A' = iVlA« + B«+ ^4^^+ivlA« + B* -r^Tvnl 

^ * ' ' sm. [A^, B,J^ » a ▼ < I sm.LA'^, Bj* 

oAD 9AR 

These are the expressions for the lengths of the semi-conjugates. 
It remains, to determine at what angles these are inclined to the major 
diameter, 2A. 

We have seen (61) that if the tangent of the angle at which A'' is 

B* 

inclined to the major diameter be o, then will — -p— be the tangent of 

the angle at which B'' is inclined to it ; hence for the angle [A^, B'], 
at which the conjugates themselves are inclined, we have, if we 
denote its tangent by r, the expression (11), 
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«= — II^ = — \.o X>o « Hence, by reduction, we obtain 
l + aaf (A* — rr)a 

B' B' 

the quadratic a^ + (1 — ;t8) ^'^ = — ^5 which, solved^ gives 

az=-^,\{A?-&)v± Vl(A«— B«)V-4A«B»n 

2AB 

If the given tangent, «, be less than a a^pa » abstracting from the 

sign of fj, the question will be impossible, that is, no system of conju- 
gate diameters can have the proposed inclination, a feet which the 
above expression for a plainly iatimates, and which we previously 

2AB 
knew from (45). If « be equal to — . ^ ^ , then will A^, B^, be 

the equal semi-conjugates (46, 60), in which case a = + B -r A, 
consequently, o^ = — B -r A, the inclinations being supplements of 
each other. 

For the lengths of the equal semi-conjugates we have, from the 
property (6), p. 128, 2A^ = A« + B'* .-. A^ = V i(^^ + B^). 

The geometrical construction of the preceding problem is very 
simple : On the major diameter, AB, of the ellipse describe a circular 
arc, capable of containing the proposed angle, if it 
be obtuse, or its supplement if acute. Then from 
either of the points, P, P'', in which it intersects the^, 
ellipse (46), let chords be drawn to A, B ; then dia- 
raetCTs drawn parallel to either of these systems of 
supplemental chords will be conjugate, and will include the given an- 
gle. The two values of a in the preceding analytical expression agree 
with the two systems of conjugates here constructed. If the arc pass 
through C, it will touch the ellipse at that point, so that P, P^, will 
coincide, and the conjugates sought will be equal. 

Properties of the Tangent to the Ellipse, 

(66.) In order to obtain the equation of the tangent to the ellipse, 
let us first, as in the circle, consider a secant to the curve, or a straight 
line cutting it in two points, (a/, y^) and (a/^, i/^). 

The equation of this secant is i^ — y = ^ — ^ (a?— a/), (1) ; and 

as both points are on the curve, there subsists the equations 
A^^ + B^a/« = A^B^2,(2), A^t^^^ + B^a/^*=: A^B^ . . .(3). 
Hence, subtracting (3) from (2), 

A'^ {1/ + f) {y - y") - - B'» {X + X) {of - x^O 
and from this we get^^;^ — ^ = — —-^. -^^— therefore equation (1) 
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becomes, bj substitution, 1/ — y^= —■ j^, /T {x — a/) . . (4). 

This, then, is the equation of the secant passing through the two 
points (ar^, 'j/)i(a/^y y^^) of the ellipse, whose equation is A^^+ B^a^ 
=A^B^. If now we suppose these two points to coincide, the se- 
cant will become a tangent ; making, therefore, of = xf^^ and y' = y^^\ 

we have y — y' = — "775* "7 (^ — ^ ) J ^^ ™^^® simply, by reduction, 

A y 

A-^'y^^+B^yars A'^B^, (6), the equation of the tangent related 
to any system of conjugate diameters. 

The second form of this equation is very easily retained in the 
memory, from its resemblance to the equation of the curve ; the only 
difference is that, in the equation of the tangent, x x occurs instead of 
3?^ and "ify instead of i/^. Connected with the tangeiit are several 
other lines, which it is requisite to consi- 
der. Thus, if AB, CD are the principal 
diameters of an ellipse, and the tangent 
PR be referred to them as axes, then the 
distance, MR, of the ordinate of the point 
of contact from the intersection of the tan- 
gent with the axis of ar, is called the subiangentj the perpendicular, 
PN, to the tangent from the point of contact, is called the noi^mal^ 
and NM, the distance of its intersection with the axis of x from the 
ordinate, is called the subnormal ; moreover, in estimating the length 
of the tangent, we consider only the portion PR, included between 
the point of contact and the axis of x. Hence on one side of the or- 
dinate of the point of contact are situated the tangent and subtangent, 
PR and MR ; and on the other side the normal and subnormal, PN 
and MN. 

We shall now proceed to deduce the equations of these lines, and 
to determine analytical expressions for their several lengths. 

(67.) For the tangent the equation has already been exhibited 
when any system of conjugates are employed for axes. For the rect- 
angular system, 2A, 2B, the equation is therefore 

t^-t/' = ~|I.^(a-^),orAV + B^^'^ = A^Bl 

The coefficient to . — 7 in the first of these forms, which is that 

A^ y" 

most frequently referred to, is the trigonometrical tangent of the angle 
PRX ; it is obviously negative for positive values of x, and positive 
for negative values of a:, since the angle is obtuse in the former case, 
and acute in the latter. For the normal the equation is immediately 
deducible from that of the tangent. We shall have merely to charac- 
leiize a perpendicular to the latter, drawn from the point of contact 
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(3/^ y'). The equation of this line is therefore y — j' = 

— 2_(a; — a/). The length of the eubtangent is easily derived firom 

the equation of the tangent, for supposing in that equation ^ = 0, 

which is the case at the point R, the resulting value of ar will express 

the length, OR; that is, ar= OR = A^ -r-i? and, if from this we 

deduct a/, or OM, we shall have, for the length of the subtangent, 
^8 x^ 

MR = . In like manner, if, in the equation of the normal, 

a/ 

we suppose y = 0, which is the case at the point N,*the resulting va- 
lue of X will express the length, ON ; and this subtracted from OM, 
or a/^ will give the length of the subnormal, MN. We have, there- 
fore, only to express the value of a:'' — a? in the equation of the nor- 

mal when y = 0, which value is MN = —^a?'. From these expres- 

sions for the subtangent and subnormal are obtained those for the tan- 
gent and normal. Thus, since PR = V JMR'-f- PM^J we have by 

substitution, PR = V r ^2 +y^h or because y^ = ^,(A«— 

x"") this becomes PR=: -/ |i^^l!ll + ^^ (A»— :f^)|. 
Likewise, since PN = V jMN^ + PM^J, we have, by substitution, 
PN=v||a/«+|(A«-x-)l=|vl(|-l)^ + A«| 

= 5. V(A«— c'^a:^). 

(58.) For more convenient reference, let us now collect the pre- 
ceding formulas together. 

The equation of the tangent is y — y^= — -3-7 (^ — ^)* 

AV 
The equation of the normal is t/ — y' = -^-^ (x — 3/), 

JO Hit 

fA' x^\^ Ra 

The length of the tangent is T -. V \- — -^-^ + -~ (A» — a?^ |. 

^ aj/3 

The length of the subtangent is T, = — -7—. 
The length of the normal is N = ^ V(A»— ^x^), 

A. 

w 

The length of the subnormal is N. = -7^ a:'. 

A^ 

(69.) We may now by aid of these formulas deduce some other 

properties of the ellipse. And, first, we may remark that, as the 
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expression f(»r the subtangent is independent of B, it remains the 
same for all the values of B, so that in every ellipse described upon 
the axis 2A, the subtangent is the same for the samd abscissa. 

This is true also when B = A, that is, when the ellipse becomes a 
circle ; and hence is suggested a method of drawing a tangent to ark 
ellipse from any given point in the curve. Thus, let P be the given 
point; then, having described a semi-circle 
on AB, draw PTM perpendicular to AB, and 
at P' draw a tangent, P^'R, to the circle ; then 
draw the line PR, and it will be the tangent re-AHj 
quired ; for the points P, P^ have the same sub- 
tangent, MR. 

It is further obvious, from the manner in which the expression for 
the subtangent has been obtained, that if the tangent had been referred 
to oblique conjugates, as in (66), instead of rectangular, the expres- 
sion would have preserved the same form, that is, it would have been 

T. = and this independently of the sign of y^ ; so that a 

tangent to the curve through the point (a/, y% and another through 
the point (x\ — /), both meet the axis of x in the same point ; and 
thus from any point without an ellipse two tangents may be drawn 
to the curve. If the point of contact of one of the tangents drawn 
from a given point be known, and it is required to find the point of 
contact of the other, it may be done as follows : Draw a diameter to 
pass through the given point, and parallel to its conjugate draw a 
chord from the known point of contact, then the other extremity of 
this chord will be the other point of contact. 

It ought to be noticed here that we must not, as in the preceding 
case, conclude that because the value of the subtangent is independent 
of B^ and that this may therefore be equal to A^, that the ellipse may 
become a circle, and yet the subtangent for the same abscissa remain 
the same. For the conjugate diameters of the ellipse, which are here 
taken for axes, are not conjugate diameters of the circle d'^^cribed 
upon either of^them, because, in the circle, the systems of col rates 
are all rectangular (50). 

(60.) By multiplying the foregoing general expression for the sub- 
tangent by a/ we have T,a/ =. (A' -f^O (A-' — ^)i which shows that 
tht rectangle of the subtangent and abscissa of the point of contact is 
equal to the rectangle of the parts into whdcn the diajneter is divided 
by the ordinate. 

Thus, in the annexed diagram, 

OM MR = A^MMB^ 

This property furnishes a commodious and ex- 
peditious method of drawing a tangent to an ellipse 
from a point without the curve, when the centre of 
the ellipse only is given. 
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Let R be the given point, and draw RB^'A'' through the centre, and 
let CD be the diameter conjugate to 
A'B'. Upon A^B' and OR, as diameters, 
describe arcs intersecting in m, wi,^ then 
the Une joining m, m^, wifl cut from OB' j^ 
the abscissa, DM, of the point of con- 
tact sought, so that the parallel, P, P'' 
to OC, through this point will intersect the curve al the points where 
the tangents from R must touch it. 

For, as the circles upon A^B', OR intersect in the line wiMm^, it 
follows that mU • Mm' = A'M • MB' = OM • MR ; hence, from the 
above property, the tangent from P must have the subtangent MR. 

(61.) By referring to (47) we find that the rectangle of the radii 
vectores of any pwnt, P, in an ellipse is FT • FP = A'^ — eV, and 
comparing this with the expression for the normal, we find, therefore, 

g2 , p/p . pp 

]Np = •— that is, the rectangle of the radii vectores of any 

point in an ellipse is to the square of the normal as the square of the 
major axis is to the square of the minor. 

Also, since (54) A*— cV = B^, we have A • N = B • B', that is, 
the rectangle of the major a>xis and the normal is equivalent to the red' 
angle of the minor axis and the semi'diameter parallel to the tangent. 

Thus in the annexed diagram, 
FT • FP : FW : : AB' : CD«, 
and AB • PN = CD • OC. . 

D 

(62.) Let us now examine the equation of the tangent as exhibited 
in (56). If in this equation we make ac = 0, the resulting value of p 
will be the ordinate, OT, at the origin ; hence we obtain the property 
OT • 2/' or OT • PM = 00^. 

In like manner, by making y = 0, inrF 
the same equation, we shall have for 
the resulting value of x the abscissa OR : 
hence OR • a;' or OR • OM = OB^ ; 

hence, we infer, first, That the rectangle of .^ 

the ordinate of the ellipse at the point of contact, and the ordinate of 
the tangent at the centre, is equal to the square of that semi-diameter 
which is taken for axis of ordinates ; and second, that the rectangle 
of the abscissa of the point of contact, and of the point where the tan- 
gent meets the axis of abscissas, is equal to the square of that semi-din- 
meter which is taken for axis of abscissas. 

Both these properties are also derivable from the general expression* 
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for the subtangent, as will appear by adding oi/ thereto for the second 
property, and changing s^ into y' for the first property. 

(63.) Let us now suppose, in the same general equation of the 
tangent, that a? = A' instead of 0, then the resulting value of y will be 
the ordinate B^f, which is also a tangent to the curve at B^ since it 
is parallel to the diameter conjugate to A^ B^ (see preceding diagram). 
In like manner, if instead of A'' we put — A'' for a?, the corresponding 
ordif^te will be the tangent A^ T^ Making then these successive 

B^ 

substitutions for ar, we obtain the values y = B'/ = — — (A'' — 7f\ 

y = A'r= -^(A'+A and .-. A'T'B'<= -^(A''-a/'). 

But, from the equation of the curve, y^ =— ^j ( A^ — ^) ; hence, by 

substitution, A^^ * Wt = B'', that is, t^ a/ the extremtiea of any dda- 
meter f lines parallel to its conjugate be drawn terminating in any tan- 
gent to the curvej their rectangle will be equal to the square of the semi' 
conjugate to which they are parallel. 

Still confining ourselves to the same general ^^ c m 
equation of the tangent, the conjugates A^B^, ^''s^^^^^^^^^^>J' 
C^ ly, being the axes of reference, let the supple- j^ 
mental chords, B''M, A'M, be drawn, the former 
parallel to the tangent at the point P, or (aK, y^ ; """T^ 
then we already know (61) that in the equations of these chords, viz. 
y=zm{x — AO, and Y = m' (ar + A^), the coefiicients wi, m\ must 

•jb/2 

be so related that w m' = — T>3 (^)' ^"^» ^^^ B'M is parallel to 

the tangent, the coeiBcients of ar must be the same in the equations of 

B'^y 

these lines, that is, we must have m = — ^ . It follows, therefore, 

Ay 

from the relation (1), that m^ = y^ -t-o/. 

Let now OP be drawn to the point of contact, and let ON be pa- 
rallel to BIM, then the equation of OP is y = aa:, and for the point 
(^1 yOi 2/^ = ^ J therefore o = t/' -r ar^ = m", consequently OP is pa- 
rallel to A'M, and OP, ON are semi-conjugates, ON being parallel 
to the tangent at the vertex of OP. Hence we may conclude that 
diameters drawn parallel to any system of supplemental chords are con- 
jugate^ which is an extension of the theorem at (60). As the princi- 
pal diameters are the only conjugates, which contain a right angle, 
it follows that any system of supplemental chords which include a 
right angle must be parallel to the principal diameters. These latter, 
therefore, can always be found when we know the centre of the ellipse: 
it will be necessary merely to describe a semi-circle on any diameter, 
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and to draw supplemental chords from the point where it cuts the 
curve, the diameters parallel to these will he those sought. It ap- 
pears, moreover, that a semi-circle described on any diameter of an 
ellipse can cut it in but one point. 

(64.) From what has just been shown, it follows that, when any 
system of conjugates are taken for axes, if the equation of any dia- 
meter i;pferred to them hey = ww?, the equation of its conjugate will 

be y = — — - — X. Bearing this in mind, suppose that at the vertex 

of the diameter taken for the axis of x, a tangent is drawn, it must be 
parallel to the axis of y; hence the part thereof intercepted by the line 
y = mz will be the value of y, which its equation gives for x = A'', 
viz. y = mA^. In hke manner, the part intercepted by the conjugate 
to this will be the value of y, which the equation of this conjugate 

gives for x = A', viz. v = — . 

A^m 

Now the product of these two values is — B^, it follows, therefore, 

that if a tangent be drawn at any point of an ellipse^ the square of half 

the diameter conjugate to that from the point of contact wUl be equal to 

the rectangle of the two portions of the tangent intercepted between the 

point of contact J and any system of conjugates whatever. 

Thus, if TFt be a tangent, and OC^' a semi- ^ "^ 
diameter, parallel to it, then OB', OC, being ^^|!.<^ 
any system of semi-conjugates, we shall always 
have, OC'* = PT • P^ 

If the tangent be drawn through the vertex of one^f theTeast con- 
jugate diameters, and be terminated by the principal conjugates pro- 
duced, it will be bisected at the point of contact. For the least con- 
jugates bisect the principal supplemental chords, and, as one of these 
is parallel to the tangent, both this and the tangent must be bisected 
by the same conjugate ; it follows, therefore, that this tangent is equal 
to the least conjugate diameter. It is, moreover, evident that this 
tangent is the shortest that can be included between the prolonged 
principal diameters, for every other tangent included between them 
must exceed its parallel diameter, since the rectangle of two unequal 
parts of it is equal to the square of half that diameter. It follows also 
that, if a tangent be drawn through the vertex of one of the least con- 
jugates, the portion intercepted by the prolonged principal diameters 
will be less than the portion intercepted by any other system of con- 
jugates. 

(65.) If a tangent pass through the extremity of the latus rectum,- 
and be referred to the principal diameters, the ordinate at the point of 
contact will be y' = ^ = B* -i- A, so that the equation of this tan- 

gent will be, y-^=-^ (x-x^), and .-.y = ^^±^—^^ 

^ A' A 

18 M2 
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or, since r = c, y = — Zlf?= A — ex. 

A 

But (47,) A — ex expresses the distance of the focus from that point 

in the ellipse whose abscissa is x ; hence the length of any ordmaieto 

a tangent through the extremity of the latu$ rectum is equal to the dis' 

tance of the focus from the point where thi$ ordinate tntersects the curve^ 

therefore, the tangent through the vertex of the latua rectum cuts from 

the tangent through the vertex of the major diameter, a part eqwd to 

the distance of the focus from the vertex. 



Thus, in the annexed diagrakn, MN = FP, 
al8oAT = AFandBT' = BF. 



(66.) If in the equation of the normal we put y = 0, the resulting 
value of a: will express the distance, ON, {see the diagram at p. 132,) 

that is, we shall haveON= — ~ — x^ = c'a/; hence, adding c or 

Ae to this, there results F^N = e (A + ex^). Now, in the triangle 
PF' F, the sum of the sides PF' + PF is to the base F' F, so is one 
of the sides, PF', to the distance intercepted between F' and the line 
bisecting the vertical angle, P, (Geom. p, 90 ;) but 2 A : 2Ae : : A + 
ea/: e{A'-\- ea/) = F'N. It follows, therefore, that the normal at any 
point of the ellipse bisects the angle formed by the radii vectores of that 
,point, and consequently the radu vectores are equally inclined to the 
tangent, also the angle included by one radius vector and the prolon- 
gation of the other is bisected by the tangent. 

We can arrive at the same conclusion without the aid of the geo- 
metrical property here employed ; thus : Since the equation of FP, 

passing through the points (c, 0) and (a/, ^), is y = _X— (/^ — c), 

a/ — c 

the coefficient— 7^ — must express the tangent of the angle PFR, and 

a; — c 

we already know, from the equation of PR, that -— is the tan- 

A*2^ 

gent of the angle PRX. Hence, in order to obtain the tangent of the 

angle FPR, we shall merely have to substitute the preceding expres- 

sions, for a and o', in the formula (11), i; = which then be- 

1 -{-cta^ 

B^cx'—lA^y^+B'x^) J ,,. . .. , 

comes V = -— - — --^ — f-J — -jr— ^ . In this expression, if we sub- 

stitute for A'* y^ + B« ar^ its equal A^ B'*, and for A«— B^ its equal c*, 

B' 
we shall finally obtain v = — . If the other radius vector, FT, 

if 
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had been employed, c would have been negative, and therefore the 
tangent of its inclination to PR would differ from that here deduced 
only in its sign ; thus showing that the angles F^PR, FPR are sup- 
plements of each other, and therefore, that the angles FPR, FTR', 
are equal. 

The same property admits of a simple geometrical proof; thus : 

Let one radius vector, F^P, be produced, till PG is equal to the 
other; FP, then the line PR, bisecting the angle GPF will be a tangent 
to the curve at the point P. For join N p^c:;;^^] ^ ^v^Q^ 
FG, then, sincQ PR bisects the vertical 
angle of the isosceles triangle, PFG, it 
also bisects the base, FG, at right an- 
gles ; therefore from whatever point, N, 
in PR, lines be drawn to F and G, we 
shall always have NF = NG ( Geom. p, 
20) ; consequently, if there existed any point, N, in PR, besides P, 
which was common to the curve, we should have F^'N + FN = 2 A, 
and therefore F'N + NG = F^G, which is impossible, so that PR, 
which bisects the angle FPG, is a tangent to the curve, and there- 
fore, conversely, the tangent at P must bisect the angle FPG. 

If OM be drawn from fie centre to the middle of 
FG, it will be parallel to F^G, because O is the 
middle of FT, therefore FO : FF' : : OM : F'G; 
hence OM = ^F'G, but F'G = 2 A by construe- A j 
tion, consequently OM = A, therefore, if from 
either focus a perpendicular to any tangent be 
drawn, its intersection therewith will be always 
at the same distance from the centre, viz. at the distance, OB, in 
other words, the locus of these intersections is the circumference of the 
circle descrtited on the major axis as a diameter. 

If MO be produced to meet this circumference in E, and F'E be 
drawn, the trianglesf F^OE, FOM, having two sides, and the included 
angle in each equal are themselves equal, therefore F^E is both equal 
and parallel to FM, and is therefore the continuation of the perpendi- 
cular, FW, from the us, F, to the tangent ; hence, from the pro- 
perty of the circle ] • F^E = MT^ • MF = AF' • F'B, 
but AF^ • F^B = (- — c) (A -f c) =A» — c^ = B^ hence 
MfY' . MP — jja^ i^iijx ig the rectangle of the perpendiculars from thn 
foci upon any tangent to the curve is equal to the square of half the 
miner axis. 

Since the triangles FTM^, FPM, are similar, we have the equa- 

tion ^ = =p, which, multipled by that just deduced, gives 

p/p A + ea/ 

MF^ = B' • r=- = B* • _ and, multiplying its reciprocal 
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FP A ^— tx' 

by the same, we have MF* = ^pvp = ^ ' — -r — J^ being the 

abscissa of the point P. 

(67.) The property in (66) furnishes a simple method of drawing 
a tangent to the ellipse from a point either in the 
curve or without it, when the foci are knoMm.' 
Thus, if the point be in the curve, as at P, then 
it will be necessary merely to draw the lines | 
FP, FTG, and to bisect the angle FPG. 

If the point be without the curve, as at N, then, from the focus, F', 
as a centre, with a radius equal to the principal diameter,. describe an 
arc^ and from the given point, N, as a centre, with its distance from 
the other focus, describe another arc, intersecting the former in the 
point G, then the line F''G will cut the curve in the point through 
which the required tangent must pass. For, let NPR be dra^na 
through this point and draw PF, NG, NF ; then, since, by construc- 
tion, F^G = FT + PF, PF = PG, also NF = NG, consequently 
the triangles NFP, NGP, are equal, therefore the angles NPF, NPG 
are equal, as also their supplements FPR, GPR, hence NPR is a 
tangent to the ellipse. As the distance, F''N, of the centres from 
which the arcs intersecting in G are described is less than the sum, 
and greater than the difference, of the radii, {Gwm. p. 19,) it follows 
(28) that these arcs intersect also in another point, and thus two 
tangents may be drawn from N. 

We shall terminate the present chapter with, the following problem. 

PROBLEM v. 

(68.) Pairs of tangents to an ellipse being always supposed to in- 
tersect at right angles, to find the locus of the points of intersection. 

Let MT, NT, be any pair of tangents intersecting at right angles 
in and, parallel thereto, draw FP, FT', from the 
foci, then the points P, P'' will be in the circum- 
ference of a circle described upon thq major 
diameter, AB. Produce PF to meet this circum- 
ference again in M'', draw M'T', FM, each per- 
pendiculM to the tangent TT', and lastly, draw 
the chords PP', M, M', the points M, M' being 

obviously on the same circumference as the points P, P^ Then, 
since TM' is a rectangle, PT = M^', and on account of the parallels 
PM^, P'M, the arcs PP', MM' are equal, their chords are therefore 
equal ; hence the rectangles PP', MM' are equal, and TP =T'M = 
FM', consequently TM • TP' = PF • FM', but, by the property of 
the circle, PF • FM' = AF • FB and • TM TP' = T^ ; T/ being a 
tangent to the circle, therefore T(^ = AF • FB. a constant quantity 
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< 

and, as the radius, O^, is also constant, the distance, OT, must be 
constant, therefore the locus of T is a circh of which the radius OT is 
V(A« + A«— 0=V(A« + B«)* 



CHAPTER III. 

ON THE HYPERBOLA. 

Its equation and Properties. . 

(69.) An h3rperbola is a curve from any point, P. in which, if two 
straight lines be drawn to two fixed points, F, F'', 
their difference shall always be the same. 

The given points, F, F'', are called the foci of • 




the hyperbola, and the lines, FP, FT, drawn there- y 
from to any point, P, in the curve, are called the ^ 
radii vectores, or focal distances of that point. 

This .curve may be described, by means of points, thus : From one 
of the foci, F, as a centre, with any assumed radius, describe an arc, 
and fi-om the other focus, F'', with any other radius exceeding the 
former, describe a second arc, intersecting the first in two points, P, p. 
Let this operation be repeated with two new radii, taking care that 
the second of these shall exceed the first by the same difference as 
before, and two new points will be determined 5 and this determina- 
tion of points in the curve may thus be continued till its tract becomes 
obvious. That the locus of these points will be an hyperbola is plain 
from the definition, since the distance of any one of them from F^ 
always exceeds its distance from F by the same constant difference. 
If of each pair of intersecting arcs employed to determine the several 
points, we had supposed the greater to have been described from F, 
and the less from F^, the same constant difference being preserved, 
we should obviously have obtained a series of points, P', p\ &c. 
equally belonging to the hyperbola, although none would be situated 
in the locus of the former series. It appears, therefore, that the hy- 
perbola consists of two separate branches, PBp, P^Ap'. 

Any portion of this curve may be described by 
continuous motion, by employing a ruler and a 
cord. Thus, let a ruler, FR, be fixed to F, so 
that it may be turned round this point, in the 
plane whereon the curve is to be described ; then 
having assumed any other point, F'', in this plane, 
connect it by means of a cord shorter than the ruler to the extremity, 
R ; then a pencil, P, keeping this cord always stretched, and at the 
same time pressing against the edge of the ruler, will, as the ruler 

■ ■■■■■ — ■ 1 1 ... I ■ 

* The analytical investi^tion of this problem will be ffvpn hereafter. 
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revolves round F, describe an arc of an hyperbola, of which F, F'', 
are the foci, for the diflference of the distances of the describing point, 
P, from the fixed points F, F^, will be always the same. 

(70.) Let us now seek the equation of this curve, by means of its 
characteristic property. 

Draw F^F, and let O, the middle point of 
this line, be taken for the origin of the rectan- 
gular axes, and let the constant diflference of 
the radii vectores of any point in the curve be 
represented, as in the elfipse, by 2A. Put c for 
OF, or OF^, and a:, y, for the coordinates of any 
point, P, in the curve. Then we shall have these equations, viz. 
f + {x-'cf = FF', (1), f+{x + cy = PF^ (2) andFF — PF 
= 2A, (3). Hence, by first adding and then subtracting equations 
(1) and (2) we have 2i/^+2ar*-f-2c2 = PF'^ + PF'^ (4), Acx = 
(PF^ + PF) (PF^ — PF), .-. PF^ + PF = 2ca;-f-A, Combining 

ex ex 
this with equation (3), we have, PF' = __|-A and PF=-t A, 

A, A 

and these values substituted in . equation (4) give «/* + a^ + c* = 

^—+A^, whence AY+(A'' — Oa^=A'(A«— -c'), (6). This 

A* 

equation would be identical with that at p. 120, and wojild thus 
characterize an ellipse, were it not that here A represents half the 
diflference, instead of half the sum' of the radii vectores. With this 
condition, therefore, equation (6) is the equation of the hyperbola. 

(71.) In order to determine the points of intersection with the axes, 
suppose 1^ = 0, in equation (5), and there results for x the value 
a; = ± A, which intimates that the hyperbola, like the ellipse, inter- 
sects the axis of x in two points, B, A, equidistant flrom O, the one to 
the right, and the other to the left, and that A expresses this distance. 

If, in the same equation, we suppose a? = 0, we have for the cor- 
responding value of y the expression y = V {A'* — c^|. 

Now since 2c is the base, and 2A the diflference, of the sides of a 
triangle, PF'F, it follows {Geom. p. 19) that c must exceed A, and 
consequently the value of y, in the foregoing expression, is impossible ; 
the curve, therefore, can never meet the axis of ordinates. In this 
respect, therefore the hyperbola diflfers entirely from the ellipse. Let 
us, however, mark on the axis of ordinates two points, C, D, each at 
the distance of -^|c^ — A'^ firom O, and, calling this distance B, we 
shall then have the equation of the hjrperbola in a form analogous to 

that of the eUipse, viz. AY — B« aj' = — A» B», or y»= ^(a;»— A«) 6. 

A 

The only difference between this equation and that of the ellipse is 
that here the sign of B' is negative. The general expressions, there- 
fore, for the coordinates of any point in the curve is 
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A B 

z=±^Vly'+B»|;y= =^T'^ 1^— -^'l* From the first of 

these expressions it appears, that there are two values of a? numerically 
equal, but differing in sign for every value of y . We conclude, there- 
fore, that chords drawn parallel to AB are bisected by CD, or its pro- 
duction. In like manner, in the second expression, we are furnished 
with two values of y numerically equal, but differing in sign for every 
value of X. If, however, x be assumed numerically less than A, the 
resulting value of y will be imaginary ; now x is less than A for every 
ordinate drawn between the points A and B, hence none of these 
ordinates can meet the curve ; but, if ar = ± A, then, since y = 0, 
we infer that parallels to CD, drawn through the points A and B, are 
tangents to the curve. It further appears, from this expression, that 
so long as x is assumed numerically greater than A, there will always 
correspond a possible value of y, which will increase as x increases ; 
hence the two branches of the curve are unlimited, proceeding on- 
wards, in opposite directions, to infinity. Let us actually suppose, 
that X t^kes a succession of values from ± A to infinite, then, putting 

Ba: / A** 

the expression for y under the form y^—r\l^^ — ~^^ we see that 

as X increases, the fraction A' -j- ar* diminishes, so that the values of y 
go on approaching to the value ± Rr-i-A, which value, however, 
is never reached till x becomes infinite, rendering the fraction A' -j-ar* 
nothing. It is obvious from this, that if through 
the origin, O, two straight lines, KL, MN, be 
drawn, making angles, KOX, MOX, with AB 
whose tangents are respectively + B -7- A and 
— B -^ A, these two lines will continually ap- 
proach the curve, and yet can never meet it. For 

B B 

the equation of these hues are y= -r-ar and y= --x, and it has 

A 
just been seen that in the curve y can never be so great as d: Ba:~A, 
till z becomes infinite, although throughout the course of the curve, 
y continually approaches to this value, that is, the differences between 
the ordinates of the curve and those of the lines just drawn, for the 
same abscissas continually diminish as the abscissas increase. 

The two lines KL, MN, are called asymptotes to the h3rperbola. 

(72.) Let us now, as in the ellipse, seek the expression for the 
-xlistance of any point (a:, y) in the curve from the origin, 0. 

For this purpose, we must substitute for ^, in the expression 

D = V \^+fl, its value ^ (a:'— A'), which reduces it to 

A'4-B* 
-D = \/ 1 ~~rsi — "^ — B'|. This expression is obviously independ- 
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ent of the signs of a; and y, and, therefore, it may be shown here in 
precisely the same way as the fact was established with regard to the 
ellipse, that every chord passing through O is bisected at that point, 
and hence O is called the centre of the curve, and chords drawn 
through it, diameters. Indeed, all lines drawn through the centre of 
the hyperbola are, for the sake of umformity, called diameters, although 
an irifinite number may be drawn, so as not to meet the curve, viz. 
all those comprehended between the as3n3iptotes, or that inclined to the 
axis of X at an angle of which the tangent is not numerically less 
than B -i- A. 

The asjnniptotes may, therefore, be regarded as separating those 
diameters which are chords, called transverse diameters, from those 
which are not chords, called second diameters. Of the former, least is 
AB, since the above expression for D is least when x is least, that is, 
when a; = d: A ; but, as there is no limit to the value of a?, the other 
transverse diameters increase from this least value to infinity. 

(73.) As in the ellipse, so here, 2 A, 2B, that is, AB, CD, are call- 
ed the principal diameters, or the principal axes of the curve. The 
distinction of these diameters into major and minor, as in the ellipse, 
cannot, however, be here used with propriety, for in the expression 
^/\c^ — A' I, which B represents, it is only necessary that c exceed 
A (p. 142,) so that B may either be greater or less than A, or indeed 
equal to it. From these remarks then it appeal's that the equation 

AV— B«ar» = — A*B», or y* = ^ (a:*— A«), (6), is the equation 

of the hyperbola related to its principal diameters. 

If we suppose B = A, the equation ia y^ — a^ = — A". In this 
case, the hyperbola is called equilateral^ on account of the equality of 
its principal diameters. Thus the same modification transforms the 
equation of the common hyperbola into that of the equilateral h3rper- 
bola, that changes the equation of the ellipse into that of the circle. 
We may here remark that, in the equilateral hyperbola, since B -r A 
== 1 = tangent of 46°, the angles which the asymptotes make with 
the axis of x are 46°, and 90* + 46° ; hence, in this case, the asymp- 
totes are perpendicular to each other. 

(74.) By removing the origin of the axes of coordinates from the 
centre, O, to the vertex. A, of the transverse axis, by a transforma- 
tion similar to that employed in the ellipse, the equation becomes 

A?f — BV -f 2AB» ar = 0, or y^ = ^ (a;^ — 2Aar) (7), the equation 

of the hyperbola when the origin is at the vertex of the transverse axis. 

(76.) If we wish for the equation in terms of the eccentricity, c, we 

may obtain it from equation (6), by substituting for B^its equal c^ — 

c"— A^ c 

A', which gives y^ = — j^ — (a;^ — A^) or putting e for — 
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I/* = (e* — 1) {cf — A^) the equation of the hyperbola as a Jmdion 
of the eccentricity. 

From the intimate analoCT which suhsists between the equations 
of the ellipse and those of the hjrperbola, it may easily be conceived 
that the principal properties of the former curve belong also to the 
latter. This is in fact the case ; and hence most authors exhibit the 
theory of these two curves in conjunction. With a view to simplicity, 
it has, however, been here thought preferable to consider these curves 
separately ; but, as we propose to develope the properties of the hy- 
perbola by imitating the steps which led us to those of the ellipse, we 
shall frequently have occasion to refer to the preceding chapter for 
details, which need not be repeated in this. 

Propeiiiea of the Hyperbola related to its principal diameters. 

(76.) From equation (6), ; — r-rr'i Tx = ts hence 

' ^ ' (x^A){x — A) A'* 

y" : (A + o?) {x — A) : : B* : A'. Now x-\-A and x — A are the 

distances of the ordinate, y, from the vertices of the transverse axis, 

hence the square of any ordinate is to the product of its distances from 

the vertices of the transverse axis as the square of the conjugate axis 

is to the square of the transverse ; consequently the squares of the 

ordinates are as the products of the parts into which they dktde the 

transverse axis. 

If the hyperbola is equilateral, that is, if B = A, then y' = (a? + A) 
(a? — A) ; so that, in the equilateral hyperbola, the square of any 
ordinate is equal to the products of the parts into which it divides the 
transverse axis, a property analogous to that of the circle. 

(77.) From equation (8) the parameter or double ordinate through 
the focus is easily determined, for, putting c for a?, in that equation, 
and extracting the square root of each side, there results Ay = c^ — r 
A' -= B'S in which equation y is the semi-parameter ; therefore, call- 
ing the parameter p, we have p = 4B' -j- 2A that is, the parameter 
is a third proportional to the transverse and second axes. 

Hence the equation of the hyperbola, as a function of the parame- 
ter, is obtained by substituting, in equation (6), p ~ 2A for its equal, 

B* p 

•p- so that^ = ^ {a? — A'), is the equation of the cttroe, m terms of 

the parameter. 

In the equilateral hyperbola, since 4B' -f- 2A = 2A, we have 
p = 2 A, that is, the parameter is equal to the transverse axis. 

PROBLEM I. 

(7S.) To find the expression for the angle contained by supplement* 
al chords drawn from the extremities of the transverse axis. 

N 19 
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Referring to the corresponding problem on the 
ellipse, we find that the tangents of the angles which 
the supplemental ch(»rds, meeting in the point (or, y)^ 
make with the axis of x are 

y y 

a= — r— ; anda' = — ^—r- (1), and that, conse- 
x + A X — A ' 

quentlj, the general expression for the angle P, formed at the point 

9 A-. 

(ar, y), is tan. P = » ■ . ■ o - — ja (2)« Now the point (x, y) being in 

the hyperbola, we must have, firom the equation of the curve, 

a^ — A' = Ay -f- B' hence, by substitution, equation (2) becomes 

2AB' 
tan. P = A8 _L Tta\ • • . • (3), the expression sought. 

As this result is independent of the sign of x, it follows that the 
angle is the same, whether the chords be drawn to (x, y) or to ( — x, y). 

Since the preceding expression for the tangent is always positive 
for any point in the curve above the axis of ar, it follows that aU the 
angles subtended by the transverse axis are acute. These angles dimi- 
nish as y increases, till they become 0, when y is infinite. 

Multipl3ring the expressions (1) together, we have 

^ ^^ ^ A8 ~ T2 (^)» therefore the product of the trigonometrical 

tangents of the two angles formed by the transverse axis produced to the 
rights and its supplemental chords, is constant and equal to B^ -~ A^. 

As this product is positive, we conclude that the two angles must 
be either both acute or both obtuse. 

A A 

If the hyperbola be equilateral, then tan. P = — = 



y VCic"— A^) 

1 1 

and oa^ = 1 or o = -. but, since tan. = , it follows that a, of 

a' ' cot.' ' 

must represent the tangent and cotangent of the same angle, conse- 
quently, nf the equilateral hyperbolaj the angles which the supplemented 
chords make with the a^xis of x are together equal to a right angle. 

PROBLEM II. 

(79.) To find the expression for the radius vector of any point in 
the curve. P. 

Let Xj y be the coordinates of any point, P, in*">^ 
the curve, then FP = (a: — c)« + y' = ar» —2cx J^a 
H-c' + y^. Now equation (8) p. 146 gives ^J < 
y* = (c* — 1) (a?' — A') ; hence by substitution, ^ 

¥F^=x'—2ex + c'+{e'^l){x'-^A^)= B 

e»ar» — 2Aca: + A« .-. FP = ex — A, and since Fl> — FP = 2A, it 
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follows that FT = m? + A ; hence the radius vector of any point is 
always a rational function of the ahscissa. 

For the sum of the radii vectores we have FP 4- FT = 2ea?, and 
for their product, FP • FT = e^ai^— A«. 

Properties of the Hyperbola, when related to its conjugate diameters. 

(80.) By transforming the equation of the hyperbola from rectan- 
gular axes to oblique, the origin still remaining at the centre of the 
curve, we shall have the equation 



A^sin.^a' 
— B' cos,' a 



xy + A^ sin.' a 
— B' cos.' a 



A'B' 



y' -(- 2A' sin. a sin. of 
— 2B' cos. a cos. of 
where a, a^ denote the angles which the oblique coordinates a;, y 
make with the primitive axis of x. 

Let us now, as in the ellipse, determine the relation which must 
subsist between the angles a, a', in order that the term containing xy 
may disappear from this equation. That such may be the case, the 
coefficient of xy must obviously be assumed equal to 0, or dividing this 
coefficient by the expression 2 cos. a cos. a'', we must have the equa- 
tion A' tan. a tan. of — B' = 0. Hence the relation between the 

B* 

angles a, a/ will be thus expressed, viz. tan. a^ = -^ (1), so 

A. tan. ct 

that one of the angles being chosen at pleasure, the other will be de- 
termined by this equation, and thus an infinite number of oblique axes 
exist that will render the transformed equation of the form (A' sin.' a' 

— B'cos.'aOy' + (A'sin.'a — B'cos.'a)ar*=: — A'B' (2). 

This equation will be simpHfied by putting 

A2 TJ2 A2 -02 

A* sm." a' — B^cos.'a A' sm.' a — B' cos.' a: 

for then equation (2) may be put under the form 

^ y* — Y/5 a^ = — 1, as will readily appear, by making the pro- 
posed substitutions. Hence finally, A^j/' — B" ar* = — A^ B" (3). 
This, therefore, is the equation of the hyperbola, when the oblique axes 
of reference originate at the centre and form angles a, a/ with the pri- 
mitive axes of a?, related as in equation (1). 

If in this equation we put a: = ; y = ^/{ — B") = ± BV( — l)i 
and y = - X = ± A**. Since the value of y for a? = is impossi- 
ble, it follows that the curve does not meet the axis of y, but ± A' 
being the value of a: for y = 0, it follows that the curve meets the axis 
of ar at the extremities of the diameter, 2 A'. 

We must here remark that the imaginary expression ± B y/( — 1), 
denoting the ordinate of the origin, merely indicates that such ordinate 
does not belong to the curve, or, in other words, that the point deter- 
mined by its extremity has no existence therein ; we are not, there- 
fore, to infer that the ordinate itself has no existence, for its absolute 
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value considered independently of the curve, is = B', since the abso- 
lute value of its square is B'^. Now, as lines through the centre are 
diameters, whether they meet the curve or not, it is plain that, if we 
assume 2B^ for the length of the diameter, which coincides with the 
axis of y just in the same way as we before assumed, 2B for the 
length of the principal second diameter, equation (3) will be analogous 
to equation (6), p. 144, for the semi-diameters, A^ B^, enter into the 
former equation in the same manner that the semi-diameters. A, B, 
enter into the latter. 

(81.) By reason of this analogy in the forms of these two equa- 
tions, analogous properties of the curve are deducible from each. The 
following are obvious. 

1. Each diameter J 2A^ 2B^ bisects tht chords drawn parallel to the 
othei'j as was shown of the principal diameters, 2 A, 2B, {art. 71.) 
Such are called conjugate diameters j and the equation A^i^ — BV 
= — A"^^ B'*, is the equation of the hyperbola related to conjugate dia- 
meters. 

Hence (72) of every system of conjugate diameters, one is a trans- 
verse and the other a second diameter. 

2. Straight lines drawn at the extremities of a transverse diameter 
parallel to its conjugate are tangents to the curve^ (71). 

3. Jl transverse diameter is divided by an ordinate parallel to its con- 
jugate into two partSj such that their rectangle is to the square of the 
ordinate as the square of tht transverse is to the square of the conju- 
gate^ (76). 

4. The line which bisects parallel chords is a straight line. 

For the conjugate to that diameter which is parallel to the chords 
must bisect them. Hence the method of finding the centre of an hy- 
perbola, and of determining the conjugate to any given diameter are 
analogous to those already given for the ellipse {art. 49). 

From equation (1) it is obvious that the principal diameters are the 
only system of conjugates which are rectangular, for in that equation 

1 • 

there can never be tan. of/ = , except when a = 0, in which 

tan. a 

case we must have a/ = 90". 

It is further evident, from the same equation, that both the tangents 
tan. a, tan. a^, must have the same sign, so that accordingly as any 
semi-transverse is above or below the principal semi-transverse, so 
will the semi-conjugate to the former be to the right or the left of the 
principal semi-conjugate, the one pair being always included between 
the other. 

(82.) Since, from equation (1), tan. a -tan. a'' = B'-rA^ and 
from (4), p. 146, aa^ = B* -5- A', a, a^ being the tangents of the two 
angles formed with the diameter, 2A, by supplemental chords from 
its extremities, it follows that diameters drawn parallel to a systetn of 



« 1 
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9nppkmeni(d chords from the jnincipal tramverae diameter are conjth 
gate and conversely. 

From what has heen shown of the supplemental chords (78), it is 
obvious that the angle included by a sjrstem of conjugate diameters 
may be any magnitude from to 180**. 

(83.) Referring again to equation (1), we find that, if the equation 
y=zaz represent any diameter of an hyperbola, when referred to its 
principal axes, then will y = B* -i- A' o be the equation of its conju- 
gate. If the problem at (78) be solved with regard to the transverse 
diameter, 2 A^, we shall have mm^ = B"^ -J- A^ where, as in the ellipse, 
m, m\ are the coefficients of a?, in the equations of two supplemental 
chords drawn from the transverse, 2A''. 

(84.) Having established these properties, let us now, as in the 
ellipse, return from oblique to the original rectangular conjugates, by 
substituting, in the equation A^^ — B^a^ = — A^ B'^ the values for 
a and y already employed at (52), and for the transformed equation 
we shall have 



A^cos.'^ali/^ — 2 A-^in.acos.a 
— B'"^cos.VI +2B'^sin.a'cos.a' 



ai'rz-A^B^sin'^CA^B^] 



a:y+A'^sin.'a 
— B^sin.Vl 
Therefore, this being identical with AV — ^^ = — A'* B?, we have 
the following equations, viz. A^ cos.'* a — B^cos.^a^ = A' (1), 
A'^ sin.« a— B^ sin.» a^=— B'(2),— A^'^B^^ sin.« [A^ B^] =— A« B'(3). 

By adding (1) and (2), A^— B^ = A'— B^ (4), thatis the dif- 
ference of the squares of any system of conjugate diameters is equal to 
the difference of the squares of the principal diameters. 

From equation (3) there results 4A' B' sin. [A^ B'] = 4AB. 
Hence, as in the ellipse, the paraUelogram constructed on any system 
of conjugate diameters is equwalent to the rectangle on the axes of the 
curve. 

These parallelograms are said to be inscribed in 
the hyperbola, as they are included between the 
two branches of the curve, the sides parallel to that 
diameter which does not meet the curve being tan- 
gents at the extremities of the conjugate thereto 
(81). The property (4) shows that if A^ = B' 
then A = B, and conversely, so that there ci 
not be a system of equal conjugates, except in the 
equilateral hyperbola, and in this, each system consists of equal conju- 
gates. Hence, in the equilateral hyperbola, all the inscribed paraUe- 
lograms axe rhombusses, but in the conmion hyperbola none are. 

(85.) It has been shown (71) that the equation of the asjnmptotes, 
when referred to the principal diameters, is «/ = i Br -j- A ; and in 
precisely the same manner may it now be shown that when any sys- 
tem of conjugates, 2A^ 2B^, are substituted for the principal diame- 
ters, the equation of the asymptotes will be v = ± B^x -r A^ 

N2 
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If, in this equation, we give to x the value A'', the resulting expres-- 
sioQ for y will be the length of the t€ingent drawn at the extremity of 
the diameter 2A'^, and terminated by the as3rmptote. This length is 
therefore ± B"", and thus we obtain a correct notion of the absolute 
length of any imaginary diameter of the hyperbola. 

Thus, if A^B^ be any transverse diameter, and 
KL, M N the asjnnptotes of an hyperbola, then 
will the tangent, T/, be the length of the diame- 
ter, C^ D^ conjugate to the former. 

It moreover follows, that all the inscribed pa- 
rallelograms having their sides parallel to a sys- 
tem of conjugate diameters, have their vertices in 
the as3rmptotes, and in the equilateral hyperbola 
the angle included by any system of conjugates is bisected by the 
asymptote. 

We shall terminate this division of the present chapter with the 
two following problems, corresponding to those abready solved for the 
ellipse. 

PROBLEM I. 

(86.) The axis and vertex of any diameter being given to find the 
length of that diameter and of its conjugate. 

Let (ar^, y',) represent the vertex of the diameter, 2A^, the length of 
which we are to determine. Then for the distance of this point from 
the centre, we have A^ = j;^ + y^' ^^^ ^7 ^^ equation of the 

curve y^ = — $/* — B^; therefore by substitution A^ = 

^!+^ a^— B^ = -^ar^ — B*=e«ar^— -m Also since A^— B^ 

= A«— B^ we have B^= e»a?^ — A«. .-.A = -/ |e»a/»— B»| 
andB' = v^5«'2:^— A«|. 

Now the above expression for B^ is the same as that for FP • FT 
in (79), hence as in the ellipse the product of the radii vectores of any 
point is equal to the square of the aemi^ameter coTyugate to thatpasS" 
ing through the point. 

PROBLEM n. 

(87.) The axes of the curve and the inclination of a system of con- 
jugate diameters being given to determine them in length and direc- 
tion. Let the semi-conjugates be A^, B^. 

Then we have firom equations (3) and (4), p. 149, 

B^=T7rAA7o7iandA^-B^ = A«-B«. 

A^sm-'LA-^jB'] 

By substituting for j3^ in the second equation its value in the first 
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we have after reducing A^* — (A' — B') A^ = 

0111. IJX J u 



•A-V^— 2 hV I 4- +sin»|-A',B'] J/ 
Having thus found an expression for A', the value of W may be 

obtained frcnn the first of the above equations. 
We have now to ascertain at what angles A'' and B^ are inclined 

to A. Let us denote the tangent oi the angle at which A"" is inclined 

B^ 

by fl, then the tangent of the angle at which B'' is inclined will be . , 

= a\ Hence, denoting the tangent of the angle [A^, B^] by «, we 

of — a B'— A*a" 
have 13 = -ri — 7 = tttt^soT-* and from this we obtain by reduc- 
l+oo^ (A'+B*)a ^ 

D3 03 

tion, the quadratic a'+(l + — g) va =-t-, which, solved, gives 

£L A. 

and this value of a is always possible, whatever be the value of v. 

The geometrical construction of this problem is analogoius to the 
corresponding problem in the ellipse, it being only necessary to de- 
scribe on the transverse axis a segment of a circle capable of contain- 
ing the proposed angle, for then £e diameters parallel to the supple- 
mental chords from the points where the circular and hyperbolic arcs 
intersect, will furnish two systems of conjugates, each including the 
proposed angle. 

Properties of the Tangent to the Hyperbola. 

(88.) It appears from (9) that the equation c^a straight line pass- 

ing through two points {a/^ y^ and (a/", y^^) is y^'==^^;rz^J<^^) ( ^ ) 

If these two points belong to an hyperbola, we must have, from the 
equation of the curve A^i/^ — B^ar^ = — A^B^ (2), and A'^i/''" 
_B/2^//9 = _ A^B'^ (3). Subtracting (3) from (2) there remains 

/. ^r — ^, = -r-i • , ; ,, • Hence, by substitution, equation (1) be- 
ar^ — ar^ A^ y''4"2/^ 

B^ a/_La// 
comes y — y' = _.__ (a:— a/). 

Let us now suppose that the points {7/^ y^0> ^^ Vi'^ ^^ identical, 
then the secant will become a tangent to the curve at the point (a:^, y*) 

and its equation wiU be y — y[ =-T7a ' y (« — a/),or A^yy'— B''a?«' 
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= — A^ B^, 80 that the equation of the tangent is obtained from that 

of the curve, as in the ellipse, by substituting yj/ for ^ and x(xf for j^. 

When the rectangular conjugates are taken for axed, the equation 

BV B'ar' 

is y — yf = -r^ {x — a/), in which the coeflicient — ^ expresses 

the trigonometrical tangent of the angle PRX, . 
formed by the tangent to the curve and the axis \ 
of ar. This angle is obviously acute or obtuse, \ p 
according as the abscissa of the point of contact y 
is positive or negative. / 

For the normal, or perpendicular, PN, to the / 
tangent, from the point of contact, P, the equation is 
AV 

To determine the length of the subtangent, MR, put y = 0, in the 
equation of the tangent, and we shall have the corresponding value of 

A' 

ar, X = OR = — which, deducted from x^ = OM, leaves 

MR = ^Ir;^'. 

or 
From the equation of the normal we readily find the length of the 
subnormal, MN. For, putting in that equation, for y, we have ON 
for the resulting value of x, and taking OM, or a^ from this, we have 

B* 

X ar' = MN = — 5 a?'. From the two last expressions we obtain 

A 
those for the tangent and normal. Thus, since PR=-v/lMR'4" 

ix^^^ A ) 
VM% we have, by substitution, PR = V V — ^-^ + V'^l or, 

In like manner, because PN = VlMN^ + PM^J, we have, by sub- 
stitution, PN = | V 1 ( 1 + ^^ ^ "" ^' ^ "^ I ^ ^"'"^ "" ^'^ * 

(89.) Collecting these several formulas together, we have the fol- 
lowing expressions. 

The equation of the tangent is ar — y" =• -vj-j (a? — x^). 

AV 
llie equation of the normal is y — / = — ^5^ (z — yf). 

The length of the tangent is T = Vl^ — ^ — ^"'"A^ (^~^')^ 
The length of the normal is N = jr{e^x^ — A»). 



since t/'« = p (:r^-A«), PR =V r ^ ' +^(^-A')^ 
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/p^ j^i 

The length of the subtangent is T, =: — -; — . 

The length of the subnormal is N, = -^ ar^. 

(90.) Since the expression for the subtangent remains the same for 
all values of B we infer, as in the ellipse, that in every hyperbola de- 
scribed upon the same axis, 2A, the subtangent is the same for the 
same abscissa. 

Had the tangent been referred to oblique conjugates, instead of rect- 
angular, the expression for the subtangent would have differed from 
that above only in this, that A^ would have occupied the place of A, 

-p/2 J^/2 

that is, we should have had T^ = -^ — , and as this is indepen- 

dent of the sign /, we conclude that from any point without an hy- 
perbola two tangents may be drawn to the curve, viz. one to the 
point {a/, y^, and the other to the point {a/^ — yO- 

That more than two tangents cannot be drawn from the same point 
is obvious, for the subtangent must vary if s/ does. 

From the general expression for the subtangent 0/ 

just given, it follows that T,a/= (jf 4- A'') (i? — 
A^}, that is, as in the ellipse, the rectangle of the 
subtcmgent and abscissa of the point of contact is ^ 1 ql^^ 
equal to the rectangle of the sum and difference of ^^.^r^"^'^^ \ 
the same abscissa and semi-transverse axis y \ 

Thus OM • M R = A^M • MB'. ^ 

(91.) If we compare the expression for the normal with that for 
the product of the radii vectores, we find, as in the ellipse that 

B^ • F'P • FP . 

N* = -T-^ , that is, the rectangle of the radii vectores of any 

point is to the square of the normal as the square of the transverse axis 
is to the square of the conjugate. 

If the hyperbola be equilateral, then N* = PP * FP ; consequently 
(84) and (86) the normal at any point of an equUaieral hyperiola is 
equal to the distance of that point from the centre. 

If B^ represent the semi-diameter conjugate to that passing through 
P, we shall have (86) FT • FP = B^, hence, by substitution, in the 
expression for N*, above A * N = B; B' ; so that, as in the ellipse, 
the rectangle of the transverse aais and the normal is equivalent to the 
rectangle of the second axis and the semi-diameter parallel to the tan^ 
gent ty 

If, in the annexed diagrsum, OC'^ be the semi- 
diameter parallel the tangent at P, then from these 
theorems we must have 

FTFP:PN':jAB»:CD«, 
and AB'PN = eDOC^ 
20 
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(92.) In the general equation of the tangent (88) if we put x = 0, 
we shall have for y the ordinate, OT, at the origin, and the equation 
wiU become OR • i/' = OT • PM = — B" = OC^; 
and if, in the same general equation, we put y = 0, we 
shall have for x the abscissa OR, and the equation then 
gives OR • a/ = OR • OM = A'" = OB^. 

Hence, as in the ellipse, the rectangle of the ordinate T^ 
at the point of contact and ordinate of the tangent at 
the centre is equivalent to the square of that semi-diameter which is 
taken for the axis of ordinates ; also, the rectangle of the abscissa of 
the point of contact and of the point where the tangent meets the axis 
of abscissas is equivalent to the square of that semi-diameter, which is 
taken for the axis of abscissas. 

If we put a; = A"", in the same general equation of the 
tangent, the resulting value of y will express the ordi-' 
nate B% which being parallel to the diameter con- 
jugate to that through B^ will be also a tangent to the A^ 
curve. If instead of A', — A be substituted for ar, we 
shall in like manner have the value of the tangent kfif ^^' 
for the corresponding ordinate. By making these substitutions, and 
proceeding as in the ellipse (63), we shall arrive at the same prq)ert j 
in the hyperbola, viz. hfif • B't = B'* = OC". 

(93.) By thus imitating the investigations already given at length 
for the ellipse, we shall find that the properties of that curve established 
at pages. 138, 140, equally belong to the hyperbola. With regard 
to the property at (66), however, when it is shown that the normal at 
any point bisects the angle formed by the radii vectores, it will be 
found that in the h3rperbola the ea;<ertor angle is to be imderstood, and 
the reference will here be to Geom, p. 208>, instead of p. 90, as for the 
ellipse. We shall now' leave the student to investigate for himself 
these remaining properties of the hyperbola, which, after what has 
. already been shown of the ellipse, he will find an easy, and, at the 
same time, an instructive exercise. In each case the diagram should 
be neatly sketched, and the disposition of the several lines employed 
compared with the corresponding lines in the ellipse. 

On the Jlayn^totes of the Hyperbola. 

(94.) It has already been seen (71), that the asymptotes, KOL* 
MON, of the hyperbola, make angles, KOB, MOB, with the principal 

transverse, of which the tangents are respectively ^ *°^~^ J ®® 

that these angles being supplements of each other, the angles, KOB, 
NOB, are equal. Let it now be required to transform the equation of 
the hyperbola, from the rectangular axes, OB, OC, to the oblique axes 
ON, OK, the new axis of x being below the primitive. For this pur- 
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pose we must employ the fonnula (2''), at p. 117, 
which, since a = t»,\ becomes for this case 

a? = (ar + y) cos. a, y = (y— a?) sin. a. 
Substituting, therefore, Uiese values for x and i(, in 
equation (6), p. 144, we have A'(y — a?)' sin.' 
a — B'(ar-i-«)'cos.*a = — A'B*. But, since 

B H* 

tan. a = -T- .•. sin.' a = .^ , ^^a ^nd cos.' a = 
A A" + J3 

A' A'B' 

.g^^-pg , therefore this equation becomes, by substitution, ^ ^ X 

(»-«)'- ;^:^. (=«;+ y)* =- A» B» that is ^-^ «y = A» B* 

.\xy=z |(A' + B') the equation of the hyperbola when referred to its 
as3rmptotes. The as3niiptotes are the only system of axes that can 
render the equation of the hyperbola of this form, in which both a^ 
and y* are absent ; this will be readily proved by taking the general 
transformed equation at (80), and determining the values of a and a', 
so that the terms involving a^ and i/* may disappear, for we shall 
then find that these angles can be no other than those formed by the 
asymptotes with the axis of x. 

Calling the angle KON, included by the asymptotes 9, we have 
from the foregoing equation, xy sin. 9 = J(A' + B^) sin. 9. 

The first member of this equation expresses the parallelogram, PO, 
contained by the coordinates of any point, P, in the curve. The 
second member is constant, and expresses a fourth of the parallelo- 
gram, ACBD, formed by joining the vertices of the principal diame- 
ters for A' + B' = AC* = AC • AD .-. J(A' + B«) sin. 9 = J- paral- 
lelogram AB ; and this is obviously equivalent to half the rectangle 
of the two principal semi-diameters. Hence we infer this remarkable 
property, viz. If from any number of points in the hyperbola lines be 
drawn parallel to, and terminating in, the asymptotes, the parallelo- 
grams so formed will all be equal to each other, and to half the rectan- 
gle of the principal semi-diameters. 

In the equilateral hyperbola, these parallelograms are all rectangles, 
and the rectangle of the principal semi-diameters is a square 

PROBLEM I. 

(95.) To find the equation of the tangent to an hyperbola when 
referred to the asymptotes as axes. 

First, let us consider a secant or line passing through two points of 
the curve (a/, ^), (o/^ y'Q, then there must exist the following equa- 



second equation the identity — ar'y''^ + ar'y^^ = 0, it may be put under 



tions, viz. y — y' = ^ — '— (x — a/), ar^y' = x^^y^\ Adding to the 
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Hence, by substitution, the equation of the secant becomes y — y^ = 

— -i-.(x_a/). If we suppose aj'sa/'and jf'sjf^', the secant will 
ar 

become a tangent, and the equation will then be y — y'= — zji^"^^) (^0 

Putting, for brevitj, m" for t/ y', or J( A'+B*), and mul- 
tiplying each side of the equation just deduced by x^, the 
equation of the tangent will appear under the more 
Bimpleformj^aZ-^-ay = 2m' .... (2). 

2m* 

In this equation let *=0, then y=OT= — 7-=2y'(3). 

2m' 

Lety = 0,thena? = OT' = — = 2ar' .... (4). 

4m* OT • OT' 

txf%jf 2 ^ 

2m' sin. 9. 

This proves that the area of the triangle formed by a tangent and 
the portions of the asymptotes intercepted between it and the centre 
is constant, and equal to the rectangle of the principal semi-diameters. 
Equations (3) and (4) show that OT = 20M and OT' = 20M', 
from either of which equations it follows tliat the tangent, TT'', be- 
tween the asymptotes is bisected at the point of contact, as we already 
knew from (86). Since OB'' bisects TT'' it must also bisect every 
line, SS', parallel to TT'.* The same line also bisects the chord 
PP'; hence SP = S' P'', that is, if any line cut the asymptotes and 
curve, the parts included between the asymptotes and curve are equal. 
* (96.) The analytical value of either of these intercepts will be ex- 
pressed by subtracting the ordinate of the curve from the ordinate of 
the assjonptote, for any proposed abscissa. Thus, if x denote the ab- 
scissa common to the two points S, P, then for the intercept SP we 

B'' B' 
have SP = -px 77^!^ — A"!, and for PS'' the expression will 

B' B' 

be PS' = —,X'\ — ; V \^ — A^'l. Multiplying these two values 

together, we have SP • PS' = B". 

Hence, if a straight line be drawn through any pointy P, m an &y- 
perbola^ the rectangle of the parts thereof intercepted between that pom 
and the asynmtotes vml be equal to the square of the paraUel semi^ 
diameter. Consequently, if any number of parallels be drawn, and 



* This might also have been inferred from the equations of the asymptoteSi 
viz. y — B'x -r A' and y = — B'x -i- A', for they show that y = — y. 
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ore terminated hu (he atymptotes^ the rtctangUs of (hit parts into which 
they are cut by the curve wiU be equd. 
We shall terminate the present chapter with the following problem; 

PROBLSM II. 

(97.) Bjiowing the asymptotes and a poiat in the curve to con- 
struct the hyperbola, and to determine the lengths and directions of 
the principal diameters. 

Let KL, MN be the asymptotes, and P the 
given point. Through the point P draw any 
number of secants, SS'', S^^ S% «; 8\ &c. to 
the asymptotes, and so many points of the 
hyperbola will then be determinable. For, if 
we make the distances S^'P^, B^^^F'\ &c. re- 
spectively equal to the distances SP'', S^^P, 
&c. the points P, P^ P'^ &c. will belong to 
the hyperbola, ctf which KL, MN are the 
asymptotes, and by thus determining a suffi- 
cient number of points the curve may be traced. 

To determine the directions of the principal diameters of the curve 
thus constructed, we shall have merely to bisect the angle 9, or KON, 
and its supplement, MOK. As to the magnitudes of these diameters 
we have, by denoting the coordinates of the given point, P, by a/, ^, 
ar^y^ = J(A' + B«),or42/y^ = A« + B« = A''|l4-(B»-T-A«)J. 

But, (71), tan. ^9 = ± (B -i- A) hence, by substitution, 4a/ y' = 

43/1/ 

A' (1 + tan.* 19), whence A' = -—; ^tt~= "^^^ l/' cos.' ^9, 

1 -J" tan. -^9 

.-. A = 2 cos. -J-9 -v/ \^y^li and B = A tan. ^9 = 
2cos.^9tan. J9y|a?'y^| =:2sin.|9 Vl^^l- 

By means of this problem we can construct the hjrperbola, when 
any system of conjugate diameters are givea For if at P, the extre- 
mity ciC one of the diameters, we draw a line parallel to the other, and 
mark on this line two points, one on each side of P, at distances from 
it equal to the parallel semi-diameter, these points will be on the 
asymptotes ; these, therefore, may be dirawn, and we shall then have 
the asymptotes and a point, P, in the curve to construct the hyperbola. 




CHAPTER IV. 

ON THE PARABOLA. 

Its Equation and Properties, 



(98.) A parabda is a curve in which any point P, is equally dis- 
tant firom a fixed point, F, and a straight line, KK^ given in position. 
Thus PFis always equal to the perpendicular, PD 
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The point F is called the fociu of the parabo- 
la, and the line KK' the directrix. The diaumce 
of ihe focus from any point m the curve is called 
the focal distance, or radius vector of that point. 

Thia curve is described by points, eis follows : 
Through the focus, F, draw the straight hne, 
GFX, perpendicular to the directrix. Bisect 
FG in A, then A will be a point in the curve for 
AF = AG. Take now any point, M, in AX, 
from which draw a perpendicular to AX, and from the focus as a 
centre, with the distance MG, for radius ; describe an arc cutting thia 
perpendicular in P, P', then P, P', will be pointa in the curve, for, by 
construction, PF = PD and P'F = P'ly. A Uke construction will 
furnish two new points, and this determination of points may be con- 
tinued till the path of the curve becomes obiioua. 

Any pOTtoon of this curve may be described by con-^ , 
tinuous motion. Thus, suppose we had to describe a 
parabolic arc, having the point A for its vertex, and F / 

for the focus ; then, having drawn the directrix, DD', ap-s ' y g 
ply to it one of the sides, DE, of a square, DEG, and to A 
the points G and F featen the extremities of a cord, equal aI f 
in length to EG ; then with a pencil, P, stretch thia cord, \ 
so that the part PG may always coincide with the side d' ^ 
EG of the square, while the other side, DE, moves along the direc- 
trix. The point P will thus describe the required curve, for we shall 
always.have FP + PG = PE +PG, and therefore always FP=PE. 
(99.) In order to determine the equation of the parabola, [see dia- 
gram, art. (98) above) let us lake the rectangular asea, AX, AY, 
originating at fhe point A on the curve. Put m for AF, and x, y for 
the coordinates of any point, P, in the curve, then FP = PD" = 
y + tiK-m)', ButPl>'=(AG + AM)'=(ra+:r)',.-.if'-l-(a>-«n)' 
= (i-|-m)' .-.I/' =^4mK (1), the equation of the parabola required. 
From this equation we get 3; = i^ -h4i»; y= V j4nM;|. 
The first of these equations shows that the curve is entirely to the 
right of the axis YAY', since the abscissas are all positive ; it shows, 
moreover, that this axis is a tangent to the curve at A, since x can 
be only when tf is. The second equation shows that for the same 
abscissa there are two equal ordinatea situated on opposite sides of 
AX, that is, AX bisects ail the chorda drawn parallel to AY. The 
, same equation shows that y will always be possible so long as x is 
positive, so that the curve extends indefinitely to the right of AY, 
both above and below AX. The point A is called the verttx, the hnc 
AX the fmnciptd axis of the parabola, and AY the principnt second 
axis. These axes are unlimited, but, as the former bisects all the 
chorda drawn parallel to the latter, it is called a diameter. 



ANALYTICAL GEOMETRT. 159 

(100.) The equation of the parabola, in terras of the principal para- 
meler^ or double ordinate, through the focus, is at once obtained from 
equation (1), for, since the distance of this double ordinate from the 
origin is m, we have, by substituting this value for x, and putting p for 
the parameter, t^ = 4m*, or 1/ = 2m = ip (2), .•. if^=px (3), th. 
equation of the parabohu, in terms of the parameter. 

From equation (2) it appears that the semi-parameter is equal to 
the distance of the focus from the directrix. 

Since, from equation (3), the square of any ordinate is equal to the 
abscissa multiplied by a constant quantity, it follows that for every 
point in the curve the abscissas are as the squares of the ordmates. , 

Properties of the Parabola^ when related to its conjugate Jixes. 

(101. Let us now transform the equation of the parabola from rect- 
angular coordinates to oblique, in order to determine, as in the pre- 
ceding curves, those systems in reference to which the equation of the 
parabola preserves the same form. For this purpose, let us substitute 
for X and y, in equation (1), the values x =z a-^-x cos. a 4- y cos. a^ 
and y = b -^-xBin. a + y sin. a'', and this equation will then become, 
after transposing, 

y^sin.* of + 2an^ sin. a sin. a'' + a:^ sin.' t + ^^ — ^P \ ^. q 
4- (26 sin. of — p cos. a^ y + (26 sin. a — p cos. a)x}~ 

Now, in order that this equation may be of the form y* = kx, we 
must have the following conditions, viz. sin. a sin. a^ = 0, sin.* a = 0, 
26 sin. a^ — p cos. a^ = 0, and 6* — op = (1), and, when these sub- 

P 
eist, the equation reduces to y* = r^ ; a? . . . . (2). 

In the foregoing general transformation we have supposed the 
origin, as well as the inclination of the axes, altered, because had the 
transformation been confined to the direction of the axes, in which 
case a and 6 would have been 0, we could never have obtained the 
form (2) for any oblique system of axes, for the conditions (1) would 
have led us back to the original rectangular system, since we should 
then have had a = 0, a'= 90°. The second of the conditions (1), 
which necessarily establishes the first, shows that the angle included 
by the old and new axes of x must be 0, that is, these axes are pa- 
rallel, o! therefore will express the inclination of the new axes, and 
this inclination, as determined by the third condition is 

tan. a^ = ^ (3); and for the value of ^ we have, by the fourth condition, 

6* = pa (4), in which equation a may be any value whatever ; hence 
6, and consequently <i\ may take an indefinite number of values, so 
that the systems of coordinates that will render the equation of th(j 
parabola of the form (2) are unlimited in number, and from equation 
^4) it is obvious that in each of these systems the origin must always 
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be on the curve, for that equation represents a point in the parabola, of 
which the coordinates are a and b, 

(102.) The form of the equation (2) shows that for every positive 
value of X there are two values of y equal numerically, but opposite in 
sign, therefore the axis of x bisects all the chords drawn parallel to 
the axis of y ; hence the axis of a: is always a diameter. From this 
and the preceding article, it follows that tdl the diameters are parallel 
to each other. The same equation shows that no part of the curve 
can be to the left of the axis of y, for y is impossible for all negative 
values of x ; moreover, since y must be when x is, it follows that the 
ajys of y is a tangent to the curve. These two axes* are tailed con-- 
jugate axes. 

(103.) Since (3) tan.« a^ = ^ .-. see.' a' = l -J- ^ 



46« ^ 46" 

a^^_ tan.'a^ _ p' _ p 

sec.* a/ 46* + 1^ ^^ + P 
r^/ = 4a +p = 4 (a+^) = 4 (a + wi). 



sm."a' = 



sm." a 




Now a-^-m expresses the distance of a point, A^ 
in the parabola of which the abscissa is a, from the 
focus. This distance, A^P, is the radius vector of the 
point A^, therefore representing it by r, equation (2) 
becomes, by substitution, y* = Arx .... (6). 

This, therefore, is the equation of the curve, related 
to any system of conjugate axes. It obviously in- 
cludes equation (1), p. 158, in which the value of r, the radius vector 
of the origin, is m. 

(104.) In article (100), it was found that the principal parameter 
is equal to 4»n, the coefficient of ar, in the equation of the curve, when 
referred to rectangular conjugates. By analogy, the coefficient 4r, 
when any system of conjugates are employed, is called the parameter 
of that diameter, which is taken for the axis of x, so that generally 
the parameter of any diameter is equal to four times the distance of its 
vertex from the focus. By equation (6) the parameter is always 
equal to the double ordinate, corresponding to the abscissa 7= r. 
We shall hereafter see that this double ordinate always passes through 
the focus. The property in (100), viz. that the ahsdssas are as the 
squares of the ordinateSy is obviously true for every system of conju- 
gate axes. 

Since, in the condition (4), a and consequently 6, may take any 
^'alue from to infinite, therefore tan. et^,in the condition (3), may take 
any value between and infinite, so that conjugate axes may exist 
inclined to each other, at any angle not exceeding a hght angle. 
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Properties of the l^angent to tiu Parabola. 
(105.) The equation of a straight line passing through two points 

{x^.y^) and (o/^ yO ^ V - V' =^^^E^^ (^-^) ' ' ' ' W- 

If the two points are on a parahola, then we must have y^ =4rx (2) 
and y'"^ = Arx"' (3) .-. {y' + y"') (/ — y"') = 4r (a?^ — x"') 

t/ y^^ 4r 

• V — ^ ~ /-L. f* ^6^^c®» by substitution, equation (1) becomes 

tf — /a-^-j — ^ (a? — tc^j which when the points (a/, y^^) and 

2r 

{pif\ y^) coincide, reduces to t^ — y' = "t (^ — ^) (4), the equation 

of the tangent. 

This equation may be simplified ; for, multiplying by y^, and trans- 
posing yjf = 2ra? — 2ra/ + ^ ; or, substituting for y"", its value in (2), 
•^ = 2rj? — 2rx' + ^rx'i .'. y/ = 2r (a; + ^) (^)' 

This equation differs from that of the curve (103) only in this, that 
If' and 2a: are here replaced by yyjf and a: + a?^. 

From the equation of the tangent we reeidily find 
that of the normal^ or perpendicular, PN, to the tan- 
gent passing through the point of contact, a/, y^ This. 

equation, in reference to the rectangular conjugates, or ^ A M N 

whenar=:w, is y — y^= — ^ (^ — ^)- 

From the equation of the tangent we may also determine the length 
of the subtangent, MR, being the distajice intercepted between the 
ordinate of the point of contact and the intersection of the tangent with 
the axis of x. For, putting, in equation (5), y =z 0, we have for the 
resulting value of x, whatever system of conjugates be employed, 
a? = — ar'.-. MR = 2x^ 

To find the expression for the length of the subnormal, MN, put, in 
the equation of the normal, y = 0, then for x we have the length, AN, 
and for x — x\ the length required ; hence x — a/ = MN = 2m. 
For the length, PR, of the tangent we have PR = V {MP* + MR»} 
= ^/\y^ + ^x^l- 2^/\mxf + x^l. And for the length of the nor- 
mal, PN = V 1 MP' + MN'I = V 1/* + 4m«| = 2 V jmaK + m«| . 

(106.) Collecting these expressions into one point of view, ifor more 
convenient reference, 

2r 

The equation of the tangent is y — y'' = — (x — a/). 

jf 
The equation of the normal isy — y' = — — {x — a/). 

The length of the tangent is T = 2 y/ {rnx' + x^l. 

21 2 
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The length of the subtangent is T^ = 2a/. 

The length of the normal is N = 2 V |ma/ -f- m*|. 

The length of the subnormal is N/ = 2m. 

These expressions lead immediately to several properties of the 
curve. Thus the expression for the subtangent at once shows that 
the suhia^ent ia alwayi douhU the abicissa for every system (^ con- 
jugate axes ; in other words, the subtangent is always bisected by the 
curve. As the same expression is independent of m, it follows that 
for every parabola having the same principal eods the subtangent 
measured on that axis is the same for the same abscissa. 

The first-mentioned property above suggests an easy and obvious 
method of drawing a tangent to a parabola, when the abscissa of the 
point of contact is ^ven. From the last of the above expressions it 
appears that, for every point in the curve, the subnormal ia constant^ 
and equal to the distance of the focus from the directrix, 

(107.) Gompemng together the expressi(»is for the tangent and 
nonnal, the subtangent and subnormal, we find that, when 3/ z^m 
that is, when the tangent passes through the extremity of the latus 
rectum, the tangent and normal are equal, as also the subtangent and 
subnormal. The equation of the same tangent, in reference to the 

principal axes is y — 2m = — (a? — m), .*. t^ = a? + m. 

ifm 

But a? -|- m expresses the distance of any point (ar, y) in the curve 
from the focus ; therefore any ordinate to the focal tangent 
is equal to the radius vector of the point where this ordin- 
ate cuts the curvCj so that the focal tangent cuts from the 
tangent J through the vertex of the principal axis^ a part 
equal to the distance of this vertex from the focus. '^ 

Thus, in the annexeddiagram, JVIN=FP, & AT= AF. 

( 1 08. ) If to the subnormal, MN^ = 2m, we add 
FM = a/— m, we have, FN = a/ + m = FP ; 
therefore the angle FPN = angle FNP=NPX^ 
that is, the radius vector and the diameter at the 
point of contact are equally inclined to the tangent. ^ 

The same property might have been derived KSTTM: 
from (106) ; for, since AR = AM = x", .-. FR = 
a/ + m = FP . . EPR = FRP = RT'X^. 

From this it appears that the points where the tangent and normal 
intersect, the axis sure at the same distance from the focus as the point 
of contact, and therefore either may be easily drawn. If X^'P be pro- 
duced to cut the directrix in D, and FD be drawn, then, since DP = 
PF, and DPR = FPR, .-. Pa bisects FD at right angles, and a is 
always on the axis, AY; for this line, bisecting FE, must bisect 
every other line, FD, drawn to ED from F ; it follows, therefore, that 
a tangent and a perpendicular to it from the focus always intersect on 
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ihe principal second axis; therefore the square of the perpendicular is 
equal to the product of the distances of the point of contact and vertex 
from the focus, that is, Fa' = FP • FA = FR • FA. 

From this property we may derive an easy method of drawing a 
tangent to a parahola from & point either within or without the 
curve. Thus, let P be a point either within or with- y 
out the curve, through which it is required- to draw a 
tangent. Draw PF, upon which describe a semi- 
circle, and through the point Gl, where it meets the 
second axis, AY, draw PGl, which will be the tan- 
gent required. 

If the point be in the curve, the semi-circle will 
meet the axis in but one point; but, if it be without 
the curve, there wiU be two points of intersection. 
For, in the former case, since FP = PD, a parallel, 
OGt, through the middle of FP must be equal to PO, and at the same 
time less than any other line drawn from O to the axis AY. In the 
latter case, the circle on FF must cut AY in another point beside Ct, 
for, if AY were a tangent to both circles at this point, the circles woidd 
touch there, which is impossible, since they meet also in F ; hence 
from any point without a parabola two tangents may be drawn to 
the curve, a fact which might obviously have been inferred from the 
expression for the subtangent, which, being independent of the sign 
of y, shows that for the same abscissa there are two tangents, the one 
above and the other below the diameter, passing through the pro- 
posed point. When the directrix is given, another means of drawing 
the tangent is suggested from (108). Thus from the given point, 
P, as a centre, with a radius equal to PF, describe an arc, cutting 
the directrix in D, from which point draw a parallel to the diameter, 
and it will cut the curve in the point of tangence. 

We shall conclude this chapter with the following problem: 

(109.) Pairs of tangents to a parabola being always supposed to 
intersect at right angles, to find the locus of the points of intersection. 

Let PD, P^D be any pair of tangents intersecting at right angles in 
D, and parallel thereto draw FQ,'', FGt from the ^ 

focus, then (108) the points d, Cl^ will be on thcjx.^ 

second axis, AY, which will divide the rectan- 
gle, FD, into two equal triangles, DGl€l^,FGlGl^ 
therefore Del, the altitude of the former, is equally 
to FA, the altitude of the latter ; hence the locus 
of D is the ddrectrix. Since D^ is a right angle, 
and the angle DPF = DPiy, and PF = PIT, 
.*. DFP is a right angle. In like manner, DFP 
is a right angle ; hence, first, the part of the tan- 
gent intercepted between the point of contact and the directrix^ sfuhtends 
a right angle at the focus; second, the line joining the points ofcot^ 
tad ofperpendicular tangents always passes through the focus. 
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CHAPTER V. 

ON POLAR COORDINATES. 

(110." Ir order to determine the analytical representation of a 
curve line, our object has hitherto been to obtain an equation between 
the rectilineal coordinates of any point in it. But besides this method 
there is another, and which consists in first assuming a point upon a 
fixed straight line, and then determining the position of any point in 
the curve, by means of an equation between its distance from the 
assumed point and the angle formed by this distance and the fixed 
line. The assumed point is called the ^poU; its distance firom any 
point in the curve the radius vector ; and the radius vector, together 
with its angle of inclination to the fixed line, are called the polar co- 
ordinates <^ the powi. . ^ 
■ Thus assuming the point A on the fixed line, AX, 
as pole, then the polar coordinates of any point, P will 
be the radius vector AP, and the angle PAX. 

To deduce the polar equation of a curve firom the 
rectilineal is an easy operation ; Thus : a^ 

Let P be a point in a curve related to the rectangular axes AX, 
AY, then AM, MP will be the coordinates of this point ; but, if the 
same curve be related to polar coordinates, A^ being the pole, and 
A^X^ the fixed line, then will the coordinates of the y 
same point be AT' and PA'X'. Draw A'X'^ parallel 
to AX, and denote the radius vector, AT, by r, the 




fl^^^r 



angle PA^X'' by w, and the angle X^AX^' by a, then^ . . 
the angle PA'X'^ will be w -f- a. Let, also, a, b re- B fe ^ 
present the rectangular coordinates of the pole. Then, since, AM = 
AB + AU, PM = A'B + pa, and AU = AT • cos. PAU ; Pa 
= AT • sin. PA^a, we have, .by substitution, x = a 4* ^ ' cos. (w+ 
a) ; y z= b + r ' sin. (w +a) (1); therefore, by substituting these va- 
lues for X and y, in the primitive equation of the curve, we shall obtain 
the transformation desired. 

If A'X'' is parallel to AX, then a = 0, and the preceding formulas 
become x = a'\'r ' cos. w ; y = 6 -f- r • sin. w . . . . (2). 

If the pole coincide with the origin of the primitive axes, and the 
original axis of j?be taken for the fixed line, then, in the last formulas, 
a and 6 are 0, so that, in this case, or = r cos. gj ; ^ = r sin. cj (3). 

Let the curve proposed be a circle, of which A, the origin of the 
rectangular axes, is the centre, then the equation, in reference to 
these axes, is a:* -[-!/' = ^^ ^^^ ^^® P^^^r equation, in its most gene- 
ral form, is found, by means of formulas (1), to be 

r» + 2r (6 sin. [w + a] + a cos. [«■+«]) + o' + 6« = R^ 

We shall now proceed to determine in succession the polar equa- 
tions of the three other curves. 
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PROBLEM I. 

(111.) To find the polar equation of the ellipse, either focus being 
the pole. 

Let F be the pole, and AB the fixed axis ; then 
the coordinates of the pole are, in this case, a=:zc 
= Ac, 6 = 0; therefore the formulas (2) become A( 
a? = Ac + ** cos. w ; y = r sin. cj ; these substituted 
for X and y, in the equation of the curve, 
jf' = (1 — c*) (A'* — a^), transforms it to 

• r'sin.^w = (! — «') [A«--(Ac+rcos. uf] 
= (1 — e*) [A(l + c)+rcos. w][A(l — c) — rcos. w] 
= A' (1 — c^f — 2 Ac(l — c^) r cos. w — (1 — c^cos.^w, 
or, since r^ sin.'' w = r^ — t^cos.'^w, we have, by substitution, trans- 

^ , , 2Ac(l— c^)cos. w A^'Cl— e»)2 

position, &c. r -] r^ j — S ^ = -^ — -T~i — 

1 C* COS. (J 1 c'* cos.' 6J 

rjru' J X- 1 J • ±A(1 C') Ac(l c')COS. W 

This quadratic, solved, gives r = ^ --^ — = V 

1 r COS.'* w 

== A (1 -.c») ±1— gcos.(^ 

(14-«C0S.W)(1 CCOS. 6J) 

= A-— ^^ or — A > . . . . (1). 

1 -|- C COS. CO 1 C COS. w } 

It hence appears that there are two values of r measured in oppo- 
site directions, for the first value is essentially positive, whether u be 
acute or obtuse, since both c and cos. cj are always less than 1, and 
for like reasons the second value is essentially negative. These two 
values therefore represent the two portions into which the focus divides 
the focal chord, inclined at the angle cj to the major diameter. 

If we disregard the signs of these portions, and consider only their 
absolute lengths, we shall have no occasion for the second expression, 
since it will then be included in the first, provided we conceive the varia^ 
ble angle w to go through all the degrees of magnitude fi-om 0^ to 360', 
while the radius vector revolves round the pole.* With this condi- 

tion, therefore, r = A-— ^ J (2), is the polar equation of the 

1 -^ e cos. u) / 

ellipse J when the focus is the pole. 

The equation would have been similar if the other focus had beeu 
taken for the pole. 

The polar equation would have been obtained more expeditiously 
by employing the expression already found for rat (47), aiid substi- 
tuting therein Ac -f- r cos. 6j for or, as upon trial the student will find. 

* Thus the angle BFT' will be a re-entrant angle equal to 180^ -fv. 



I 
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PROBLEM II. 



(112.) To find the polar equation of the ellipse, when the centre is 
the pole. 

The solution of this problem is left for the student to perform. If 
the radius vector be denoted by r', and the variable angle by u\ the 
equation will be r^ = Av/ 1(1 — e«) -r (1 — «" cos.« u') I . 

PROBLEM III. 

(113.) To find the polar equation of the hjrperbola, either focus 
being the pole. See the diagram at p. 141. 
. We shall solve this problem by the method indicated at (111). 

Taking F^ for the.pole, put w for the angle PF^X, then (79) we 
have r^ex-^A ; hence, substituting for x the value given in formula 
(1), where a==~'C= — Ae, and 6=0, there results r=6r cos. u — 

Ac«+A.-.r(l-«cos.w)=— A(e«— 1). .-.r=^A , ^^"^J J- J (i). 
' 1 — ecos.6J y 

If the other focus had been taken for the pole, Ac would have been 

positive and A negative (79) so that, in the value of r A would have 

e*— 1 \ 

been positive, that is, we should have had r = A - — ? . . (2) . 

^ 1 — c COS. u y 

In this case, however, it is customary to employ not the angle PFX, 

but its supplement, PFB=180' — w, the cosine of which is — cosw; 

hence, putting w^ for the angle PFB, the last equation becomes 

r = A —7 } (3). If, in these equations, w, and w' be negative, 

l+«cos.w' } ^ ' ' 

the value of r will remain unaltered, because the cosine of a negative 

arc IB the same as the cosine of a positive arc ; hence the whole of the 

branch PBp is represented by the equation (1) or (3), according as the 

pole is at F'' or F. If we transpose the poles, and then consider the 

angles u, and cj^ measured in the opposite directions to those above, it 

is obvious, from the symmetry of the two branches, that the same 

equations will characterize the other branch of the curve. 

PROBLEM IV. 

(1 14.) To find the polar equation of the hyperbola, when the centre 
is the pole. 

By substituting r^ cos. eo for Xj and r^ sin. u for y, in the equation 
of the curve, the expression for the radius vector will be found to be 
f^ = A VK**— l)-T-(«'cos.»w — 1)|. 

PROBLEM V. 

(116.) To find the polar equation of the parabola, the focus being 
the pole. 

Put w for the angle PFA, then cos. PFM = — cos. w. Hence we 
ehall have to substitute in the equation ^ = 4mx of the curve m — 
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r COS. 6J for a;, and r sin. u for y^ which, after substituting 
1 — cos' 6j for sin.' ca, transforms it to (1 — cos.' w) r* + 
4f» cos. &> r = 4m' 

— 2m cos. w ± V ^ 4m' cos.' 6j-f4m' ( 1 — cos' w) J 

1 — cos. w 

2m ( — cos.wil) 2m 2m \ 

= — 1 8 '^ •'•*'= rn or — r > . . . (1). 

1 — cos.'w 1+cos.w 1 — C0S.GJ) ^ ' 

The first- of these expressions is always positive, and the second 
always negative. The first denotes FP, and the second FP'. The 
second expression is included in the first, abstracting from the sign, 
provided we conceive the angle dj to pass through all stages of mag- 
nitude fi-om to 360®, while the radius vector revolves round the pole, 
since then the sign of cos. u will change as soon as the radius vector 
descends below FM. We may here remark that, by adding together 
the two values of r, in equation (1), we obtain for the absolute length 

/. ^ , , , ^^, 2m , 2m 4m 

of any focal chord PP' = --i }-- = -r-s- . 

1+cos.w 1 — cos.w 8m.'*w 

This expression is identical with the coefficient oix^ in equation (2,) 
p.. 169 ; we may now, therefore, infer the property alluded to in art. 
103, viz. that in the parabola the parameter of any diameter is alimys 
equal to the double ordinate passing through the focus. 

(116.) If from the focus there be drawn a perpendicular to the 
radius vector of any point to meet a tangent to the curve at that point, 
the part intercepted ia called the polar subtangent of the curve at that 
point. We have already seen (108) that, in the parabola, the locus 
of the extremities of the polar subtangents is the directrix. Let us 
now investigate the locus when the curve is the ellipse or hyperbola. 

First. In the ellipse, the equation of FP, 
passing through the two points ( — c, 0) and £ 

{-^,y^,isy=:-^ix-c) (1), OX, OY,"' 

originating at the centre, being the rectangular 

axes. The equation of a perpendicular to this line through the point 

F or ( — c, 0) is y = — -p — (a? — c) (2). Now, in order to find the 

abscissa of the point in which this last line intersects the tangent 
through P, we must equate y in the equation A^y^y-\-B'^x'x = 
A'B^ (3) of the tangent, w:ith its value in equation (2). We shall 
then find, upon reduction, for the abscissa sought, x = OEK = A' -i- c 
= A -r « (4), This, being a constant quantity, shows that the locus 
of the extremities of the polar subtangents is a straight line, perpeiir 
aicular to the major dtomWer, and at the distance A -—e from the centre. 
By analogy to the parabola, this line is called the directrix of the 
ellipse. There are obviously two directrices to the ellipse at equal 
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distances from the centre, for if the semi-ellipse ADC be conceived, to 
revolve round the axis, CD, till it coincide with the other semi-ellipse, 
taking the directrix along with it, this latter line will necessarily pre- 
serve its same distance from the centre. 

If the radius vector, PF, be produced to P^, then a tangent through 
P^ must intersect that through P in Jy\ because the polar subtangents 
of the points P, P^ are both meastured on the same Ime, viz. FD^''. 

From the expression (4) we may infer that the distance of any paint 
in an dlipsefrom the focus has a conatani ratio to the distance of the 
same poinifrom the directrix. For the distance of any point in the 

A^ j\ 2 w 

curve from the directrix is x = and its distance^ from 

e e 

the focus is (47) A — ear, and these expressions are to each other as 

1 is to e. Because e is less than 1, the distance of any point in the 

ellipse fronkthe focus is less than its distance from the directrix. 

Second. In the h3rperbola, the equation of FD, per- ? 

pendicular to the radius vector FP, is, as before, 

C ^"" x^ 

y = — - — (x — c), and, if we substitute this value of 

y in the equation A'y^y — Wxfx = — A'B* of the 

A* A 

tangent we shall obtain for x the value a? = — = — 

' c e 

hence, as in the ellipse, the locos sought is a straight line perpendicur 
lar to the transverse axis. This line is called the directrix of the hy- 
perbola. There are here, as in the ellipse, evidently two directrices 
one for each branch, and because here ey I each directrix is situated 
between the centre and the branch to which it belongs. 

If FP be produced to P', the tangent at P^ must meet that through 
P on the directrix, as in the ellipse, and for a like reason. Comparing 
the expression for the distance of any point in the curve from the 

directrix, viz. z = with ex — A, the distance of the 

e e 

same point from the focus, we find that their ratio is constantj viz. as 

1 to c; e being 7" 1, the distance of any point from the focus is greater 

than its distance from the directrix. 

From what has now been said, we may define the directrix of 
either of the three curves to be the locus of the extremities of the polar 
subtangents^ or else as the locus of the intersection of pairs of tangents 
at the extremities of the focal chords. In ^e parabola, the distance of 
any point from the focus is equal to its distance from the directrix, but 
in the ellipse it is less, and in the hyperbola greater. 

(117.) By referring to the value of p, the principal parameter in 
each of the three curves, we find that m the ellipse Jp = A (1 — e\ 
in the hyperbola ip = A (c* — 1 ), and in the parabola ^p = 2m ; 
hence, by substituting Jp for these values in the polar equations of the 
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respective curves, they will then all heoome coiiaprehended in a single 

equation, viz. r = . ^^ . If we suppose r produced to meet the 

1+ecos.w 

curve again below the principal axis, we shall have the value of r^, 

the radius vector of this second point, by changing w into 180* + "> 

that is r^ = ^ . Hence, for any focal chord, we have 

1 — e COS. w 

r + r^ = ~ — 5 — also »y = - ^ — =— consequently 

' 1 — c^cos.^w 1 — ircos.*w 

(r -f- rO p = 4r/ .-. — j---t = ^p ] hence focal chords are to each 

Other as the rectangles of the parts into which they are divided by the 
focus, likewise half the principal parameter is always an harmonical 
mean between the parts into which any focal chord is divided by the 
focus. 

The three sections now completed comprise the first principal divi- 
sion of this work. It embraces a pretty comprehensive treatise on the 
conic sections, as the curves we have been discussing are usually 
called, for reasons to be hereafter given. In a future chapter will be 
thrown together several interesting and very general properties of these 
curves, which we could not conveniently revert to in the preceding 
articles. 



SECTION IV. 



CHAPTER I. 

ON THE LOCI OP INDETERMINATE EQUATIONS OF THE SECOND 

DEGREE, 

(118.) We have already seen that each of the curves whose pro- 
perties have now been investigated is analytically represented by an 
indeterminate equation of the second degree, and we now propose to 
show, conversely, that every indeterminate equation of the second 
degree is geometrically represented by one or other of these curves. 
We shall do this by first showing that any equation whose form 
agrees with that characterizing one of the preceding curves, must 
have that curve for its locus, we shall afterwards prove that any in- 
determinate equation of the second degree, of whatever fonn, may be 
transformed to one or other of those particular forms already shown 
to characterize lines of the second order. 

22 P 



170 



ANALTTICAL GEOMETRT. 




(119.) First, let us seek the locus of the equation Mf + 'Sa^ ==- 
P (1), agreeing in form with the equation of the ellipse, M, N* and 
P bemg positive. 

Assiune a system of rectangular axes, 
XX^ YY', in reference to which the 
locus of ( 1 ) is to he constructed. Then, 

P 
since for, jf = we have « = ± V j^> 

P 

and for a? = we have y = ± V^r^, 

M 

If we make OB, OA each equal to 

V(P -T- N), and OC, OD each equal to V(P -t-M), the points, A, 

B, C, D, thus determined will be those in which the locus cuts the 

axes. Let us now represent V (P -t- N), that is, the abscissa OB by 

A and V(P -r M), or the ordinate OC by B, then we shall have 

P P 

N = -rs, and M = ^gj, and equation (1) will become, by substitution, 
A 15 

J j' + p a? = P, or Ay +B«*» = A»B» (2.) 

Let us now suppose that upon the lines AB, CD, as principal dia- 
meters, an ellipse is constructed ; we know that this ellipse is analy- 
tically represented by equation (2) ; in other words, that it is the locus 
of equaticm (2). But equations (1) and (2) are identical ; hence the 
same curve is the locus of equation (1). We have here proceeded 

P P 

upon the supposition that V,^ ^vZ-mror MyNjif, however, this be 

not the case, but N y M, then, putting X" for y", and Y* for a:^, in 
equation (1), it would have become NY' + MX' = P, which equa- 
tion we should have shown, as above, to be the analytical representa- 

P P 

tion of the ellipse constructed on the axes 2 Vrr ai^d 2 V^tt* 

M N 

Secondly. When M=N, equation (1) reduces to y'-J-ar' 

p 
= (P -r N) which represents a circle whose radius ^=^. 

To express the distance, c, of the centre of the ellipse, which is the 
locus of equation (1), from the focus, we have 

A' = j^, B' = -Tji .-. A' — B' = c" = — L^ — f. Liet us now sup- 
pose that the equation proposed is My' — "Na^ = — P (3) agreeing 
in form with the equation of hyperbola. In this case for e 

p 
y ~ we have x= ± ^=r^ and for a; = we have 

P 

y = 3: V *- iTr hence the locus of (3) cuts the axis of 
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X in two points, equally distant from the origin, but it does not meet 
ike axis of y. 

P P 

Let V tS3 be represented by A, and V — -jr? by ^^Z — B*, then N= 

P P 

--5 and M = ^ ; and equation (3) becomes, by substitution, &c. 

|ls^— ;5^ = — PorAy — BV = — A»B«..,.(4). 

p 

If, now, upon the principal diameters, AB = 2 ^^^ ; or 2 A and 

p 
CD = 2 ViTf ; or 2B, an hyperbola be supposed to be constructed, it 

will be analytically represented by the equation (4), that is, this curve 
will be the locus of equation (4) ; ther^ore, since equations (4) and 
(3) are identical, the hyperbola is also the locus of equation (3). 

If, in equation (3), P had been positive, instead of negative, the 
locus would still have been an hjrperbola, for then by putting X* for 
y^j and Y^ for a:*, the equation becomes, by changing the sides, — P = 
NY* — MX*, the locus of which has just been shown to be an hyper- 
bola. The distance, c, between the centre and focus of the hjrper- 
bola, which is the locus of equation (3), is found, as in the preceding 

, P(M + N) r^. ,, r ^^ 
case, to be c = ± V — yrjrf^ — -• Thirdly. Let the equation to be 

constructed be ^ = 0,2: (5), corresponding in form to the j> 
equation of the parabcda. Then from the origin O of the 
given rectangular axes take two distances, OF, OG, each € 
equal to }Qi ; then, having drawn the perpendicular, GD, i -^.^v 
if on the proposed axes a parabola be described, having F for its focus, 
and GD for its directrix, its equation will obviously be identical with 
equation (5), the locus of this equation is therefore a parabola. 

(120.) It must here be remarked that the generality of the forego- 
ing conclusions is not in the least diminished, because the axes to 
which the several loci are referred have been supposed rectangular. 
For, if they had been in each case oblique, we might, by employing 
the formulas at (38), have obtained the equation of the same locus 
for rectangular axes, after which we could, as in articles (48,) (80), 
&c. have so determined the angles a and a^ as to liave preserved the 
form of the equation unsJtered. 

It must be further observed that if, in equation (1), P be supposed 

negative, the locus will not be an ellipse, but an imaginary curve, 

since the general value for any ordinate is in this the imaginary ex- 

N P 

pression, y = V ( — irr-aJ* — ttt). This imaginary curve, as also a 

circle, and a point, all arising from eouation (1), under different modi- 
ficatious, are called varietUt of the empae. 
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By supposing N as well as P negative, in Equation (1), this equa- 
tion becomes identical with. (3), characterizing an hyperbola. II 
will not however represent an hyperbola, if P = 0, but a system of 
two straight lines intersecting at the oiigin, for any ordinate of the 

N 
locus will then be, y = ± ^ -zrzx; bo that the varieties of the hyper^ 

bola are an equilateral hyperbola, or a system of two intersecting 
straight lines. The equation (5) of the parabola ftimishes no variety ; 
the change in the sign of CI merely changes the position of the curve 
from the right to the left of the axis o^y. 

(121.) It has been shown (44) that the equation of the ellipse, in 
terms of the parameter,' the origin being at the vertex, is y* = px — 

P 
-~ J7*. If in this equation, we suppose A to increase indefinitely, 

while p, or the value of 26* -r- A, remains constant, it is plain 

that the coefficient -^r- will continually diminish, and wDl at length 

vanish, when A becomes infinite, that is, the equation will then be- 
come ^ =par, agreeing in form with equation (6), above, which be- 
longs to a parabola. It follows, therefore, that the parabola may be 
considered as a species of the ellipse, since it is the form the ellipse 
takes, when the major diameter becomes infinite. Considering the 
parabola in this light, several properties of it established in sect. iii. 
chap. iy. might have been deduced fi-om the properties of the ellipse. 
Thus, for instance, since it was shown in (66) that the locus of the 
intersection of tangents to the ellipse, with the perpendiculars drawn 
to them from the focus, was the circumference of a circle described on 
the major diameter, we might have inferred that, when the centre of 
this circle became infinitely distant from the vertex, A, any infinite 
portion of the circumference might be considered as a straight line ; 
and have thence concluded that the locus becomes a straight line, 
when the ellipse becomes a parabola. As, however, this mode of 
deduction is both objectionable and unnecessary, we have in no in- 
stance thought proper to resort to it. Many of the properties of the 
parabola demonstrated in that chapter have been established, by inde- 
pendent processes, in a manner much more simple than the corres- 
ponding properties of the ellipse ; on this account, therefore, it would 
have been wrong to have made them depend upon these latter. The 
property here referred to is an illustration of this remark. 

(122.) We now proceed to show that the locus of every indeter- 
minate equation of the second degree, containing two variables, can 
be no other than one of the curves already considered. The proof c^ 
this will be established, provided we can show that the general equa- 
tion At/* + RFy+Car*-f Dy + Ear + F = (1), may always be 
transformed into another, either of the form Mi^-|-Na:'=P, or ^=Q,x 
by merely altering the axes to which the locus of (1) is referred. 
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It is obvious that we are at liberty to consider (1) as the equation 
of the locus, in reference to rectangular axes, since, if the axes were 
oblique, we should, by employing me formulas (4), p. 117, be able to 
transform the equation into anoQier, referring the curve to rectangu- 
lar axes ; and, as this transformed equation would have the same form 
as the primitive, we may therefore consider equation (1) as the result. 

1. To remove the Term containing the Product of the Variables. 

For X and y in equation (1) substitute the values 

X = arcos. a— y sin. « I /2) by means of which values we pass 
y = x sm. a + y cos. a J ^ ' ^^ *^ 

from one system of rectangular coordinates to another, having the 
same origin. The result of this substitution is 



A COS.* a 
— Bsin. acos. a 



Csin.5 



a 



+ D COS. «3t 

— E sin. a 



y + ^ sin. a 
Ecos. a 



^ -f" '^'^ sin. a COS. a 
B COS.* a 
— B sin.' a 
— 2C sin. a cob. a 
a:-fF=:0 



ary + A sin.' a 

B sin. a cos. a 
C COS.* a 



a» 



}(3). 



Now the value of a is 



arbitrary; we may therefore assiune it of such value, that the second 
term of the transformed equation may vanish ; this value will be deter- 
mined by the equation, 2 A sin. a cos. a + B cos.' a — B sin.' a — 
2C sin. a cos. a = 0, or (A — C) 2 sin. a cos. a + B (cos.'a — sin.' a) 
= ; which by substituting sin. 2a for 2 sin. a cos. a and cos. 2 a for 
COS.' a — sin.' a, becomes (A — C) sin. 2a + B cos. 2a = 0, from which 

B ^ 

*we obtain tan. 2a = — -- — p^j I . . . . (4). 

A— O ) 

If, therefore, in the formulas (2), we give to the angles a a value such 

that the tangent of double that angle may be that number — -r — ^ , 

no term containing ocy can appear in tlie transformed equation. This 
term, therefore, is removed, by changing the directions of the rectan- 
gular axes, and the transformed equation then takes the form 
M^ + Nai' + Ry-f Sx + F=:0 .... (6). 

II. To remove tlu terms containing the first poioer of the variables. 

For X and y in equation (5) substitute the values 
X = a -)- or, and y = 6 -)-y. By means of which the locus of (5) will 
become referred to new axes, parallel to the primitive ; equa,tion (5) 
will be transformed to 
My' + Na:' + 2M6y + 2Na2; + Mi^4-Naf» + R6 + Sa + F = 

R S 

in which equation, in order that the terms containing x and y may dis- 
appear, there must exist the conditions 2M6+R=0,and2Na4-S=0, 

■p g 

which give 6 = — -^^ and o = — j-^^» These values of a and b^ 



2M 



2N 



P2 
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therefore, reduce equation (6) to the form My* + N*c* = P, P being^ 

put for— M^— No^ — RA — Sa — F. 

(123.) We have here proceeded upon the suppOBition that neither 

of the terms M/, Nz' is absent from equation (5). If, however, one 

of these, as Njt, is absent, that is, if N = 0, then the coefficient of x, 

in thC'transformed equation, will be simply S, and consequently the 

term containing the first power of x can in this case vanish only when 

S = 0, that is, when it is also absent from equation (5). If then this 

term be not absent from equation (5), neither can it be removed from 

the transfcMmoed equation when N = 0. We can, however, in this 

case, remove the term which is independent of the variables, for when 

N = this term is M6*+ R6 + Sa + F, and, in order to find what 

value must be given to the arbitrary quantity, a, that this expression 

may be 0, we must determine a from the condition Mb* -{-Rb-i- Sa-f- 

Mft' + Rft + F 
F = 0, which gives a = ^-^ — - — , with this value of a, 

R 

therefore, and the value — ^^ for 6, equation (6), in the case pro- 
posed, is reduced to the fcmn M^-f" ^^ = 0, or ^ = Qjr, Q, being 
put for — (S-^M.) 

If we had supposed M = 0, instead of N = 0, the resulting equa- 
iioa would have been Na:* + Ry = 0, agreeing with the farmer in 
form, when the axes are transposed. 

We cannot suppose that, in equation (5), both M = and N = 
at the same time, or, which is the same thing, that the three first 
terms vanish fit)m equation (3). F(»r, from inspecting the coefficients 
of these terms, it is obvious that the first and third cannot vanish, 
unless A = — C, and B = 0, and upon this supposition the second 
term must remain, imless we moreover suppose that A and C are 
both 0, when equation (1) will no longer be of the second degree, but 
of the first, which is contrary to the hypothesis ; so that the supposi- 
tion of both M and N disappearing from equation (5) is inadmissible. 

Kl>oth the first and second powers of one of the variables, as Sx 

and NaT*, are absent from equation (5), then the form of that equation 

is Ml/* -\-Ry + F = 0, which is no longer an equation containing 

two variables, and represents not a curve, but a system of two parallel 

straight lines, for thete are two constant values for each ordinate, viz. 

R 1 
y = — Tji^ piTf V 1 R' — 4FM I . The two parallels characterized 

by this equation coincide, if R' = 4MF, and they become imaginary, 
if 4FM y R^. This variety of the general equation, arising from the 
supposition that N = and S = 0, in its transformed state (6), is 
considered as a variety of the parabola, because, in the equation oS 
this curve, N is always likewise 0. 

(124.) We have now shown that every indeterminate equation of 
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the second degree, containing two variables, may, by means of a 
double transformation of coordinates, be always reduced to one of the 
forms M^/* -|- Na;* = P, or y* = da?, except in the particular case, 
where the removal of ccy by the first transformation takes away also 
the terms containing the first and second powers of one of the varia- 
bles, in which case, the locus is a system of parallel straight lines. 
Hence the locus of (1) can be no other curve but one of the three 
already discussed, that is, this locus must be either. An ellipse, hav- 
ing for varieties a circle, a point, or an imaginary curve. An hyper- 
bola, having for varieties an equilateral hyperbola, or a system of two 
straight lines, intersecting at the origin. Or a parabola, having for 
varieties a system of two parallel straight lines, a single straight 
Hne, or two imaginary straight lines. 

It is of importance to be able to ascertain readily when any equa- 
tion of the second degree is given to which of the three curves it 
belongs. The following process will lead to a criterion for this 
purpose. By adding and subtracting the values of M and N, and 
substituting, in the first result, 1 for sin.^ a + cos.* a, we have 
M = A cos.' a — B sin. a cos. a + C sin.* a 
N = Asin.*a-4-Bsin. acos. a + Ccos.*a 



M+N= A 
M — N = (A — C) (cos.'a — 8in.*a) — B2sin. acos.a 
= ( A — C) COS. 2a — B sin. 2a. 
If, in this last equation, we substitute for cos. 2a, sin. 2a, their 

values in terms of tan. 2a = —, which are 

A — \j 

A— C . — B 

consequenUy, M = i[( A + C) ± V K A — C)" + B»]l 
N = i[(A + C) =F V|(A-C)'+B'n. 
By multipl3ring these two expressions together, we have 
M • N = i[(A + C)*— |(A— C)* + B«n = i(4A • C — B«). 
From this equation it follows that M and N must have the same 
sign, so long as 4A • C A B*, that they must have different signs, 
when 4 A • C Z. B*, and that one of these coefficients must be 0, when 
4A • C = B*. Hence the general equation of the second degree, cha- 
racterizes, when 

B* — 4 A • C Z 0, the ellipse, and its varieties ; 
B* — 4 A • C ^k, 0, tBe hyperbola, and its varieties ; 
B* — 4A • C = 0, the parabola, and its varieties ; 
From the equation M-^-N = A+Cit follows, that, if A = — C, 
then M + N = 0, that is, M = — N ; the equation, therefore, de 
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notes an equilateral hyperbola. Since, when the general equation 
belongs to the parabola and its varieties, there must be B' = 4A * C, 
the preceding expressions for M and N become, in this case, 
M = ir(A + C) ± (A + C)]=A + C,orO, 
N = i[(A+C) qi(A + C)] = 0,orA+C. 

The upper sign of the quantity, ± Vl(A — Q' + B*}, which 
occurs in the general expressions for M and N, is to be used when B 
is negative, and the lower sign when this coefficient is positive. For 
the sine of an angle being positive, whether the angle be acute or 
obtuse, it follows &at the above quantity which forms the denomina- 
tor in the expression for sin. 2a, above, must agree in sign with the 
numerator. 

(125.) Having thus determined the coefficients, M, N, of the equa- 
tion My* + N;r' + Ry + Sar + F = 0, we may thence obtain the 
values of R and S. We shall, in order to do this, have to substitute 
for sin. a, cos. a, in the coefficients of x and y, in equation (3) their 

, ,l-|-cos. 2a ,1 — COS. 2a 
respective values cos. a = V — ■ » ^m, a =s V 

and, as cos. 2a has already been expressed in terms of the coeffi- 
cients of the proposed equation, we shall thus obtcdn known values 
for all the coefficients of tiie above equation, which may then be sim- 
pUfied by art. (122) or (123). When the locus of the proposed equa- 
tion is not a parabola, that is, when B* — 4 AC Zl 0, it is plain, from 

the foregoing expressions for cos. 2a, that the above values of cos. a, 
sin. a, will be rather complicatad, much more so than when the locus 
is a parabola, or when B^ = 4AC, since the expression for cos. 2a 
becomes then free from radicals. On this account it will be found 
more convenient, when we have actually to construct the equation in 

the cases B' — 4AC= ZJ 0, first to remove the terms containing 

the first power of the variables and afterwards to remove that con- 
taining their product. The two curves comprised in these two cases 
are called central curves, to distinguish them from parabolas, wliich 
have no centre, their diameters being infinite. We shall now proceed 
to determine formulas for the construction of central curves, by re- 
versing the order of transformation before used. 

Construction of Central Curves. 

(126.) Resuming the general equation, 

Ay« + Ba^-f Car» + D.y+Ex + F = 0...(l), 
Let us remove the origin of coordinates, by means of the formulas 
xs^a-^x^y^^b-^-y^ and the transformed equation becomes 
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Ay'+Ba:y+C2;«+2A6 y+2Ca x+Ab^+Bab+Ca'+m+Ea+F=0. 

Ba B6 
D E 

In order that the terms containing a; and y may disappear from this 
equation, we must have the conditions 2A6 -f- Ba -{- D = (2), and 

or . m LT7 A/Qx 1, 2AE — BD ^ 2CD— BE 

2Ca + B6 + E = (3), whence a = _g^-_--_ , b = ^—j^ 

These values of a and 6 therefore reduce the transformed equation to 
the form At/* + Ba:y + Cx» + F" = (4), of which the three first 
coefficients are the same as those in the primitive equation, and where 
F' = A6« + Bab + Ca« + D6 + Ea + F. This expression for 
F^ may be simplified by means of the conditions (2) and (3), for, 
multipl3ang the first by 6, and the second by a, we have for their sum 
2A6' + 2Ba^ + 2Co^+ D6 + Eo = 0, 

... Ab^ + Ba6 + Ca» = - ?^^ ... F^ = F + ^^^ 

« 2 

The transformation just employed brings the origin of the axes to 
the centre of the curve, for equation (4) ^t11 remain unaltered, if for x 
we substitute — a?, provided we at the same time chatige y into — y, 
so that, if (a/yO be one point in the curve, ( — x', — y^) wiU always 
be another, and the line joining them will obviously pass through, and 
be bisected by, the origin ; as, therefore, the ongin bisects all the 
chords passing through it, it must be at the centre. Equation (4) is 
therefore the general equation of central curves, when the axes origi- 
nate at the centre, and have any inclination whatever to each other. 
Had we known that the ellipse and hyperbola were the only curves 
coming under this denomination, the same thing might have been in- 
ferred Srom the general equations of them in (48) and (80). Although 
equation (4) is entirely independent of the inclination of the axes, yet, 
for simplicity, we shall, as in the former mode of transformation, con- 
sider the axes as rectangular. To pass from these to the axes of the 
curve, we shall have to remove from equation (4) the term containing 
ary, by a transformation which has in (122) already been effected for 
the general equation, with which equation (4) agrees when D ^ 0, 
E = 0, and F = F'' ; so that the transformed equation (5), at p. 173, 
will here be My* + Na?* + F'' = : hence, putting P = — F^, we 
have, finaUy, Mf+N^ = P (5). 

(127.) we may now, for more convenient use, collect together the 
formulas to be employed, in order to transform an equation from the 
form (1) to the form (5), in those cases were B' — 4AC Z 0, or B* 
— 4AC A 0. 

1. PrOPOSBD EQUATION OF THE CURVE. 

Af + Bxy + Ca^+By + Ex4. F = 0. 
23 
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1. Farmulaa lo ht employed for remofmg the terms Di/, Eo?. 

2AE--^BD 2CD — BE ^,_^ ^ Db + Ea 

*- B'--4AC' B«-4AC» "■ "•" 2 

II. Resulting Equation, 

The ori^ of the rectangular axes being at the centre, 

2. Fortwukufor the removal of the term Bxy, (see art. 124). 
tan.2« = -.j^, M = 1[(A + C)±VUA-C)» + B«|], 

N=:l[(A + C)q=V|(A-C)« + B»n,P = -F. 

III. Resulting Equation, 

The axes being the principal diameters of the curve Mf + Na:* = P. 
Since P = — F^, it follows from (120), that, when F' = 0, the locus 
will be two intersecting straight lines, iif B* — 4 AC > 0, and a pomt, 
if B* — 4AC < 0. In the case B^ — 4AC Z. 0, the locus will be an 
imaginary curve, provided F^ be positive. 

EXAMPLES. 

(128.) 1. Construct the locus of the equation 

y — 2ary + 3ar' + 2y— 4a?— 3 = 0. 
Comparing this with the general equation (1), we find A = 1, B = 
— 2, C = 3, D = 2, E = — 4, F = — 3 ; hence, substituting these 
values in the first class of formulas, above, we have a = ^, 6 = — ^, 
F' = — f ; therefore the equation cf the curve, when the origin is re- 
moved to the centre, is y — 2ay-[-3iE' — f = 0. By the second 
class of formulas we have tan. 2a= — 1, Ms=2 + y/2j N = 2 — \/2, 
P = f ; hence the equation of the curve, when related to its principal 
diameters, is (2 + V 2) ^ + (2 — V 2) a;* = ^. To determine the 
values of the diameters 2A, and 2 B, we have, by supposing y = 0, 

in this equation, a?=^ ^,^ ^ ,^^ = } (2 +y/2) .-. A=t V (2+ -/2) 



2(2—^2) 
= 2*7, also for x=0 we have ^=; 



9 



2(2 + ^2) 
fV(2— V2) = ll- 

The construction of the curve, is therefore, as follows : 
Let AX, AY be the original axes, to which 



=J(2--/2)..B= 



the curve is referred. Make AC = ^, CO = 
then O will be the centre of the curve, and OX^, 
OY^, parallel to the primitive axes, will be the 
axes to which the first transformed equation re- 
fers the curve. From O draw the straight line 
OB, making with OX^ an angle of which the 
tangent is — 1, that is, an angle of 135^. 
Bisect this angle by the line OX^', then OX'' 
and the perpendicular to it, O Y'', will be the axes 
:o which the second transformed equation refers 




— X' 
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tae curve ; therefore, taking on these axes OE, OF, each equal to 
2 * 7, and OD, OQ, each equal to 1 * 1 ; the principal diametens of the 
ellipse will be determined, and thence the curve easily traced.^ 

2. Construct the locus of the equation 2y* — 2xy — «*+y 4-4a: 
— 10=0. 

Here A = 2, B = — 2, C = — 1, D = 1,E = 4, F r=_ 10, 
and, since B* — 4AC 7 0, the locus is an hyperbola ; also a=f , &=^, 
F' = — Y ; hence, when the origin is removed to the centre, the 
equation is 2^* — 2xy — se^ — y =0. Again, tan. 2a = |, M = J+ 
^ V 13, N = J — J V 13» P = V» therefore the equation of the curve, 
when referred to its principal diameters, is (i + iv'13)j;*+ 
(*-iVl3)y» = V»or (l+^13)a:^+(l— V13)!^ = y. 

meny = 0,.^ = ^^j-^^ 

27 

when:p = 0,y»^^j_-^=-f(Vl3 + l)=-618 = B». 

Hence, as in the preceding example, there are given the axes of the 
curve to construct it. 

3. Determine the axes of the curve of which the equation is 2^ — 
4xy'\-5a^ — 3ic = 0.| Jtns. The curve is an elUpse, whose axes 
are V 3 and ix^2. 

4. Required the axes of the curve which is the locus of the equa- 
tion 5t/* + ^^y + 5^ + 2y — 2a? — ^ = 0. Ans. The curve is an 
ellipse, whose axes are 2 V i ^^^ ^ V h 

5. Required the axes of the curve which is the locus of equation 

y3— 6a?y4- jr» + 2i/ — 6a: + 6 = 0. 
Ans. The curve is an hyperbola, whose axes are 2 ^ 2 and 2. 

6. What is the locus of the equation y* — 6ary-|-a:'+2y — 6a?+l =0? 
Ans. Two straight lines, characterized by the equation y=xy/\. 

7. What is the geometrical representation of the equation y* — 
4xy + 6x^ + 2x + l=0'i Ans. A point (—1, —2). 

8. What is the locus of the equation 2r'+2y* — 3ar4-4y — 1=0? 

Ans. A circle, whose radius is j- V 33. 

9. What is the locus of the equation y^ — 2ary-{-2a;^ — 2ar-|-4 = ? 

Ana, An imaginary curve. 

10. What is the locus of the equation y* + 2ary — 2x* — 4y — ^ 
-|- 10 = ? Aru. An hyperbola, in which the second axis is taken 
for the axis of abscissa. The axes are 1 * 7 and 2 * 2. 

11. What is the geometrical representation of the equation 2y'4" 
3a^ — 3x — 2i/-|-2 = 0? An8. The equation has no geometrical 
representation. 

1^. What i s the locus of the equation 3y* + 67?— 24a? + 6 = 0, 

* The expression for the distance between the centre and focus is given at 
(p. 170.), 
t The solution is given in a Key just published. 
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tne axes of reference being oblique? Ans, An ellipse in which the 
semi-conjugates parallel to the axes of reference are V B and V ^• 

(129.) Before we proceed to the construction of parabolas, we shall 
remark, that if, in the equations of condition (2), (3), p. 177, we sub- 
stitute for the constants a, b^ the vaiiables x^ y^ the equations 2 A^ ^y- 
Bar-f D — 0, (1), 2Ca;-f By + E =0, (2), will characterize \wo 
straight lines, paissing through the centre of the locus, as is evident, 
since a, 6, the coordinates of this centre, satisfy both equations. Were 
we to suppose these lines to be parallel, or the centre of the locus to 
be infinitely distant, as in the parabola, we could infer, from the equa- 
tions (1 ), (2), that in the equation of the locus there must be B* — 4AC 
= 0. For these equations give 

y = — — — — and y =: ^ — > (3) ; and 'smce, when the 

lines are parallel, the difference of the ordinates corresponding to 
every abscissa must be constant, we have, by reducing these expres- 
sions to the same denominator, 

B^a? + BD — 4ACa?— 2AE = constant 
or (B» — 4AC) ar -f BD — 2AE = constant, 
which can only happen when B' — 4 AC = 0. 

If the lines (1) and (2) coincide, we must conclude that the locus 
has an infinite number of centres, and all situated in the line (1) or 
(2). The locus therefore can be no other than a system of parallel 
straight lines, as GH, KL, equally distant from 
the line through the centres, for then every 
chord of the locus must be bisected by this line. 
We already know that this locus is a variety of i*' 
the parabola. Equations (1) and (2) wiU also •^' 
show this to be the case, and will moreover furnish an additional cri- 
terion, whereby we may readily ascertain, by inspecting the coefii 
cients of the proposed equation, when that equation characterizes a 
system of parallels, and when it does not. For, since, in this case, 
equations (1) and (2) represent the same line, we have, equation (3), 

B^+p ^ 2C^ + E .-. B'^ 4- BD = 4AC:r + 2AE, whatever be 

the value of x ; consequently {Alg. p. 166.) B' = 4AC, and BD = 
2 AE ; so that, when the indeterminate equation of the second degree 
represents a system of parallels, there must exist among the coeffi 
cients the conditions B'* — 4 AC = 0, and BD — 2AE = 0. 

These lines may be at once determmed from the given equation, 
for, being parallel, the coefficient of x must necessarily be the same in 
the equation of each, that is, these equations will be of the form 
y -{- px -\' q = and J + p^ + **= ; so that the proposed equa- 
tion, after having freed y* from its coefficient, may always, in the case 
we are considering, be decomposed into two Actors of this form. 
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where p, the coeflBcient of ar, in each must be equal to half the coeffi- 
cients of acy^ia the proposed equation, after this has been divided by A 

the coefficient of the first term; hencep= — . With regard to q 

and r, it is plain that their sum must be equal to D -5- A, the coeffi- 
cient of yj in the proposed, and their product must make the last term, 
F -T- A. Having thus the sum and the product of q and r we shall 
get their difference, by subtracting four times the product from the 
square of the sum, and extracting the square root, that is, 

Tfi AT? 1 

o— r=: v(— — — ) = — Vl^* — 4AFJ; therefore, adding the 
A'* A A 

half sum to the half difference, we have, for the greater, 

g= — (D+ V|I^ — 4AF}) ; and, by subtracting the same, we 

get the less. Now it is plain, from this expression, that, if D* = 4AF, 
Sien 9 = r; hence the two equations (129) become, in this case, iden- 
tical, and the parallels therefore coincide, and become a single straight 
line. If D^ Z 4AF, then the values of q and r become imaginary, so 
that, in this case, the locus of (1, 2,) is two imaginary lines. From 
what has now been said, we may conclude that the equation Ay^ -f- 
Bxy -\- Ca?'-[" I^ + Ear + F = 0, represents a system of parallel 
lines when B' — 4AC = and BD — 2AE = 0, these coincide, and 
form but one straight line ; when also IP — 4AF = 0, and they be- 
come imaginary when, instead of this, D^ — 4AF Z 0. 
When tha lines are real^ their equations are 

— V jp* — 4AF|) = 0. When they coincide the equation is 

y+2T^ + S=^- 

(130.) As, in the ceLse we are discussing, the factors of the original 
equation consist of the sum and difference of the same two quantities, 
their product must be the difference of the squares of these quantities ; 
hence, when the proposed equation represents two straight lines, it 
must consist of the difference of two squares, or at least of one square, 
minus a number. On the contrary, when the lines represented are 
imaginary, the equation must consist of the sum of two squares, or at 
least of one square and a number. And the equation will be a perfect 
square when only one straight line is represented. Hence we may 
frequently discover at a glance when the equation denotes a variety 
of the parabola, without even tr3ang whether BD — 2AE = 0. Thus 
we see at once that the equation y* — 2xy -}- a?^ — 1=0, is the differ- 
ence of two squares, viz. {y — a?)'*, and 1, the locus of it, is therefore 
two parallel straight lines, the equations of which are y — a? -|- 1 = 0, 

a 
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and y — x — 1 =0, Also the equation y* — 4ary + 4a:* -^9 :=z O^ 
is iimnediately seen to consist of the two squeves (y — 2xf<, and 9, 
therefore, the locus, is imaginary. 

In like manner, since the equation t^ + 4xy -|- ^^ -f- 2y -{- ^^ "h 
1 = 0, is obviously ti perfect square, viz (y -j- 2a? + 1)^, its locus is 
a straight line, the equation of which is y 4" ^^ ~f~ 1 = ^• 
L#et now the equation y" + ^xy + ^^ — ^y — 6ar -- 16 = 0, be pro- 
posed, which is a variety of the parabda, because B^ — 4 AC = ; and 
since, moreover, BD — 2A£ = 0, this variety is a system of paral- 
lels, of which the equations are y -|- 3 x -}- 3 = and y -\-Zx — 
6 = 0. Lastly, let the equation be 'if — Axy -\-Ax^ '\-2y — 4a: + 4 
= 0, the coefficients of which furnish beside the conditions above the 
relation D* — 4AF Z,0, therefore the locus is imaginary. 

(131.) We shall now proceed to furnish formulas for the construc- 
tion of parabolas, as we have already done for the central curves. In 
the present case, our object will be first to remove xy from the equa- 
tion, and afterwards to remove the term containing the first power of 
one of the variables, and the absolute number. The first transforma- 
tion, as we have already seen (122), brings the equation to the form 
Mt/» + Ri/-f Sj: 4- F = 0, or N2r»-f % + Sa:4 F = 0, where, 
R = D COS. a — E sin. a, S = D sin. a -|- E cos. a. Now, smce, 

1 4- COS. 2a _ . 1 — COS. 2a . , . 
COS. a =-v/ ^ » ^^'^ ®^* a = V ^ • And smce also 

the expression given at (124) for the cos. 2a becomes, when B^ =: 

A — C A — C 

4AC, cos. 2a = qz-^x+C)' "' =(A + C) 
accordingly, as B is negative or positive, we have, by substitution, 
the following expressions for R and S, viz. when B is negative, 

_ PyA— Eye g pyc + EyA , , „ . _.,. 

^ = y(A + C) ' ^ = y(A + C) ' "^^ '^^'^ "^ P"""'^^' 

Dye— EyA DyA + Eyc 
*- y(A+C) ''*- y(A + C) 

(132.) The values of M and N have already been determined (124), 
as also the values of a and 6, employed in the second transformation 
(122) ; hence, collecting these formulas together, we have 

1. Proposed Equation op the Curve 

At/'^ + Bxy + Ca^ + Dy-fEx + F = 0. 

Formulas to be employed for removing the Terms containing the 
Product of the Variables and the Square of one of them. 

■D 

1. When B is negative^ tan. 2a = — » M= A + C, N=0, 

__ Dy/A— Ey/C _ D ^C + EyA 

^- V(A+C) ^^- V(A + C) • 
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II. RERDLTlHa EQUATION, * 

The rectangular axea being parallel w the axes of the curve, 

Myi + Ry +3ar + F = 0. 
Formulatfor the renmal of the term* Kif and F. 

_ ja_ __ Mi'+Rb + F _ R'— 4M F 
2M ' " ~ S ~" 4MS ■ 

III. Rbsultino equation, 
The axes being those of the curve, M^ + Sj^ = 0. 
2. When B is positive. 

The firat daas of fuMmulas is, tan, 2b = -__. , N = A -|- C, 

„ „ „ DVC— EVA „ DvA + Ev'C , ^ 

»>=«: ^= ~7(A+cr'^ = -7(X+cr''^"'' '""''■ 

ing equation, Ni* + Kj + S.e + F = 0. The second class of for- 

e , S'— 4NF . . , , 

mulas IS, a ^ — -j^ , e = — jjSo — > *"** "^ ™" equatiMi la 

BXAHPLES. 

1. Constnict the curve, which is the locus of the equatitut 
5'_4xj+4r» + 2y— 7i — 1 = 0. 
Here A = 1, B = — 4, C = 4, D = 2, E = — 7, F = — 1, and, as 
B is negative, we must employ the lirst collection of formulas, which 
givetan,2a = — 4, M = 5, N = 0, R=yv6, S= — |V5. 
Hence, when the axes are parallel to those of the curve, the equation 
becomes, fij/^+Vv'^ — f V 5i — 1 =0, Again, fonnulas II. 
give,6 = — A V 5, a = — ^i\/^\ these, therefore, are the ordin- 
ate and abscissa of the principal vertex of the curve, the equation to 
which, in reference to the axes of the curve is,6j' — J ^ &x = 0, 

The construction of this curve is therefore as fallows: 

Let AX, AY be the primitive rectangu- 
lar axes. On (he former take AC = I, and 
make the perpendicular, CD ^ — J. Draw 
DAB, and bisect the angle BAS = 2a by 
the line AS'; then the rectangular axes, 
AX', AY', are those to which the first trans- 
formed equation refers the curve. 

Again lake AE = ^|f v/6, and the 
perpendicular EA' = -7^jV6, ihen the 
axes A'X", A'Y", parallel to the former, 

will be those of the curve. Having thus the axes and the parame- 
ter ^ ^ 6, the focus and directrix are readily determined, and thence 
ihe Giuve constructed. 
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2. Construct the locus of the equation ^^-2xy-}~^ — 6y+9=:0, 
Here A=l, B=2, C=l, D=— 6, E=0, F=9, and, as B is posi- 
tive, the second collection of formulas must be used, which give 

— 2 

tan. 2a = — ±M = O, N = 2, R = — 3 V2, S = — 3 V2. 

Hence the equation of the curve, when the axes are parallel to those 
of the curve, is 22;* — 3^2i/ — 3V2a:+9=0j ^^ when they coin- 
cide with the ajces of the curve, the coordinates of whose origin ore, 
o=i y/ 2, 6=f V 2, the equation is 2a^ — 3 V2t^=0, or 3^=^ y/2y. 
Hence, as in the preceding example, the curve may be constructed. 
In the first transformation of axes, since tan. 2a is infinite, 2a is a 
right angle, so that in this transformation the new axis of ar will be 
45° below the primitive. 

3. The equation of a parabola being rf — 4ary -f- ^^ — 8y-j- 3x 
— 2 = 0, what will it become when the curve is referred to its axes ? 

Ana. ^=13V6a;-r25. 

4. Required the principal parameter of the parabola whose equa- 
tion is 4j/'—4a?y-|- a:* — 2y — 4a7-{-10=:0. Jln8.p=^ V|- 

5. Wliat is the principal parameter of tl\e parabola represented by 

3 
the equati(Mary" — 2art/ + ^ — 3y = 01 Jhu.p = 5—7^ -r 2 

(133.) The student must bear in mind, that the various formulas 
given in this chapter for the construction of lines of the second order, 
apply only when the different equations refer the curves to rectangular 
axes, which, indeed, are in most cases employed. With regard, how- 
ever, to the varieties of the three curves, the tests by which they may 
be discovered, and the formulas for their construction, apply generally, 
because in discussing these varieties we have considered the axes to 
have any inclination whatever, and because mcareover the criteria 
(pp. 176, 176), by which the three classes of curves are distiiiguished* 
apply for every inclination of axes, as we are about to show in the 
following chapter, which has for its object the determination of the 
locus of the general equation when the axes are oblique. 



CHAPTER 11. 

DISCUSSION OF THE GENERAL EQUATION. 

A.f+Bxy+Ca^+Dy+Ex+F=0, 

By the separation of the variables. > 
(134.) This equation may be put under the form 
„ Ba?-f D , C , E F 
Y H 7 V + T ^"4" T * "i" T ~ ^» which, solved as a quad- 
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r?Llic, gives for y the expression y = ^ — ± ,r-r- V |(^' •^ 

4AC) ar» + 2 (BD — 2AE) a: + D» — 4AF| (1). In like manner, 
we have for at:, in terms of y, the expression 

^ = --^^-2^^^(®*"^^^^)2/' + 2(BE-2CD)y.+ 

E'— 4CF| (2). 

Either of these expressions will furnish an indefinite number of 

points in the locus, when this is not imaginary, since the first will give 

the ordinates corresponding to any assumed abscissa, and the second 

will give the abscissas corresponding to any assumed ordinate. If we 

wish to determine points in the curve from the equation (2), we must 

first, for any assumed abscissa, a?, draw an ordinate 

Ba? 4- D / J^ y^ 

iqualto- ^-T — , determining some pomt, P ; then, ' '*'*^ " 

if this ordinate be prolonged, and the distances PMJ 

PM^ be taken thereon, each equal to the line represented by the 

remaining part of the expression for y, two points of the locus will thus 

be determined. P therefore is the middle of the chord M, M''. The 

same construction for another value of x will determine another point, 

P', and two new points, m, m\ of the curve, which will, as before, be 

equally distant from V\ Hence, calling the variable ordinates of 

these points, P, P^ &c. Y, since we must always have 

Ba?+ D 
Y = ~ — it follows that the locus of these points is a straight 

line, which, because it bisects all the chords in the curve drawn pa- 
rallel to the axis of y, is called a diameter of the curve. Similar rea- 
soning applied to the expression (2) will show that the straight line 

Bt/4-E 

represented by the equation X = ' is a diameter, bisectmg 

20 

the chords drawn parallel to the .axis of x. These diameters are obn- 

ously the same as those represented at (129). 

Having thus the equations of two diameters, we can always readily 
find the centre of any locus of the second order, to whatever axes it 
be referred ; for, representing the coordinates of the centre by a, 6, 
we shall have, by substituting these for the coordinates in each of the 
preceding equations, and solving them, as at (126), the values 

_2AE--Bp 2CD — BE 

^" B' — 4AC' B'— 4AC' 

(135.) From these remarks it appears that the nature of the curve 
depends upon the irrational part of the expression (1), or (2), and 
that it cannot exist when this irrational part becomes 0, or imaginary 
for every value of the variable it contains. Let us examine the cir- 
cumstances under'which these irrational expressions can become real, 

24 a 2 
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imaginary, or nothing. We shall first take the expression (1), and 
shaU suppose that the quantity under the radical is decomposed into 
two factors, each containing x ; in other words, we shall suppose the 
w ^ .u * -ji I 2(BD-2AE) , D« — 4AF ^ 

solutionof the equation x«+ (B« ^ 4A C)" ^ + (B« - 4AC) = ^ 

(3) to he effected, and that the resulting values of a? are x = ^ and 
X = ^\ then we know (Alg. p. 175-6) that the multiplication of the 
factors (or — /S), {x — ^') will produce this equation, and consequently 
the quantity under the radical (1) will he (B^ — 4AC) {x — fi) 
(x — /8') (4). If, however, B', — 4AC = 0, then the expression 
imder the radical will have only one factor containing x, discoverable 

by solving the simple equation x + .^ oap\ = ^ > ^^ ^^*» 

putting 6 for the value of x, in this equation, the expressions under 
the radical will be 2(BD — 2AE) (x — S). The form (4) therefore 
only exists when B* — 4AC Z 0, or B' — 4AC yO; let us examine 
the expression in the first case, viz. 

(136.) When B^ — 4AC Z. 0. 

There are three circumstances to consider in this case : 

1. When the roots j3, fi^, are real and unequal. 

2. When the roots are real and equal. 

3. and lastly. When they are imaginary. 

Suppose, first, that the roots are real and unequal, fi being greater 
than i8^ then {Alg. p. 180) if in the expression (B*— 4AC)-(ar— ^)- 
{x — /30 any quantity greater than /8, or less than ^^, be substituted 
for a?, the product {x — ^3) • (x — f3') will be positive, and since, by 
hypothesis, B' — 4A0 is negative, the whole expression will be nega- 
tive, and therefore, for all such values of x, the expression for y will 
be imaginary. But, if we substitute for x any value between ^ and 
j3^, then the product {x — ^8) * (2? — 13') will be negative, and conse- 
quently the expression (4) will be positive ; for all such values of a:, 
iherefore, there correspond real values of y. ' 

From this discussion it follows, that, under the conditions we have 
supposed, the curve always exists, and that it is comprised between, 
or limited^ by two parallels to the axis of ordinates drawn at the 
respective distances of /3^ and /3 from the origin, for between these 
parallels all the values of x which give possible values for y are cona- 
prehended. By applying precisely similar reasoning to the expres- 
sion (2), it would result tiiat the curve is also limited by two pamllels 
to axis of a: ; as, -therefore, these parallels meet the former, and form 
a parallelogram, circumscribing tiie curve, it follows 
that the curve must be limited in all directions, as in 
the annexed diagram. The curve, therefore, must 
necessarily be an ellipse. 
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Suppose, secondly, that the roots j3,|8^ are real and equal, then the 
expression (4) is (B* — 4AC) (x — j8) (x — /3^) ; where, since it is 
impossible to substitute any value for x between the roots ^ and jS"", it 
is, by the preceding reasoning, also impossible to render the expres- 
sion for ^ real by any substitution for x, except in the single case 
J? = /S, which renders the irrational part of the expression 0, and 

reduces the value of 3^ to i^ ss ^^ — hence, when the roots /8, 

fi^ are equal, the curve is reduced to a point, of which the coordinates 

are j3 and -^^ — • 

If, lastly, the roots be imaginary, then whatever value we substitute 
for Xf in tiie equation containing them, the result will be positive 
{*Alg, p. 173) ; hence every value of y will be imaginary, so that, in 
this case, the curve caimot exist. We may now therefore infer, that 
when, in the general equation, B*— 4AC Z 0, whatever be the incli- 
nation of the axes, the locus is an ellipse, if the roots of the irrational 
part of the expression for y be real and unequal ; but it is merely a 
point, if these roots be equal, and it is imaginary, if the roots be so. 

(137.) Let us now discuss the equation upon the second hjrpothe- 
sis, FFAcnB^ — 4ACT0. 

. Resuming the expression (B* — 4 AC) (a? — ^)(a? — j8^), and rea- 
soning as before, in reference to the roots jS and j3^, we find that here, 
when these roots are real, and )8 greater than ^8^, every value of x 
greater than j8, or less than jS', will, because B'^t— 4AC is positive, 
render the expression for y real ; while, on the contrary, every value 
comprised between the limits /3 and ^^ will render the expression for . 
y imaginary. As, therefore, without these limits x may increase inde- 
finitely, both positively and negatively, it follows that the curve must 
consist of two infinite detached branches, proceeding in opposite di- 
rections, and separated from each other by the distance between two 
parallels to the axis of y, of which the abscissas are respectively jS 
and fi% for within these limits there exist no possi- 
ble value of y. This curve therefore is the hyper- 
bola. 

If the roots jS, IB^ are equal, the expression above 
is (B* — 4AC) (x — PY] and hence the value of y 

becomes y = "^Jl-. + L (x—P) 

— B±V^B«— 4AC{ D±)8vJB«— 4ACJ ^ 

^ y^ k ; ^- — 2A '^ ^'^'' 

the locus 13 a system of two straight lines j which intersect, since the co- 
efficient of X is not the same in both. When the roots /8, fi^ are ima- 
ginary, then, since every value given to x, in the equation containing 
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them, gives a positive result, the whoio expression under the radical 
will be positive, and, therefore, the value of ^ will be always real. As^ 
therefore, x may take any value from to infinity, ia bodi directions, 
it follows that the curve is unlimited in both directions. It moreover 
consists of two distinct branches; for as each double ordinate, or 
chfxd drawn parallel to the axis of ^, is bisected by the diameter 

whose equation is, y = —- — one half of the curve must be 

situated entirely below this line, and the other half above it ; neither 
can have a point in common with this diameter, be- 
cause the irrational part of the value of y can never 
vanish ; hence the curve must be an hyperbola. 

(137^.) There is a particular form of the general 
equation which ought here to be noticed, it is that 
where the squares of the variables are absent, when 
the equation becomes Bar7^4~^y+E*+F~^» (^)» 

which gives for y the expression, tf = It-- , and, as this va- 

Bx -|- D 

lue of y will always be real, whatever be the value of a:, it follows 

that the curve extends indefinitely in opposite directions. As each 

value of X furnishes but one value ofw each ordinate meets the curve 

in but one point. If the value — ]J -r B be 

given to a:, the corresponding value of y will be 

infinite, that is, if a parallel to the axes of y be 

drawn at the distance of — D -r- B from the 

origin, it will never meet the curve; but, as 

every parallel drawn on either side of this must 

necessarily meet the curve, because no abscissa 

but X =. — D -r B can render the ordinate infinite, it follows that the 

curve consists of two distinct branches, separated by the parallel 

whose abscissa is — D -r B. The curve, therefore, is an hyperbola; 

and the parallel, whose abscissa is — D -f- B, is obviously one of the 

asymptote^, as this parallel has been seen to be the only one wliich 

does not meet the curve. 

By solving the equation (6), with regard to x we have a = — 

j^ -^j^, in which expression — ^ ^ is the only value that can be 

given to y, that vidll render x infinite ; hence we infer here, that a pa- 
rallel to the axis of x, of which the ordinate is — E -r- B, is the other 
asymptote of the curve. Hence equation (6) represents an hyperbo- 
la whose asymptotes are parallel to the axes of coordinates, the 
coordinates (a?^, yf) of the point erf" intersection of the asymptotes being 

D ^ E ^, 

^ = — ^'^~ — R* ^^^ as)Tiiptotes are therefore easily deteiv 

mined when the equation Of t}«e hyperbola takes the form (6). 
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If the term A:z;' had appeared in the equation (5) the same reason- 
ing with regard to the expression for y would apply ; so that then 
also the parallel to the axis of y, of which the abscissa is — D -7- B, 
is an asymptote. If Cy* appear in the equation, instead of Aa*, then, 
reasoning as above on the expression for x, we find that a parallel to 
the axis of a?, of which the ordinate is — E -r B, is also an asymptote. 
If both'C = and D = 0, the axis of t/ coincides with an asymptote. 
If both A = and E = 0, the axis of x coincides with an asymptote. 
If both D = and E = 0, the origin coincides with the intersection 
of the asymptotes ; and when, in addition to this, the squares of the 
variables are absent, both axes coincide with the asymptotes, and the 
equation takes the form Bxy -f- F = 0. 

To determine the as3anptotes from the general equation, let us 
actually extract the root of the expression under the radical^ in the 
general value of the ordinate (1), we shall find this root to be of the 

forma? VlB^— 4AC|-f ^ .^ ~^^ | ■~+-^ + &c. therefore 
B:r + D , VJB«— 4AC| , BD— 2AE . K 



2A ^A ' 2Av/|B«— 4ACJ ' 2Aar 

+ -r-v— 0-+ &c. Now it is here obvious that as x increases the 

term qT— , and all that follow will diminish, while those that precede 

will increase, and to these first terms the expression is finally reduced, 

when X becomes infinite. Hence the curve continually approaches 

the two straight lines denoted by, 

^ B:c + D ^ V(B'— 4 AC), , BD — 2AE. . ,. 
Y = ^j^± ^—(0; + .^,-^^) these hnes 

are therefore the asymptotes to the curve. 

Comparing this equation with the equation at p. 188, which repre- 
sents 'the locus when it becomes a system of two straight lines, we 
shall find them to be identical. For, as that equation takes place only 
when the roots )S, ^^ are equal, it follows that then ^ must be equal 
to minus half the coefficient of x, in the equation (3), which contains 

them, that is, we must have )S = :^;^ — t-=: > which value of 3 

* B' — 4AC 

renders the equation (p. 188) identiced with that above for the asymp- 
totes. We may therefore say that, when the equation represents a 
system of straight lines, the hyperbola degenerates into its asymptotes. 
(138.) We already know that the asymptotes intersect at the 
centre, this is also readily ascertained firom their equation above ; for 
since at their intersection the two values of Y coincide, we must have 



gents is tan. a • tan. a^ = -^--^ = — which, when C = — A, be- 
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for X, at that point, the value, x = ^^^ , which (134) i, the 
abscissa of the centre, and the corresponding value of Y is Y =: — 

\ — = -jTz --—, which (134) IS the ordinate of the centre. 

2 A D — ' 4AC 

Hence, when we wish to construct the asymptotes, when the equation 

of the hyperbola appears under the general form, we shall have first 

to determine the centre from these formulas, and then to draw through 

this point two straight lines inclined to the axis of x^ at angles a, a^, 

whose tangents* are respectively tan. a = — ^ a~~ 

and tan. a' = * -. The product of these two tan- 

2A 

4AC_C 

4A"~A 

comes tan. a • tan. of =: — 1, an equation which indicates (when the 
axes of reference are rectangular) that the asymptotes are perpen- 
dicular to each other (11). Hence, if, in the general equation, B^ — 
4 AC y 0, and C = — A, when the locus is referred to rectangular 
axes, we may conclude that the equation represents an equilateral 
hjrperbola. 

It must be here remarked, that, when A == 0, the preceding ex- 
pression for tan. a becomes f , which is not a definite result ; but, 
oy multiplying numerator and denominator by B + v' \^ — ^^^ 1 1 

it reduces to tan. a = =-—; -— s r-^cT-= — ^» when A = 0. 

B+^JB' — 4AC| B' 

(139.) We shall now examine the general equation upon the third 

hypothesis, viz. When B" — 4AC = 0. 

Under this condition, the general expression for any ordinate of the 

locus is 1/ = — ?^i^± -L V 12(BD-- 2AE) x + D«--4AF| . 

2A 2A 

If we put ^ for -— — . — , the quantity under the radical 

2(BI3 -*- 2A£) 

will be 2(BD — 2AE) {x — /3), in which the factor 2(BD — 2AE) 
may be either positive, negative, or nothing. 

If this factor be positive, the whole expression will be positive for 
every value of x greater than j8, but negative for every value less 
than /? ; hence; in this case, the locus extends indefinitely to the right 
C^ a parallel to the axis of y drawn through the abscissa x =: ^ \ 
therefore this parallel is a tangent to the curve, to the left of which 
no point in the locus can be situated. 

* We are here supposing the axes to be rectangular ; if they are oblique, then 
(bi tan. substitute ratio of the sines. 



^ ■■■g 



— *J 
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If the factor 2(BD — 2 AE) be negative, then, on the contrary, the 
locus would extend indefinitely to the left of the parallel, whose 
abscissa is 13] and no point in the curve could be situ- 
ated to the right of it. 

In each rf these cases, therefore, the curve will be 
limited to one direction, but unlimited in the opposite 
direction ; it must therefore be a parabola. 

If, lastly, 2(BD — 2AE) = 0, then the expres- 
sion for y becomes y = — — ± sT V 1 D'-^ 

4AF|, denoting a system of parallel straight lines, 
which, however, coincide, when D^ — 4AF = 0, and 
which become imaginary, when D* — 4AF ZO. 

Because the condition B^ = 4 AC or B = 2 ^/\kC\ characterizes 
the parabola and its varieties, the three first terms in the general equa- 
tion of this curve will always form a perfect square, viz. 
(yVA + rrVCf = Ay«4.'2V{AC| • ar!/ + Cz^. 

(140.) We might now proceed to inquire into the form of the gene- 
ral equation when it represents one of the varieties of the three curves, 
and thence derive, as in the preceding chapter, criteria by means of 
wliich these varieties may be distinguished. For the varieties of the 
parabola the tests of their existence which have been given in the 
preceding chapter are the simplest that can be employed, and maybe 
readily applied in any case of doubt. But for the other curves, the 
shortest and most direct way of proceeding will generally be to solve 
the equation, with regard to one of the variables, and then to find the 
roots of that part of 5ie resulting expression which is under the radi- 
cal, the nature of these roots will make known the nature of the locus 
conformably to the preceding discussion. The examples we shall 
here give will further illustrate this. 

Construction of Curves of the second order, 

EXAMPLE. I. 

To determine the position of the curve of which the equation is 
2/2 — 22:y+3ar*4-2y— 4^: — 3=0. 

As, in this example, B' — 4AC Z- 0, the curve must be an ellipse ; 
let us therefore first proceed to determine its limits. For this purpose 
let us put the equation under the following form, viz. y^ — 2 {x — 1) y 
= — 3ar* + 4a: + 3 (1), which, solved first for y and then for a?, 
givesy = ic— 1 ± Vl— 2jr* + 22; + 4| (2). 

r = ^-i- ±i^/\—^f — 2y+l^l (3). Equating the irrational 
3 

1 ± 3 

part of (2) to 0, we have ar — x — 2 = .*. x = — - — 
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congequently, the roots of this equation being real and unequal, viz 
/S = 2, and i8' = — 1, we know (136) that 
the curve exists, and that it is included between 
two parallels, LL^, MM^, to the axis of y, of 
which the abscissa, AG, of the one is equal to 

— 1, and the abscissa, AH, of the other equal 
to 2. 

Solving, in like manner the equation 2^^^ 
2y — 13 = 0, we obtain for the roots the values 

— 1+V27 __^ —1—^27 



and 



therefore the 




2 ' 2 

curve is also comprehended between two paral- 
lels to the axis of Xy of which the ordinate, AK, of the one is 

— 1+ 27 :. ^ :,. ,^, ^^ ^ — 1— V27 

^ , and the ordinate, AK^, of the other . 

The curve is therefore circumscribed by the parallelogram LM'. 

To find the points of contact of the parallels LL'', MM'', we must 
construct the <haraeter, Y = a? — 1, (134) ; for, as the abscissas ^ 
and jS^ of these points render the irrational part of the equation (2) 
nothing, the corresponding ordinates must belong as well to the dia- 
meter as to the curve. This diameter cuts the axes in the points 
ar = 1 and y = — 1 ; if, therefore, through these points the Hne IF, be 
drawn, the two points of contact will be determined. Constructing 
also the second diameter X= ^(t/ + 2), which cuts the axes in the 
points a? = f , and y=z — 2, we obtain the other two points of contact, 
F, F'. 

To find the points where the curve intersects the axis of y, supposc- 
X = 0, the equation (2), and we have for the ordinates of those points 
y = 1 and y = — 3 ; hence these points, D, D'', are readily deter- 
mined. In like manner, supposing y = 0, in equation (3), we have 
for the abscissas of the points E, E', where the curve cuts the axis 
of ar, the valuesofar = f + JV13andar = | — iV13. The eight 
points thus determined are amply sufficient to make known the posi- 
tion of the curve. But there is another mode of proceeding by which 
an indefinite number of points in the curve may be determined. Thus : 

Draw, as before, the parallels LL', MM'', and then construct the 
diameter," IF, from its equation, Y = a? — 1 The middle point, O, 
of this diameter is the centre of the curve, therefore the abscissa. Am, 



of the centre is — -T — = 



/3 + j3' 2—1 , , o J o/ 

'- — i 1 — = = 1 because B and a^ are the 

2 2 



abscissas of the extremities of the same diameter. Hence, drawing 
the ordinate wiN, we shall have the direction of the diameter conjugate 
in IF, since this ordinate will be parallel to the tangent at the vertex 
of that diameter ; therefore, putting for x the value x = ^, in the ex- 
pression (2), the irrational part gives for the semi-diameter, ON, 
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V{— 2a* + 2a;+4| = 



3V2 



= ON ; hence we have a system of 




conjugate diameters given in length and direction to construct the 
ellipse. This construction is as follows : 

On the given diameters, AB, CD, taken as 
principal axes, construct an ellipse ; then, if the 
double ordinates, ab, CD, cd, &c. of this ellipse 
be inclined to AB, in the given angle, while 
their length remains unchanged, their extremi- 
mities, a^, h\ G\ D\ c\ d\ &c. will be all upon 
the required curve, which may therefore be drawn through them. The 
truth of this is obvious, for the curve thus traced will, by construction, 
be such, that the squares of the chords parallel to one diameter, C^ D', 
are as the rectangles of the parts into which they divide the other, 
AB, and AB, C^D^, are the given conjugates, both as to the length 
and direction. 

EXAMPLE II. 

To construct the curve of which the equation is 

^2— .2ari/ — 3a:^ — 2^4.73;— 1 =0. 
Since here B' — 4AC T 0, the curve is an hyperbola. 

We shall proceed first to determine the asjrmptotes, because, when 
these sire known, and a single point in the curve found, we can easily 
obtain as many more points in the curve as we please (97). The 
equation of the asymptotes is given at (137) ; b;it as it is adviseable 
to proceed independently of the general formulas, we shall here deduce 
the equation of the asymptotes from the given equation of the curve, 
which furnishes for y the value 

y=x+l ± >v/|4ar^— 5a;+2 \ =x+l ± (2x— J+~+^' 4- &c.) 

Hence, for the two asymptotes we have the equation Y = x + 1 
±(2x-A). 

For X = we have Y = — J, and Y = 2J ; 
therefore, making AS= — J-, and AS' = 2^^, the 
points S, S'' will be those in which the asymp- 
totes cut the axis of y. In like manner, for 
Y = we have x = j^, and x = 2\\ therefore, 
making As = y'^, and A^ = 2 J, the points «, «^ 
will be those in which the asymptotes cut the 
axis of a?: consequently the lines SS^^, afsf^ are 
the asymptotes sought. It remains now to de- 
termine a point in the curve, and for Ihis purpose 
suppose ar = 0, in the proposed equation, and their results for the or- 
dinates of the points where the curve intersects the axis of y, the 
values y = 1 ± V2 ; therefore, making AP = 1 -|- V2» and AP =1 

25 R 
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— v^ 2, two points, P, P^, in the curve will be determined and thence 
as many more as we please (97). When the axes of reference do 
not meet the curve, a point must be determined, by constructing the 
value of y, corresponding to an assumed value of x. 

EXAMPLE III. 

To construct the curve of which the equation is xy — 2^+ir — 1 = 0. 
This equation represents an hyperbola, the axes of coordinates being 
parallel to the asymptotes (137). The expression for y is 

X — 1 Y 

y = ITo*.^^^^^ becomes infinite only 

when a? = 2 ; therefore, if AB be made equal 
to 2, the line LBL^, parallel to the axis of y,„ 
will be one of the asymptotes. In like man- 



ner, the expression for x, viz, x = -^itL ]^q 

y-f-1 

comes infinite only when y = — 1 ; hence, if AC = — 1, the line 
HCH^ parallel to the axis of a?, will be the other asymptote. 
• To find a point in the curve, suppose a: = 0, in the proposed equa- 
Uon, then y = — i ; therefore, making AP = — |, the point P will 
be m the curve, and the construction will be effected as before. 

EXAMPLE IV. 

To construct the locus of the equation 

y*— 4a:y + 4a:*4-2y--7a?— 1 = 0. 

This curve is a parabola, because B^-^4AC = 0. By solving 

the equation, first for y, and then for a?, we have y = 2ar l± 

y lSx+2l (1), x=y+i±i v/ Il2/+4J^^(2), and equating the 
irrational part of (1) to 0, we have dx-{-2=z0 .\x=z 2^ • conse- 
quently the ordinate, LL^ of which the abscissa, AG, is — V, will be 
a tangent to the curve, which will be situated to the right of this tan- 
gent, because the coefficient 3 of a: under the radical is positive. 

To find the point of contact we must construct 
the diameter Y = 2a: — 1 ; for, as the abscissa, ^5, 
of this point renders the irrational part of (1) 
nothing, the corresponding ordinate must belong j i 
as well to this diameter as to the curve. Hence, g| 
supposing first a; = 0, and then y = 0, in the equa- 
tion of the diameter, we have for the points where 
it cuts the axes, Y = — 1, and a? = | ; therefore, 
making AC = — 1, and AD = |, and then, draw- P^-f§; 
ing the diameter, EP, we shall have the point of contact, P. 

Equating, in like manner, the irrational part of the expression (2) to 
0, we have ly + ^tV = •• > = — 2 iJ ; hence a parallel to the axis 
of a?, drawn through the point P^, of which the ordinate is 2 i J will 
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be also a tangent to the curve. The point of contact will be deter- 
mined by constructing the diameter, E^'P, from its equatbn, X = 

iv+l 

To determine the points where the curve intersects the axis of ar, 
suppose y = 0, in the proposed equation, and there results for the 
abscissas of those points the values x = \{7 ± V^^) ? hence these 
points, I, F, are readily determined. In like manner, putting ar = 0, 
we have for the ordinates of the points K, K'', where the curve cuts 
the axis of y, the values y = — I ■±L^/2, The points thus found are 
sufficient to determine the track of the curve, but others, if required, 
may be found by assuming different values for ar, in (1), and con- 
structing the resulting values for y, 

(141.) We shall terminate this chapter with a table of the condi- 
tions which must exist among the coefficients of the general equation 
of the second degree, in order that the locus may meet the axes of 
reference. The necessity of the several conditions in the various 
cases is obvious, from an inspection of the general values of x and y, 
exhibited in art. (134.) When E' - 4CF7 0, the locus has two' 
points of intersection with the axis of a?. 

When E' ^4CF = 0, the locus has one point of contact with the 
axis of ar. 

When E* — 4CF Z. 0, the locus has no point of intersectioa with 

the axis of a:. 

When I>* — 4AF y 0, the locus has two points of intersection with 
me^xiv of 1^^ 1__^ 

When D' — 4AF = 0, the locus has one point of contact with the 
axis of y. 

When D' — 4AF z. 0, the locus has no point of intersection with 
the axis of 3^. 



CHAPTER ni. 

PROBLEMS ON GEOMETRIC LOCI. 
PROBLEM I. 

(142.) Given the base of a triangle and the sum of the tangents of 
the angles at the base, to determine the locus of the vertex. 

Let AB be the given base, through M, the mid- 
dle of which, draw the perpendicular, MY ; then, 
taking MX, MY for axes, and denoting the ver- 
tex of the triangle by (a?, y), half the base by 6, and 
the sum of the tangents by «, we have 

tan. Z A = ~-Mn Z. B = r-^ — * 
o-j^x — X 
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.•. 8 — p — ^ consequently, «a?+2fcy-«^=0, or «z*+26(y )=0 

Hence the locus is a parabola. By removing the origin to a point, 
P, in the axis of y, of which the ordinate is --, that is, by substituting 

sb 
y + - for y, in the equation of the locus, it becomes »ar* + 2by = 0, 

2b 
or a:" = y ; so that P is the vertex of the curve, and PM, PX'', 

its principal axes. If we substitute — ^sb for y, there result for x the 
values or = ± 6 ; hence the curve passes through the extremities <^ 
the base. A, 6. 

FROBLEM |I. 

(143.) Given the base and the difference of the tangents of the an- 
gles at the base, to determine the locus of the vertex. 
Taking the same axes as before, we have 

tan. Z. B — tan. Z- A = p — ^ = c/, d being put 

for the difference of the tangents. Hence the equa- 
tion of the locus is 2xy -j- dai^ — cJ^ = 0, which be- 
longs to an hyperbola, and, since the terms contain- 
ing y" and y are absent from this equaticm, it follows 
/137) that the axis of y coincides with an asymptote, andsmce, more- 
over, die term containing x is also absent, the origin is at the centre. 
If ± 6 be substituted for ar, in the equation of the locus, the resulting 
value of y is ; hence the curve passes through the extremities of the 
base. 

The other asymptote may be constructed by means of the expres- 
sion at (138), which gives for the tangent of the angle a, which it 
makes with the axis of ;r, the value tan. a = — ^d. 

PROBLEM III. 

(144.) Given the base of a triangle and the difference of the angles 
at the base, to determine the locus of the vertex. 

Taking the same axes as before, and putting o, a'', for the tangents 
of the angles at the base, and t for the tangent of their difference, we 




a — a^ 



have t = ^ , or substituting for a, o'', their re- 
spective values in terms of the coordinates of the 
vertex, as given in the first problem, the expression 
becomes 

' = -r-^^i-r '-x' + jxy—f—h^^o. 

y« — ai^-f^ ' / ^ ^ 
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Consequently the locus is an hyperbola, and, because the terms 
containing the first power of the variables is absent, the origin is at the 
centre. Also, since the coefficients of o^ and y are equal, and oppo- 
site in sign, the hjrperbola is equilateral (138). It passes through 
the extremities of the base, since for a; = ± 6, y = 0. When Ae 
vertex coincides with 6, the angle A is 0, and the angle B is that 
contained by AB, and a tangent to the curve at AB ; t|iis angle 
therefore is equal to the given difference ; consequently, if MC make 
an angle with AM, equal to the difference of the angles at the base of 
the triangle, MC, being parallel to a tangent at B, will be in the di- 
rection of the conjugate to AB, therefore the lines which bisect the 
angles CMA, CMB, will be the as3rmptotes of the curve (86). 

PROBLEM IV. 

(145.) It is required to find the locus of a given point in a straight 
line of given length, of which the extremities move along the sides of 
a given angle. 

Let AX, AY, be the sides of the given angle, 
EC the given line, and P the given point ; then, 
drawing the ordinate PM = i/, and putting 
CP = a, PB = bj and the cosine of the angle_^ 
A = c, we have {Trig. p. 54.) a' = MC*-[" 

1/" — 2MC • cy ; but 6 : a : : ar : MC = -r- 

hence, by substitution, «* = -n" + 2/^ ^ •'• ^^ — 2cihexy + 

h^'f — (^IP" = 0. Hence the locus is an ellipse, of which the centre 
is at the origin. If the angle A is right, then c r= 0, and the equation 
is oV + ^V = ^*^ i i^ S^^s case, therefore, the principal diameters 
of the curve coincide with the sides of the given angle. Hence is 
suggested an easy method of tracing an ellipse ; thus, having drawn 
the perpendicular lines, AX, AY, apply to them the extremities of a 
rule, BC, of which the parts BP, PC, are respectively equal to the 
semi-minor and semi-major axes of the proposed curve, then in every 
such position of BC, P will mark a point in the curve. 

PROBLEM V. 

(146.) Two straight lines are given in position, from any point, in 
one of which, a perpendicular is drawn to the other, and from a given 
point in this latter, with a radius equed to the perpendicular, an arc, 
cutting the perpendicular in P, is described. It is required to find the 
locus of the point P. 

Let DX, DN, be the lines given in position NM, a perpendicular 
from the latter to the former, and A the given point ; then we must 

R2 
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always have AP = NM. Put NM = Y, PM = y, 
AD = p, and the tangent of the angle D == a ; then, 
taking the rectangular axes, A^AY, we have 
f(x the equation of DN passing through the point ^ 

but Y' = a» + ^, .-. ^+f^(fj» + 2(fpx + i^; hence the 

equationofthelocusis5*4-(l — «')«* — 2a"pa? — a'p" =:0. If the 
angle D is 46"*, than a = 1, and the equation is y' = 2px -|-j9^ = 

^P (^ H" o)» wl^ch characterizes a parabola, of which the abscissa of 

the vertex is — ^p, that is, the vertex is at the middle of AD, and, 
since p is also the semi-parameter, it follows that A is the focus. 

If the angle D is less than 45°, then a ^ 1, and the locus is an 
ellipse, and because y enters in the equation onlj in its second poweit 
there are two equal values of y for one value of x ; hence the axis of 
07 is a principal diameter of the curve. If the equation be solved ibr 

X, the rational part of the resulting expression will be — —^ this thera- 

1 — €r 

fore, (134) is the value of the abscissa of the centre, by substituting 
it for Xy in the equation of the locus, twice the resulting value of y, 

2ap 
viz. /C| Jl.q8> i will be the length of the diameter, parallel to the 

axis of y. For the length of the other principal diameter, take the 

difference of the two values of x, which the equation gives for y « 0, 

2ap 
and we obtam the expression - — ^--5-. 

1 — fir 

This diameter may however be found rather more easily, for since, 
in the equation of the locus, when the origin of the axes is removed to 
the centre, a^ will preserve the same coefficient, it follows that, denot- 

ing the transformed by 1^ + -jj a? = B", we must have -p =1 — «*♦ 

4a^p3 4(^p^ 

but we have found 4B' = ; — ^-5: hence 4A* = 7- =-,75-. 

1 — o'* (1 — a*)* 

If the angle D is greater than 46°, the locus of P is an hyperbola, 

of which the centre and axes may foe determined as in the case of the 

ellipse. When the given lines are parallel the locus is obviously a 

circle, because then MN or AP is constant. 

PROBLEM VI. 

(147.) To find the locus of the vertex of a parabola which shall 
touch a given straight line, and have a given focus. 
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Let AB be the given straight line, and F, the focus ; 
dra\r the perpendicular, FP, and through a vertex, V, 
draw FVA, join also PV. Then (108) FA • FV = 
FP, therefore PVF must be a right angle ; conse- 
quently the locus of V is a circle, of which the diame- 
ter is FP. 

PROBLEM VII. 

(148.) To find the locus of the focus of a parabola which shall 
touch a given straight lincv, and have a given vertex. 

Let y be the given vertex, and AB the given ^ 
tetngent ; then, for every position, P, of the focus, 
the perpendicular, FP, subtends a right angle at the 
vertex, V. Let VY, parallel to AB, be taken for 
the axis of y^ and YX, perpendicular to it, for thex 
axis of a? ; then, by simUar triangles, YDF, PDY, 
we have VD=y : DF = x :: PD=a : y .-. i/*=aar. 
Hence the locus is a parabola, of which the axes are ' 
YX, YY, and parameter PD or YE. 

TROBLBM VIII. 

(149.) Given the base and altitude of a triangle to find the locus 
of the intersection of perpendiculars firom the angles to the opposite 
sides. 

Let c represent the base, AB, of the triangle, then y 
the altitude, a, being constant, the locus of the vertex, C, 
is a parallel to AB. Hence, taking AB, AY, for the 
rectangular axes, and puttmg (a/, y') for any point in 
the locus of C, we have always y' = a, and for the / 
equation of BC, passing through the points (c, 0) and {xf, y% 

y =: ■ ^ {x — c), and for the equation of a perpendicular to this, 

c a/ 

through the origin, we have^= — - — x, at the pomt P, where this 

¥ 
hoe intersects the perpendicular, CD, x = x'] therefore, substituting 

X for a/, and a for /, in the foregoing equation, we have for the locus 

of P the equation ay =zcz — 0?^ which characterizes a parabola. 

For a: = we have y = ; therefore the curve passes through A, 

but does not again meet AY ; so that AY is a diameter. For ^ = 

we have not only a? = 0, but also a? = e ; therefore, the curve passes 

ttirough 6 ; hence the principal diameter bisects AB at right angles ; 

c* 

therefore, to find the vertex, put a? = ^, which gives y = -—. By 

4a 
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removing the origin of the axes (38) to the verteZf that is, to the 

c c* 

point (~f 7-), the equation hecomes ay = — 2^] therefore the para- 
2 4a 



point ,3. ^ 
meter is a = CD. 



PROBLEM IX. 




(150.) Given the base and the sum of the sides of a triangle, to find 
the locus of the point of intersection of lines from the angles bisecting 
the opposite sides. 

Let M be the middle of the base, AB, and take 
MB, MY, for rectangular axes. Put (x', y^) for 
the vertex,C,of the triangle, aild (x, y) for P, one 

of the points in the locus, then (19) y=:-^ 

Now the locus of (ar^, y') is an ellipse, of which the principal dia- 
meter, 2 A, is equal to the sum of the given sides of the triangle, and 
the foci A and B. The equation of the locus of (x^ y',) is therefore 
A V + B'^ = A'^B' ; hence, by substitution, we have for the locus 
of (x, y,) the equation Ay + BV = 

-9- or i^)^ y« 4. (?) V = ( g)» • (?)«, an ellipse of which the prin- 

cipal diameters are one third those of the former. 

If, instead of the sum, the difference of the sides had been given, 
the locus would have been an hyperbola, since, in that case, the locus 
of (a/, y^,) would have been an hyperbola. 

But, if the sum of the tangents of the angles at the base had been 
constant, then the locus would have been a parabola, {Prob. 1.) 

PROBLEM X. 

(161.) Given the base and sum of the sides of a triangle, to find 
the locus of the centre of the inscribed circle. 

Let AB be the given base, and P the centre of one of the circles, 
of which p is the point of contact with, the base ; then it is faiown that 
the distance ofp from M, the middle of the base, is y 

always equal to half the difference of the sides. This 
is easily proved ; for, since two tangents drawn to 
a circle from any point are equal, we have AC — 
CB = Ap' — Bp'' =Ap^Bp = 2Mp. This be- ^ 
ing premised, take MB, MY, for rectangular axes, 
?^^ MB = c, C = (a/, y^,) and P = (a:, y), then the area of the trian- 
gle, ABC = y'cj or putting A for the given sum, AC + BC, the area 
ci the same triangle is y{A+c); consequently, y^c=y(A4-c) 
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t/(A 4- e) 
. •. y' = ^^ . . \ Now, since the locus of C is an ellipse, of which 

c 

A, B, are the foci, and 2A, the major diameter, we have (47) 
J^(AC — CB) = ea/ = ar /. a/ = J? -r e = Aa; -r c. Hence, substitut- 
ing these values of a/ and y', in the equation of the locus of (a/, y^), 
viz. in A' y -[~ ^' ^ == A* B', we have for the locus of P, the equa- 
tion (A -f-c)*^ 4" ^'a;^ = B'c^, which characterizes an ellipse, of 
which the axes coincide with the former. For or = we have y = 

-T—j-— , and for y = we have a? = c ; these values of x and y are 

those of the principal semi-diameters of the locus. 

If, instead of the sum, the difference of the sides had been given, 
then, since half this difference, that is, ar, would have been constant, 
the locus of P would have been a straight line through p, perpendicu- 
lar to the base. 

rROBLEM XI. 

(162.) Given the base and the sum of the sides of a triangle to find 
the locus of the centre of the circle touching the base, and the prolon- 
gation of the other two sides. 

Taking the same axes as in the last problem, 
let P be the centre of one of the circles, Bjadp its 
point of contact with the base ; then, as before, 
M©=— aj=i(AC — CB)=ea?' .-. a/=— Aa? -5- c. 

J\OW, as tliB ceutre uf tko oircle xnnat. always 
be on the line bisecting the angle C, that is, on 
the normal, through the point (a/, y^)^ we have by 
substituting this value of a/, in the equation of the normal, the expres- 

sionjr= -? ^ ^ = _L^1JJ= __j^ to deter. 

^ c 

mine y', which is y' = y. These values of d/and y^,substi- 

c 

tated in the locus of (a/, y^), give for the locus sought the equation, 

(A — c)' y* + ^ ^ = B" ?, which is that of an ellipse, of wluch the 

minor diameter is 2c= AB, and major diameter 

Be VJA«— (r»J-c A-fc .^ . ^ ^^ 

=: — 1_^ 1 — = y --J — . c. u, instead of the sum, the 

A — c A — c A — c 

difference of the sides had been given, then, since x would have been 

constant, the locus of P would have been a straight line through p, 

perpendicular to the base. 

PROBLEM XII. 

(153.) Given the base and the difference of the sides of a triangle, 
to fhid the locus of the centre of the circle touchiiig one side, and the 
prolongation of the base and of the other side. 
26 
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Let P be the centre of one of the circles, and 
p, p\ p'^ the several points of contact ; then 
Ap'^ = Ap, or AC + Cp' = AB + Bp.-.Ap 
= i(AB-f AC + BC), and, taking AM or 
^AB from each side, we have Mp = i(AC + 
BC)=x. 

Now, since the locus of C is an hyperbola, of which AC, EC, are 
radii vectores, we have (79) |(AC + BC) = ea/ = rr .*. a/ = Aa? — c 
Also, since P must always be on the line bisecting the angle BCP'''', 
that is to say, on the normal through the point (a/, y'), we shall have 
to determine the value of ^^ from the equation of the normal, when 
a/ is replaced by Ax -f- c. This equation is 

BY-A<^+A V_ (A-c)c c .^_A + c 

y- ^ -i?ii?y-i+j' ••y— -r-»- 

These values of a/ and y^, substituted in the locus of (a/, y'), give 
for the locus sought the equation ( A+c)' tf — B' a; = — B' ^, which 

2Bc 

characterizes an h3rperbola, whose principal axes are 2c and . 

y/ — 1. If, instead of the difference, the sum of the sides had been 
given, then, since half this sum, or a:, is constant, the locus would have 
been a straight line perpendicular to, tmd through the extremity of, 
the major diameter of the ellipse, which is the locus of C. 

PR0B|J2Jtt XiiL — — 

(164.) Two straight lines are perpendicular to each other, and 
through two given points in one, straight lines are drawn, forming, 
with the other, angles, the product of whose tangents is constant : 
what is the locus of their intersection ? 

Let the perpendicular lines be taken for axes, and the equations of 
any pair of the intersecting lines be y = aa: + 6, y = oa? + )3. Then, 
by the conditions of the problem, the quantities oa, 6, and jS, are con- 
stant ; hence, multiplying the two equations together, and reducing, 
we have for the equation of the locus i/* — aax^ — (^4*)^) y+^/^=^> 
which characterizes an hjrperbola, if oa is positive, and an ellipse if 
aa is negative. Because x enters into this equation only in its second 
power, there are for every value of y two equal values of z ; therefore 
the axis of y is a principal diameter of the curve. If we put a? = 0, 
the resulting values of y are obviously b and /3, the difference of these 
is the value of the diameter, which coincides with the axis of y, that is 
A = |(i — /3). Also the sum of the same values gives twice the 
ordinate of the centre, therefore Y = 1(6 + j8). 

To find the other principal diameter, put this value of Y for y, in 

b 3 

the equation of the locus, and there results a; = B = r — ; r . 

^ 2V( — oa) 
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If oa =r 4- 1, the locus is an equilateral hjrperbola, and, if aa = — 1, 
it is a circle. In every case, the part of the axis intercepted by the 
given points is a principal diameter of the curve, as the foregoing va- 
lue of A proves. 

PROBLEM XIV. 

(155.) From two given points two straight lines axe drawn so as to 
intercept a given portion of a straight line given in position : what is 
the locus of the intersection of those lines 1 

Let EF be the line given in position, and A, B, ^ 
the given points ; let also AP, BP, be two lines in- 
tercepting the given portion, CD = m, then P is a ^ 
point in Sie locus. Draw the axes, AX, AY, the ^ — 
one parallel and the other perpendiculajr to £F, ^ 

put AO =p and (a/, y^) for the point B, then the equation of AP is 

y=z ax .\ when y=pj OC = p — a, also the equation of BP is 

p-^—y^ -4- of o/ 

y — y^z=a^{x — a/), -.'when j^=p, 0D=^- — ^—^ , 

c* 

.-. OD— OC = CD = ^~^; '^ — - = "». that is, substituting 

^- for a, and»-=I^, for < (P-!/^)(^-^+ ^_P1 = „, a^, 
X X — X y — y^ ' y 

equation becomes, after reduction, {s? — m)'if — y'^+(w»t/' — poc^)y 
-f-py^x = 0. Hence the locus is an hyperbola. 

As, in this equation, the square of one of the variables, viz. a^, is 
absent, the axis of aris paralleled to an asymptote (137), the ordinate of 
which is py^ -i- y^ — p \ hence the line EF is that asymptote. 

To determine the centre, we may solve the equation of the locus 
with regard to y, and, by omitting the irrational part, in the result- 
ing expression fort/, we shall have the equation of a diameter, in which, 
by putting p for i/, we shall obtain for x the abscissa of the centre, 
which is therefore thus determined. Having found the centre, we 
may construct the other asymptote ; thus, assume any value for x, 
and construct the two values oft/ corresponding;' two points of the 
curve will be thus determined, either of which is at the same distance 
from the known asymptote that the other is from the asymptote 
sought, the distances being measured along the line passing through 
the two points, and in opposite directions ; hence the centre, and a 
point in the asymptote, being found, the line may be drawn. Or, with- 
out first finding the centre, we may determine in this way two points 
in the required asymptote, which will determine its position. 

PROBLEM XV. 

(156.) Tangents to a parabola form a given angle with each other • 
what is the locus of their point of intersection ? 
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Let i represent the tangent «f the given angle, and («, y,) any point 
of intersecticm ; then, if the equation of the parabola be y" = 2mrj the 
equations of tangents through any points (r^, ^)^ {xf^^ tf'^ of the curve 
will be (105) J^ = m (x^- a?^), yy'' = m (« + *^0- ^^ ^ tangents 
of the angles which these tangents form with the axis of x are respec- 
tively w -r ^, m -r J^^ we have for i the tangent 

of their difference the expression <= /?X« ' 

it remains therefore to determine t^, y^^ in terms 

of X, y. For this purpose, substitute for 2ma:', 

2mxf\ in the equations of the tangents, their 

equals j^, i^, and we have the two equations 

y^ — 2y/ + 2wur = 0, y^'* — 2y}f''\'2mx = 0, in which the roots of 

the <Mae are the same as those of the other ; therefore, by the theory of 

equations, y^y'' = 2ma: and t^ + y''=2y .'. (2y)'— 8ma:==(t/'^— y')'; 

hence, substituting, in the square of the expression, for i^ we have 

. wi*(4y' — 8rnj?) 4y' — 8mx „ ^ ^ /« i -x 
(2tfur + m')' (2x + «*)^ x i / 

^^vtf=zO ; consequently the locus is an hyperbola, of which a principal 
diameter cdncides with the axis of x, since there are two equal values 
of y for 0? = 0. If we put y = 0, in the equation, the difference of 
the roots will be the length of this diameter, and half their sum, the 
abscissa of the centre ; this abscissa therefore is — (1 -7-/" + ^)m = 
— (cot" P 4- i) «» = AO By substituting it for x, in the equation 
of the locus, we get for the square of the semidiameter parallel to the 
axis of y the expression 

y^=— OT«^(1 -f-/«) + l^=— OT*(cot'.P+l)=— m'cosec^P. 

Now, instead of determining the other diameter by taking the dif- 
ference of the roots of the equation, as above suggested, we shall obtain 
it more readily from thepe considerations. We know that if we had 
removed the origin of the axes to the centre of the curve, that is, if, in 
the equation of the locus, we had substituted » — (cot.* P 4* i) ^ 
for ic, the equation would have been transformed to the form of 
y* — {fi^a^-T-^) = — B*. But, in this transformed equation, the 
coefficient of ac^ will be the same as in the prhnitive, viz. — f ; conse^ 

quently -r% = tan.' P, and B* = m* cosec." P, .*. A' = ^.1 , 

A" ' ' tan. P 

w cosec. P 

tan. 

locus will be an equilateral hyperbola. If I = infinite, that is, if the 
given angle be 90**, then the denominator, in the expression for <*, 
must be ; that is, 2a: + m = 0, or a? = — |m ; in this case, there- 
fore, the locus is the directrix of the proposed parabola. 

If ^ is negative, that is, if the given angle is obtuse, the equation of 
the lociks will remain unaltered, since t enters only in its second power. 



•. A = — : *— . If i ::= 1, that is, if the given angle be 46**, the 
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Hence we infer that, if any pair of tangents intersect at an angle, P, 
and any other pair intersect at an angle, P^ supplementary to the 
former, the locus of P will be one branch of the h3rperbola, and the 
locus of P'' the other branch^ 

PROBLEM XVI. 

(167.) Tangents to a parabola form angles with the principal dia- 
meter, the product of whose tangents is given ; what is the locus of 
the points of intersection ? 

Let one of the points of intersection be {x, y),and one of the points 
of contact {2/j y^) ; then from the equation of the curve t/'* = 2mx^ 

.\ a/ z=z^ 1(1)) ^^^ ^om the equation of* the tangent, yy^ ;= wix + 

moi/ = nw?+ — > (2). Also, for the value of a, the tangent of the 

angle which the tangent through (a/, y^) makes with the principal 

diameter, we have a = — ; .*. v' = — . 

y' ^ a 

Substituting this value of 1/^ in equation (2), and reducing, we have 

a^ — ^ a-\ = 0. The two values of a contained iq this equation 

belong to the two tangents drawn from the point {x, y), and, as their 
product, p, is given, we have, by the theory of equations p = —^ 

m 
.-. 2px = m, or a; = —. 

Hence the locus sought is a straigjht line, perpendicular to the princi- 
pal diameter, and at the distance -- from the vertex. 

PROBLEM XVII. 

(158.) To find the locus of the intersections of pairs of tangents to 
any line of the second order when they make angles with the princi- 
pal diameter, such that the product of their tangents may be a given 

quantity. 

This problem has just been solved for the parabola, and may, by 
employing a similar process, be extended to the other two curves. 
Thus, representing a point of intersection by (a?, t/), and a point of 
contact by '{x\ yO? ^^ should have, from the equation of the curve, 
A*/* + B**y* = A'B' (1), and from the equation of the tangent, 
A^yy' + B^xx' = A*B'' (2). Moreover, the expression for a, the tri- 
gonometrical tangent of the angle, this line makes with the principal 

diameter is 1 -:-a = — gr"/ J • • • (^)* 
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Hence, by determining if and y^, from equationa (1) and (2), and 
substituting their values in (3), we shall ultimately obtam, as in last 
problem, an equation between x, tf, and a, and the locus will then be 
determined, as in the case referred to. As, however, this process will 
be encumbered with some very complicated expressions, we shall enri' 
ploy the following more simple and elegant method of investigation, 
including in it the preceding problem. 

The general equation of a ^e of the second order, when referred to 
the, principal diameter, and tangent through its vertex, is \^ = wix -f- 
nar^ ; therefore, from the equation of the curve, we have if^ = tnix' -i- 
na/^ (1), and for the tangent, o, of the angle, formed by the axis of 
Xy and a straight line through the points (:r, t/) and {x\ y^), we have 

the expression a = ^ / .-.y^ =:y — ax-\-aa/ (2). Substituting 

X — X 

this value of y^ in (1), and arranging the result according to the power 
of a/, we have the equation • 

(a" — n)x^ + (2ay — 2a'x — m)x' + \f — 2axy + 0^2^ = (3) 
This equation gives two values for x ; but, since, Ijy the ccmdition? 
of the problem, the line through the points (x^y), {x\ y^) must have 
only one point, viz. {x^, y^), in common with the curve, the two values 
of a:^ in (3), must be equal, in other words, the equation must be a 
complete square. Hence, by the theory of equations, 4 (a* — «) (^ — 
2€Lxy '\' a^x^) = {2ay — 2a* a: — m)\ Reducing this equation, and 
arranging the result according to the powers of a, we obtain finally 
my + 2nxy m^ + 4ny^ 

mx -f- war 4 [mx + nx^) 

The two values of a, contained in this equaticin, belong to the two 
tangents drawn from the point (a-, t/) ; and, since their product, /?, ia 
given, we have, by the theory of equations, 

^ = i{ii^~ni') ^^''''^ ^f—pnx' — pmx + ^ = . . . . (4 J, 

the equation of the locus required, which is, therefore, an hyperbola, 

or an ellipse, according as p is positive or negative. When, however, 

n = 0, that is, when the proposed curve is a parabola, this locus be- 

wi . . . ' 

comes a straight line in which a; = — showing that it is perpendicu- 

4p 

lar to the axis, and that it coincides with the directrix vwhen jt> = — 1 , 
or when the intersecting tangents include a right angle. Since equa- 
tion (4) gives two equal values of y for ar = 0, it follows that a prin- 
cipal diameter of the locus coincides with the axis of x. If we put 
y = 0, in the equation, half the sum of the roots of the resulting equa- 
tion in X will be the abscissa of the centre ; this abscissa is therefore 

. Substituting this abscissa for a?, in (4), we have for the square 

2/i 
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of the semi-diameter parallel to the axis oft/, 

S/^ = B« = -^—' ^"t (566 pro6. 15) ^ = ^^ = — .p, 

consequently, dividing the expression for B' by — p, we have 

A^ = -| ^^-5- therefore, if n be positive, and p nes^ative, but 

4Trp 

numerically less than n, the locus will be impossible, for, in this case^ 

the foregoing expressions for the squares of the semi-axes will both 

be negative. 

l^p = — 1, that is, if the intersecting tangents to the ellipse or 

hyperbola form a right angle, the locus will be a circle, of which the 

radius is A = B = — - — ^ • ' . But, if » = -4- 1, the locus will 

be an equilateral hyperbola, of which the principal semi-transverse is 
given by the same expression. 

If we suppose the intersecting tangents to be parallel to conjugate 

diameters, then p = n (82)= if -— ; putting a and b for the principal 

a 

26' 
semi-conjugates of the proposed ellipse, or hyperbola, also w = — ; 

therefore, by these substitutions, in equation (4), the locus becomes 

V* ± -0-3? ± 6' = 0, which chariBicterizes an ellipse, when the 

proposed curve is an ellipse, that is, whenjp is negative, but when the 
original curve is an hyperbola, then this equation being the same as 

f — I -a: + ^ ) = .•. 2/ = ± i-x + 6 1. This equation charac- 
terizes the asymptotes, which are, therefore, the loci of the intersections. 

PROBLEM xvin. 
(159.) What is the locus of the centres of all the circles which pass 
through a given point and touch a given straight line? 

Am. A parabola. 

PROBLEM XIX. 

W^at is the locus of the centres of all the circles which may touch 
two given circles? > .^«». An hyperbola. 

PROBLEM XX. 

The directrix and a point in a parabola being ^ven to determine 
the locus of the vertex? Jins. An ellipse. 

PROBLEM XXL 

Given the base and vertical angle of a plane triangle to determine 
the locus of the centre of the inscribed circle ? Am. A circle. 

PROBLEM XXII. 

Cpoi) a given base triangles are constructed having always one 
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angle at the base double the other ; what is the locus of their vertices ? 

Ans. An h3rperbola. 

PROBLEM XXIIL 

From any point in a given straight line two straight lines are drawn, 
the one perpendicular to the given line, and the other to a given point ; 
if the perpendicular be made equal to the other, what will be the locus 
of its extremity % An&. An equilateral hyperbola. 

Notes containing solutions to all the problems proposed by the Author p. 287. 




CHAPTER IV. 

MISCELLANEOUS PROPOSITIONS ON THE THREE CURVES. 

THEOREM. 

(160.) If to any line of the second order two secants, parallel to the 
sides of a given angle, be drawn, then the two rectangles contained by 
the parts intercepted between their point of intersection and the curve 
will have a constant ratio, wherever that point of intersection may be. 

Let AX, AY be paxallel to the sides of a given an- 
gle, A'', and intersect any line of tlie second order, in 
the points P, P' and p, 'p'. The equation of the curve 
referred to these lines as axes is A^* + ^^ + ^^ + 
Dy+^^H"F=0, in which, if we put y=0, the result- 
ing values of x will be the abscissas AP, AP'', that is, 
these lines will be given by the roots of the equation ^ 

Co^ + Ex + F = o; or 2? +~ a? + -^ = 0, 

.*. AP • AP^ = F -7- C. In like manner, putting a: = 0, in the equa- 
tion of the curve, the resulting values of y will determine the cwrdinates 
Ap, Ap', that is, these hues will be determined by the roots of the 

D F F 

equation, y* + -r-y + "X ~ ^' '• '^i' ' ^^^ ~ T 

F F 
consequently AP • AP^ : Ap : Ap' : : ^r • T" * * -^ * ^' 

Now no change can take place in the coefficients A and C oiy^ and 
ar*, by removing the origin, A, without altering the inclination of the 
axes, that is to say, these coefficients Will remain the same, although 
we put ]j-\-hiox t/, and x-^aiox x] consequently, sp long as the 
two secants remain parallel to the two given lines, the ratio of the 
rectangles AP • AP', Ap • Ap' will be the same, wherever A may be. 

PROBLEM. 

(161.) To determine the general equation of the tangent to a line 
of the second order. 
Let (^x\ y^)j [pd\ y^^) be two points on the curve, then, for the secant 
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passing through them, we have the equation y — y^= ^^ — ±^^(^x-y) ( 1 ), 

and from the equation of the curve, 

Ay'^ + BxY + 0x^ + 1)1/ +Ex'+ F = ) ,^, 

A?/^2 + Bx'y + 00/"^ + !>!/' + Ea/^ + F = / ^^^ 

Taking the difference, A (y^—y'n + B (y/ — a/yo + C (a/^ — 
ar^^) + D {y'^y'') + E (z' — x'') = 0. 
Substituting, in this equation, {y^ + y''^ (/ — t/^'') for y^ — y^^, 

{x^ + 7f*) (a?^— a^O for a;^— a/'^, 
and a/ (y"— y'O + y'' (a:'— a/Q for a/y^ — a^V) 
it becomes (y^— y'O [A (y'-f- V'O + Ba/ +D] + (ar^— a^O [C (3?^+ 
;r^^) + By'' + E] = 0, 

fromwhichweobtam^^,-^, = - ^^^_^^,^^P^^^p . 

«' — y '^ 
By substituting this value of ^ — ^ in (1), and then, supposing the 

points (a?^, y'), (a/'', y'') to coincide, we have for the equation of the tan- 

gent passing through (a^t yO, y — /= - ^ . , ^ Ba;'+ D ^^""^^ ^^* 

If the tangent is to pass through a given point (a, /S), without the 
curve, then, in this equation, we must substitute for the general sym- 
bols X and y, the particular values a and /3, and the unknown point of 
contact, (a/, y'), may be determined, analytically, by means of equa- 
tions (2) and (3), or geometrically, by constructing the loci of these 
equations. 

JVf. Puissant* has given a simple and elegant method of arriving 
at the general equation of the tangent. He refers the curve to polar 
coordinates, assuming the pole on the curve, and then inquires what 
angle tlie revolving line must make with the fixed axis, when the 
radius vector becomes 0, that is, when tlie line becomes a tangent. 

Thus if it be required to draw a tangent through any 
point, P, in a line of the second order, represented by the 
equation y* = mx -|- nx^ . (4), let there be substituted for x 

and y the values ar = a/ -f* ** oos. w, y = y'' + '^ ^^* ^> or 
rather, for simplicity, x = x^ -{-rp^y z=: y^ -{-rq (6), in 
which a/ and y' are the coordinates of the point P, and we shall have 
the transformed equation (y' + rqY=m {x^ '\- rp) -{- n {x^ -\' rpf (6), 
characterizing the proposed curve, when related to polar coordinates, 
of which the origin is P, and the fixed line parallel to the primitive 
axis of X. If this equation be developed, and the terms arranged 
according to the powers of r, the result will evidently be of the form 
Mr^ -f Br + C = 0. 

Now it is easy to perceive that the term C, which is independent of 

* Recueil de diverses propositions de G^om^trie. 
27 8 2 




210 ANALYTICAL GEOMETRY. 

# 

r, must represent y^ — tin' — nx^, and this being equal to 0, by equa- 
tion (4), the transformed equation will be simply Mr-f-B ■= 0, 

When, therefore, r = 0, that is, when the radius vector becomes a 
tangent at the point P, there must exist the condition B = ; so that, 
by equating the coefficient of the first power of r, in the developement 
of (6), with 0, we have 2/ q — mp — 2r^a/ = 0, 

, a sin. oj m + 2nj/ rm • i • , 

whence - = = tan. w = — ^- — . This then is the expres- 

p COS. cj 2y^ ^ 

sion for flie trigonometrical tangent of the angle formed by the tangent 

to the curve at P, and the axis of x, and consequently the equation of 

the tangent is y — (3 = — - — {x — a), in which (a, j8,) denotes 

any given point in the tangent, and (a/, y^) the point of contact. If 
this latter be the given point, the equation is 

2im/ -i- fit 
y — y = — —7— (x — a/) (7). The same reasoning, applied to 
2y 

the more general equation, Ay* + Bxy + Cjj* -\- Dy-|- Ear -|- F = 0, 

shows that, after substituting the values (6) for x and y, we need 

attend in the result only to the coefficient of the first power of r, which 

being equated to 0, will furnish the value of 5^ , or tan. u. This equa. 

P 
tion will be 2Ay'q + B (^^ + py') 4- 2Cpa:' + Do + Ep = 0, 

9 2Car' + By'+E ,,,.,, 

whence ~ = tan. w = — ^> . ^ . ' ^ft and therefore the equa- 
p 2Ay'-fBar' + D ^ 

tion of the tangent through the point {a/j y') is 

1/ — |/ = — . -^ — L_^ {x — r ), the same as was deter- 

mined by the first method (3). By reduction, this equation becomes 
(2Ay^4-Ba?'+D) y + {,20.%' + By' + E) ar + Dy' + Ea/ + 2F=0, 
in which may be observed this analogy to the equation of the curve, 
viz. that, if the accents be efl^aced, each term in the equation of the 
curve will appear twice in that of the tangent, from which circum- 
stance the following rule has been contrived for arriving at the equa- 
tion of the tangent, with the proper accents, by means of the equ.ation 
of the curve. Sulastitute, in the equation of the curve,i xfx for 7?^ y^y 
for y", x^y for j:y, and x\ \f for a:, y. 

Repeat the equation thus written, taking care, however, to change 
7f into a7, and x into ar', as also y[ into v, and y into y\ The sum of 
these two equations will be the equation of the tangent. 

Thus, let the parabola of which the equation is y* = pa? be pro- 
posed, then the two equations to be added will be yfy = px/ and 
yy^ —px\ therefore 2y'y = p (x' + ^) is the equation sought. If we 
take the general equation y = ma: + nx', we shall have to add the 
equations y^y ^ mj/ + nx'x^ yy^ ^=amx'\- nxxf ; therefore 2^yy = 
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(m-^- 2nx^) x-^ma/ is the equation of the tangent, an^ to this form 
equation (7) may be reduced. 

THEOREM. 

(162.) If through any given point, chords are drawn to a line of 
the second order, and tangents be appHed to their extremities, these 
tangents will intersect on a straight line. 

Let the coordinates of the given point be a, 6, and let (a/, i/^), 
(rr^^, 1/^^), represent the extremities of either of the chords passing 
through it, let also (a, /3), be one of the points of intersection. Then 
for the equations of tangents passing through these points we have, 
by emplojdng the expression at the conclusion of last problem, 
2t/^iS = («i + 2^03/) a + mx' (1), 2y'' fi = (w + 2ttx'')a + mx'' (2). 

Now the equation of the line joining the points of contact of these 
tangents must be 2yl3 = (m -4- 2wa;) a + w*^j for this equation must 
represent some straight line, being of the first degree ; and it passes 
through the two points (a/, ^), and {x^^j if^Oi because equations (1) 
and (2) subsist ; therefore it can represent no other than the chord of 
contact. As (a, b), is always a point on this chord, we have 26/3 =: 
(w + 2na) a -\- ma^ this equation being of the first degree in a and j8 
shows that the point (a, ^) is always on a straight line. 

THEOREM. 

(163.) If a curve of the second order be referred to a system of con- 
jugate axes, and a point in its plane be found, such that its distance 
from any point whatever in the curve be a rational function of the 
abscissa of that point, then the point thus found can be no other than 
a focus of the curve. 

First, for the ellipse. 

Let {x^j if) denote the fixed point found, then for its distance from 
any point (ar, y) in the curve, we have (14), D*=(a? — oi^Y-\- {y — y^f 
+ 2 (j? — a/) {y — y^) cos. A, where A is the inclination of the axes. 

Or, developing this expression, and putting for y its equal 

^{b^— ^},wehaveD« = :^2— ^— 2^^ + a^ 

B'^ — 21/^ (a? — a/) cos. A+f 2 (a;— xOcos. A— .21/^1^ I B^— ^ I 
Now it is obviously impossible that D cannot be a rational function of 
X while the irrational function / \ B' —^ f remains in this ex- 
pression ; hence the term in which it enters must disappear that is, 
the point (ar^, t^) must be such that 2 [x-^x') cos. A — iy^ = 0, for 



; 
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every value of x. This condition gives the equation i — a/ = 



C0S.A 

But the first side of this equation is indeterminate, inasmuch as x 
is ; the second side therefore must also be indeterminate, although, by 
hypothesis, y\ and cos. A, have certain fixed values, these values 
therefore can be no other than t/' = 0, and co&. A = 0, or A «= QO**, 

in which case alone x — jr' =r — = a» indeierminaie quantity. 

It follows, therefore, that the conjugate axes must be the principtd 
axes of the curve, and that (since y' = 0) the fixed point must be on 
one of them. With this condition the expression for D^ becomes 

A^ B' 

jy = — v-5 — a^ — 2x^x + {x^ + B^), and we have now to inquire 
A 

in what circumstances the root of this square can be a rational func- 
tion of X, In order to this, assume D = 6ar + <*j**'^^4"2^<»a:+a^= 
j^i ga 

— -5 — z^ — 2x^x + {x^-^- B'), then, comparing the coefiicients of 

A 

the like powers of ar, we have for the determination of x^ the conditions 

b^ = — -rr — , 2ba=^ — 2x^,0^ = x^ + Bl From the first two we 

A 

get a' = -T-5 — ^2, and this value of c?, substituted in the third gives 

J[^^2 = B« + a:^ .-. ar' = ± V 1 A*— B'| = ± c. Hencex^has 

two values that will satisfy the proposed condition, viz. a/ = -|- c and 
x^z= — c, showing that the points sought are no other than the foci. 

The same process applies to the , hyperbola when the sign B* is 
changed. 

Second, for the Parabola, 

Since, in the parabola, y = ^/ {2/>ar^, therefore "D^ =z x^ — {2x^ — 
2p) x + x^ + y^^2/ {x — x') cos. A+\2{x—x') cos. A — 
2y^l^/2px] hence we must conclude, as before, that 2(x — x^) 

cos. A — 2/ = 0, .-. a: — x' = -JL^ = ^ as before, .-. jy=s^+ 

cos. A • 

2{p — x')x + x^. Put Jy=(x + qY = x' + 2qx+q^z=x' + 

2 (p — x^)x + x^, then, comparing the coefficients, 9 = p — x^ and 

^ = ^j .*. g = ar^, -•. jp ^ 2x', .'. x'ip, the abscissa of the focus. 

PROBLEM. 

(164). To determine a cube which shall be double a' given cube. 

Let the side of the given cube be a, and that of the required cube 

X, then we are to determine x from the equation ic'=2a', or x*=2a?x. 
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Substitute, in this equation, f or oF ] a^ =: ay (1), andi 
it becomes o*^ = 2a^x or i/* = 2ax (2). Now equa- 
tions (1) and (2) represent parabolas referred to the 
same axes, the parameter of the one being a, and that 
of the other 2a. At the point where these parabolas in- 
tersect the abscissa will be common to both, therefore 
this yalue of a?, satisfying both the equations (1) and (2), must also 
satisfy the proposed, so that the side AM of the required cube may be 
determined by construction. 

PROBLEM. 

(165.) To trisect an angle. 

By trigonometry, p. .43, cos. SA:=.t^^'-^^'^'^ 



or, putting cos. 3A = a, and cos. A = ar, we have 

^ J- ar —- = O, trom which equation we are to determine the 

values of x by construction. 
Multiplying the terms by ar, it becomes 

3R* „ R*a 

^* J- ar J- a; = 0. In this- equation assume a? = jRj/ ( 1 ,) 

3R 

and it becomes t/* — — y — ax = . . . . (2). 

If these two equations which denote parabolas be constructed in 
reference to the same axes, the abscissas of their points of intersec- 
tion will be the three values of the cosine of A to radius R. 

These values correspond to the three analytical values cos. A, cos. 
( JflT + A), cos. (^ + A), since the given cosine, a, belongs equally 
to either of the three arcs 3 A, (2^ + 3A), (4«'.+ 3 A).* 

The two last problems may serve to show the application of curves 
to the solution of equations. If the equation do not exceed the fourth 
degree,. the roots may always be determined geometrically by the in- 
tersections of two lines of the second order. But this mode of deter- 
mining the roots of equations is never employed in practice, the most 
accurate as well ,as most expeditious method being that of numerical 
approximation. The best method of approximating to the roots of 
equations is that discovered by Mr, Horner^ and printed in the Phi- 

♦ The same cosine equally belongs to the arcs (6»-f-3A), (9ir-f-3A), &c. but 
the cosine of the third part of either of these will always be the same as one of the 
three cosines in the text ; thus cos. (Str + A = cos. A, cos. (2ir -}- |ir -f- A) = cos. 
(|ff 4- A), &c. Al«o since the cosine a will remain the same, although 3A be 
negative,it will remain the same also for every arc in the series. — 3A, (2ir — 3A), 
(4tr — 3A), (6ir— 3A), &c. but for these also the same remarks apply, that is, 
the coisine to the third part of either will be one of the cosines m the text; thus : 
COS. (iir— A) = co8. [2ir— (|ir — A)]==:cos. (i.ir-f A), cos. (1» — A) = COi. 

(|, + A),&c 
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insophical Transadions for 1819, (see also my Algebra, chap, vi.) 
For further applications of the theory of curves to the construction of 
equations the stud(int is referred to Bourdon, •AppHcalion de VAlgebre 
(I la Geimitii-ie^ Lacioixj Triganomeirie, and Lardner's Jllgebraic Ge-- 
omeity^ in sections xx and xxi of which will be found many interest- 
ing reiiiaiks on this subject. 

THEOREM. 

(166.) Five points being given on a plane, of which no three are 
situated on the same straight line, it is possible to describe a Une of 
the second order which shall pass through them all. 

For, let the general equation Ai/^ -\- Bj'i/+Cx*+D2/+Ej:=F (1>. 
be divided by A, and it will then assume the fonn y^-^-biy -^cx^ -j- 
dy -{-ex =zf {2)y so that the equation of the second degree, in its 
most general form, contains five coefficients, b, c, c/, c, and / the va- 
lues of which may be arbitrarily assumed, they may, therefore, be so 
determined as to subject the curve, into whose equation they enter, to 
pass through the points (a, /8), (a^, (3'), (a^^ /3''), (a''% f3'''), (a'''\ 
/3'^'^), since we shall have, for this purpose, the five simple equations 
^ J^ha /3 + ca'* -f d/3 4- ca = / 
/S'' +^a' jS^ +ca^ +d^' -fea^ =/ 
/3'^ + haf' 13'' + ca^^ + dl3'' + m'^ = / 
|8///3 J^ ^a^//^/// +ca^^^ +d^''' + ««'"' =/ 

from which the values of the unknowns, 6, c, d, e, and/ may obviously 
be determined, and these values substituted in equation (2) will 
render that equation the representative of the required curve. If we 
are not restricted in the choice of axes of coordinates, they may be so 
assumed as to render 'some of the preceding equations of condition of 
simpler form. Thus, by taking one of the points, as (a, /3), for the 
origin, we shall have for the first equation merely =/. and if each 
axis be drawn through a separate point, as {a,\ J3')^ and (a'\ ^''), the 
next two equations will be /3^* + c?^' = / and ca^^ -f- col'' =f. If 
the curve sought ought to be a parabola, only four arbitrary points 
must be assumed because, in the equation of this curve, only four of 
the five coefficients are arbitrary, since between the two, a and 6, there 
must exist the relation a^ — 46 = ; as here a has two values, a posi- 
tive and a negative, for the same value of 6, there may be two para- 
bolas passing through the same four points. But no curve of the 
second order can intersect another in more points than four, since the 
coefficients determined by the five preceding equations, admit each of 
but one value. 

PROBLEM. 

(167.) To determine a curve which shall pass through any pro- 
posed number of given points. 
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Let us represent the given points by (a, /3), (a',/3''), (a^^, /3^^), 
(a^'', ^^^^)j (a^^^\ ^^^^^)i &c. then it is obvious that several curves might 
be described passing through these points, some expressible by equa- 
1 ions, and others not. But it is desirabb to know which of all the 
possible curves is the simplest, or admits of the easiest description. 
Now those curves are most easily described of which any ordinate is 
a rational and integral function of the abscissa, because the value 
of the ordinate corresponding to any assumed abscissa will, in this 
case, never be encumbered with radicals. These curves are included 
in the equation y = A + Ba? -f- Car^ -j- J)x^ -f" ^c- ^^'^ ^^^^J ^^^ 
called 'parabolic curves^ bec^iuse the parabola, of which the • equation 
is 2/ = A + Bo? + C^> is obviously one of them. The order of the 
curve depends upon the highest power of x ; the common parabola is 
of the second order, and that in which x^ is the highest power of x is 
of the third order, &c. 

Hence, if we take the parabola whose order is equal to the number 
of proposed points, we shall have to determine the same number of- 
coefficients, A, B, C, &c. from the simple equations 
i8 =A + Ba +Ca^ + Da^ +&C.1 
/3^ =A + Ba^ +Ca^ +Da^+&c. ( .,>, 

^'/ = A + Ba^'' +Ca''^ +Da^^^ +&c. f ^^^' 

^''' = A + Bol''' + Qaf'"^ + J)af''^ + &c. J 
To do this in the simplest manner, let each equation be subtracted 
from the next, and we shall have 

{fd'--fi) = B (a^— a) + C (a'' — a'^) + D (a^_ a^) + &c. 
(/3^_/3^/) = B(a^'— a0 4-C(a'^ — a^) + D(a^'^ — a^) + &c. 

(/3'"'^ — /3^0 = B {of'' — a^O + C (a''""— a^'') + D (a''""- a''') -+• &c 
and by division 

^— = B + C(a^ + a) + D(a^ + a^a + a'') + &c. = a 

^'' ^'=B+C (a'^+aO +D (a'^+aV+a'') + &c. =a' t (2^ . 



a 



iS^^^ — iS 



// 



./// 



.// 



-=B+C(a^^^+a^0+I^(a''''+a'''a''+a''')4-&c.=a 



//-' 



a — w 

The values a, a\ a'\ are known, because the first member of each 
equation is known. Now these equations are of the same form as 
those origmally proposed, and A is found eliminated ; hence, by per- 
forming a simUar process with these equations as with the first group* 
we shall have 



a' 



a 



tc 



// 



a 



a'^ — a! 



Mf 



= C + D (a'^ + a^ + a) + i&c, = 6 
=C + D (aw_|.a//^.a0 + &c. = y 



^ • • » • 



(3). 



J 



a — a 
In these equations, the next coefficient, B, is eliminated, and, by con- 
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tinuing the process, we shall eliminate the coefficients one by one, 
till we come to the last, the value of which may then be determined 
£rom the final simple equation, and thence all the others. 

Suppose, for example, only three points (a, 13), {a\ /3^), and {a'', 
/3^^), are proposed, then the equation of the curve is 
y = A + Bar + ^^> ^^^ ^^® equations (2), (3), become 

L^ = B + C(«' + «)=«. J^, = B+C(a" + aO = o', 

OL — OL OL — Of, 

nf " I 

—r- = C = &. Substituting this value of C, in equation (2), we 

a -^a 

have B = a — ^(a'' + a). Also, since from the proposed equation we 
have /3 = A + Ba + Ca', we obtain for A, after having replaced B 
and C by the values just determined, the expression A =i^ — cuL-\-baaf. 
Having thus determined the values, of the three coefficients, we have 
for the equation of the required curve ^ 

y = /3 — aa'\' baa' + (a — ba' — 6a) a: + 6ac*, 
or y = ^ + o(ar — a) + b{x — a) {x — a^). 
Lagrange^ after having given this solution from JVctu/on, observes, 
that it may be much more simply obtained from the following consi- 
derations : (Puissant, Probl^mes de Geom6tri6.) 

Since y ought to become /3, j3\ ^8^' . . - . when x becomes a, a\ a'' 
. . . . , it is obvious that the expression for ^ must be of the fom> 

y = A'/3 + B'^' + Q'^'' + , where the quantities A^ B', C\ 

&c. must be functions of rr, such that, when we put 

ar = a, we must have A^ = 1, B^ = 0, C^ = . . . . 

x=za', A'= 0, B^ = 1, C^ = 

x = a'\ A^ = 0, B^ = 0, C' = 1 

consequently the values of A', B^ Q\ &c. must necessarily take the 
form A^ = (xW^l^:-O(.-a-0._^ 

(a — aO (a — a^O {oL — a''') 

g. ^ (x--a) {x— g^O (ar— g^^O . . . . 

(a'— a) (a'— g'O (a^— a'^0 • • • • 
^, __ {x — g) (x — gp {x — a'^^) .... 

~(V— g) (g^'-aO (a^^-V^T7. 
where the number of factors in each numerator and denominator is one 
less than the number of given points. Hence the general expression 

tor VIS v==^ —^ — ^— /8 

^ ^ (g — gO (g — g^O (a^g'^0 .... 

(3;-g)(a:~g^0(^-a^/0.:. . 

f (a^ _ a) (g^— g^O (a^— a'^0 • • • • ^ 

{ x—a) {x — gQ {x -r «''0 ^,, 

"T" (a^/^a) (^a^z-g/) (g^z-g///) . . - . ,^ 
Newton^s method gives for the general expression for y 
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y=/3 + a(ar — a) + b{x — a){x — a^)-{-c{x — a) («— a'')(a: — a/^. 

These two expressions are different only in form, as may be ascer- 
tained by developing the values of a, 6, c, &c. and arranging the terms 
according to the quantities, j8, jS^, j8^^, &c. 

Either of the preceding values of y may be considered as a solution 
to this problem, viz. To determine the general relation which exists 
between two variable quantities,* ar, y, from knowing the relation which 
exists in the particular cases a?=a, y = /? ; a? = a', y = ^^ ; .x = a'^, 
y^^''] &c. 

This is an important problem, being the foundation of the method 
of interpolcUian, since it enables us, from having a certain number of 
terms of a series given, the law of which is not known, to arrive at an 
approximate expression for the general term of that series, and thence 
to interpolate between the given terms as many more as we please, all 
governed by the same law. Of the two general expressions for this 
purpose just given, the former is the more commodious in calculation, 
because the several terms may be computed by logarithms. Never- 
theless, the latter expression leads to a very neat and commodious 
formula, when we suppose the quantities a, a^, a^\ &c. to be in arith- 
metical progression, as is generally the case in practice. 

Let h be the common difference of the progression, then 
a' = a 4- ^ a^^ = a + 2fe, a^' = a + 3^, &c. let also x = (i + h\ 
then X — a=:h^jX — ol' =.hf — h^x — a!* •=ih! — 2/i, &c. Now, 
putting, for brevity, A/3, £^^\ A^^\ &c. for the several differences, 
^^— i8, i8^^ — ^^,^/^^— /3^^, &c. we have (2) ; 

AjQ , Ai8^ „ Ai8^' e . • VI .20 

a = -jT-j a — , a* = —r — , &c. putting, m like manner, A*p, 

i^^\ &c. for the second differences, AjS"— AjS, AjS^'— A/3', &;c. 

have 6 = - — -75, h' = 77-577 » &c. substituting also A'/3, &c. for the 

A^/3 
third differences, A'^S' — A'^iS, &c. their results c = - — ^ ^,« »&c. 

1*2* Zi^ 

therefore the formula becomes 

As an application of this formula, the following example is fre- 
quently given. 

EXAMPLE. 

To compute the logarithm of the number 3*1415926536 by means 
of a table of logarithms from 1 to 1000, calculated to ten places of 
decimals. 

Regarding the logarithms in the table as the particular values of y, 

28 T 



218 



ANALYTICAL GEOMETRT 



the conesponding numhers being the values of ar, ^e shall have, by 
taking the successive differences, the following values 



je = log. 3 • 14 = • 4969296481 
/3^ = log. 3 • 15 = • 4983106638 
^'' = log. 3 • 16 = • 4996870826 
fi''' = log. 3 • 17 = • 5010692622 
^////-- log. 3 • 18 = • 5024271200 

A'/3 =—43769 
A"/3^ = — 43492 
A»/3'' = — 43218 






13809067 
13766288 
13721796 
13678578 



A*i8=:— 3; 



A'/3 = 277 

A'/3' = 274 

consequently Ai3 = • 0013809057, A'/3 = —0000043769 
A'/3 = • 0000000277, A*/3 = — ' 0000000003. 
Now the constant difference, h, is • 01, and 3 • 14 being taken for a, 
and 3 • 1416926536 for ar, we have ^^ = ar— a= 0015926536; 
W fc' — V h 



hence ^ = * 15926536, 



llh 



= -1 _ 4 = — • 42036732, 



These values, substituted in the formula 

• h'2h'?ih ^^"^ h'2h^h'Ah ^' 

give y = log. 3 • 1415926536 = • 4971498726. 



GENERAL SCHOUUM. 



(168.) Having discussed pretty fully the various properties of curves 
of the second order, it remains to make a few general remarks upon 
the higher orders of curves, or those of which the equations extend 
beyond the second degree. 

If we have an equation of the nth degree, containing two variables, 
and which is not compounded of equations of inferior degrees, the 
curve which it represents is said to be of the nth order. But, if the 
equation is compounded of others of inferior degrees, then also its 
geometrical representation comprehends all the curves represented by 
Uie component equations. Such an assemblage of lines is called a 
complex line. For instance, the locus of the cubic equation 
y* — ax^ + ^^y — ^^ — ^4" ^*<^ = ^» which arises from the mul- 
tiplication of the two equations y-aar=0 (1), andy'4"^^-c=0 (2), 
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b not a simple line of the third order, but a complex line, consisting of 
the straight line represented by the equation (1), and the parabola 
represented by equation (2), For the coordinates, (a:, i/), of every 
point in the straight line rendering the factor y — ax equal to 0, the 
same coordinates must render the product {y — ax) {y^-}- hx — c), 
that is, they must always satisfy the proposed equation ; hence this 
straight line must belong to the tocus, and in the same manner is it 
shown that the parabola must also belong to the locus. 

It appears, therefore, that for an equation of tlie nth degree tc 
represent a curve of the nth order, it must be such that, when all the 
terms' are arrangied on one side, it may not admit of being resolved into 
rational factors. 

The most general form of aii equation between two variables of any 
proposed degree is that which beside constant quantities, contains 
every possible combination of the variables, under the condition, that, 
wherever their product enters, the sum of their exponents shall not 
exceed the required degree. Thus the most general form of the equa- 
tion of the third degree is 

k'f + Bfx + Cyx" + Da;* + E2/^+Fy2;+Gr^+H2(+Ka;+ L=0 
that of the fourth degree. 

Ay + ^fxJ^Cfx" + Byo^ + Ea:* , 
+ Yf + Gfx-\-liyx' + K7? 

+ Vy-\-QLx 

&c. so, that the number of terms in a general equation of the nth dev 
gree will be equal to those in 

{y+^Y+{y+^Y-'' + {v+xY-'^+,,..{y+x)K 

Now the expansion of any power of a binomial consists of as many 
terms as there are units in its exponent, and one more {Alg. p. 160) j 
hence the sum of the terms in the above series of expansions is that 
of the arithmetical progression 

1+2 + 3+4+ n+l=^(n+l)(n + 2); we infer, there- 

fore, that, in the general equation of Ae nth degree, there are \{n +1) 
(n + 2) terms, and consequently the same number of constant coeffi- 
cients ; we may, however, without diminishing the generality of an 
equation, divide all its terms by the coefficient of any one of them, 
and thus reduce the number of arbitrary coefficients to 
i (n + 1 ) (n + 2) — 1 = in(n + 3). 

It follows from this, that a curve of the nth order may be made to 
pass through \ n{n-\-ii), points arbitrarily assumed, for the coordinates 
of each point being successively substituted for x, y, in the general 
equation, will give rise to -J- n(» + 3), equations in which the general 
coefficients are the unknown quantities, and which these equations 
are sufficient to determine ; the values of the coefficients being thus 
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ascertained the locus of the equation will pass through the proposed 
points, but, if these are so assumed as to render it impossible for any 
siinple curve of the proposed order to pass through them, then the 
iocus determined as above will be a complex Une of the proposed 
degree. If the points are all in the same straight line, the equation 
of the locus vnH be found to be reducible to the form (y + ox -f- ^)" 
= 0, which represents n coinciding straight lines. 

Let us now inquire in how many points it is possible for a straight 
line to intersect a curve of the nth order. Taking the general equa- 
tion of the nth order, and putting y = 0, we have the equation 

A'a* + B'^-i +C^a*-2 ^ p/x4-a = 0, the roots of 

which are the values of so many abscissas of the points where the 
axis of X cuts the, curve. As the values of the coefficients A', B^, 
&c. are quite arbitrary, they may obviously be such as to render these 
n roots all possible and different from each other ; hence a curve oi 
the nth order may be cut by a straight line in n points, but not in 
more ; there are, however, not necessarily n points of intersection ; the 
number may be less, but cannot be more. If the term A' x* be absent 
from the equaticm of a curve of the nth order, or can by any transfor- 
mation be removed, then there can at most be but n — 1 points c^ 
intersectioif between the curve and axis of a: ; if also the term Wa*—^ 
be absent, then the number of intersections will be but n — 2, and so 
on. When any particular curve of the nth order is proposed, then the 
coefficients, A^, B'', &c. become fixed, and the number of intersections 
will be n, orn — 2, or n — 4, &oc, according as the equation has n, or 
n — 2, or n — 4, &c. possible roots.* 

Between the curves of the second order and those of the higher 
orders there exists a very intimate analogy. We can adduce here 
only the two following instances : 1. If two straight lines parallel to 
the axis of y, drawn in a curve of the nth order, he cut by the axis of 
X, so that the sum of the ordinates on one side be in each case equal 
to the sum of the ordinates on the other side, thai every other line 
parallel to these will be cut by the axis in the same manner. 

Let the equation of the curve be y» + {ax + 1) y"~^ + . . • . =0, 
and those of the two parallels, ar = jp, and a: = 9, then we have 

y* + (op -f- b) y*— 1 + ^c* = ^ 
y» + (a^ 4" ^) y*"" * + &c. = 0, 
and, since in each case the sum of the negative ordinates is equal to 
the sum of the positive, we have 



* If any roots of this equation are equal, it will intimate that the straight line 
passes through a singular point of the curve. Thus, if two roots are equal, the 
corresponding point will be either a point of contact or a double point, that is, a 
point in which two branches of the curve intersect. If three roots be equal, the 
corresponding point will be either a point of in/^earion, or a triple point, &c. The 
investigation of the singular points 01 curves belongs more properly to the Differ^ 
ential Calculus. 
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ap 4" ^ = 0) <*9 +^ = ^ • • ^(P — <?) = ^ .-. a s=s 0; hence, 6 = 0; 
consequently, whatever be the value of a?, we must always have 
ax-\- b = Oj which establishes the proposition. 

The line thus dividing parallel ordinates is called a diameter. 

2. If to any line of the nth order two secants, parallel to the sides 
of a given angle, be drawn, then the continued products of the parts 
intercepted between their point of intersection and the curve will have 
a constant ratio. 

For, taking these two secants as axes, and putting successively 
2^ = 0, and a? = 0, the equation gives 

A'a:« + B'a*-i+Ca:»-2 + P^a? + a = 

Ay +.B2/"-^ + Cif»-2+ Pa; +a = 0. 

The roots of these equations give the parts of the two secants inter- 
cepted between their intersection, that is, the origin, and the curve. 

Hence, dividing the first equation by A', we have for the product 
of its roots, or of the parts of one secant, the expression Gl^ -r- A^. 
In like manner, for the product of the parts of the other secant we 
have the expression Q, -f- A. Hence these products are to each 
other as Q, -^ A^ : Gl-r-A, or as A : A^ that is, they have a constant 
ratio. (See art. 160.) 

For further particulars respecting the higher curves the student is 
referred to the comprehensive summary given by Dr, Gregory in the 
third volume of Hutton^s Mathematics^ see also Lardner^a Algebraic 
Geometry, section xxi: 

We here terminate the second principal division, or first part of 
the present performance ; having now completed our inquiry into the 
general theory and properties of lines of the second order, usually 
called analytical geometry of two dimensions. 



ANALYTICAL GEOMETRY 
OF three dimensions. 



SECTION I. 

(169.) The preceding part of the present treatise has been occupied 
in discussing the properties of the plane curves, that is to say, of lines 
of which all the points are situated in the same plane. In these in- 
quiries we have found nothing more to be necessary than to assume, 
in the /same plane with the curve proposed, two fixed lines, or axes, 
and then to investigate the analytical expression which must charac- 
terize the position of every point in the curve, relatively to the assumed 

T2 
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axes. Tlua analytical represealalion of the proposed curve cimtainft 
impUcitty all its properiiea. In ibia eecond part of our subject we [H'o- 
pose to extend our inquiriea to the coneideration of hoes and eurfaces 
not entirely situated in one pkne, and where it will be necessary to 
employ three axea erf reference, instead of two. We shall begin by 
determining the equation of a point situated in space. 



CHAPTER I. 

OS THE FOIKT *N0 STRAIGHT LINE 8ITQATED IN SPACE. 

Equalion of a Point. 
(170.)LetZAX,ZAY,YAX,be the three planea which, for simpli- 
CLiy, we shall suppose to intersect at right angles, so that the line Z A 
will be perpendicular, to both AX and AY. Let, also, P be any prant 
in space, whose position it is required to determine relatively to the 
axes, AX, AY, AZ, 

Upon each of the assumed planes let fall, 
from the point P, the perpendiculars Pp, 
Pp', Pp", then, if the lengths of these per- 
pendiculars be given, the position of the 
point P will be determined. For, conceive 
the planes PC, PB, PD, to be drawn, form- 
ing with the planes DC, DB, the rectan- ' 
gular parallelopiped AP, then AD=Pp, 
AC=Pp', and AB=Pfi", consequently the 
points B, C, D, are at given distances from 
the point A ; if, therefore, through these 
paints three planes parallel to the assumed 

planes be drawn, the point P will be that in which they all intersect. 
The three planes, ZAX, ZAY, YAX, in reference to which the 
position of the point has been determined, are called the coordmale 
planet, their intersections, AX, AY, AZ, are the axes of coordinates 
and the distances AB, AC, AD, of the three planes, parallel to the 
former, from the origin. A, are the three coordinates of the point P, 
where they intersect. The coordinates of any point are generally 
denoted by x, y, andz; if these are known, the point, as we have just 
seen, is determinable; hence the equations x=^a, y=b, a=e, are the 
equations of a point. 

If the three coordinate planes be produced beyond their intersections, 
there will obviously bo formed about the p«nt A eight triedral angles,* 
four above the horizontal plane YAX, and four below ; hence to ex- 
presB analytically in which of these angles the proposed p«nt is 
situated, we must prefix to its ordinates the signs which they must 

■Angles formed by the meeliog of thiee plsnei in a point. 
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take from considering the axes of ordinates as positive, in one direc- 
tion, and as negative, in the opposite direction ; thus, regarding the 
axes as positive in the directions AX, AY, AZ, they will be negative 
in the opposite directions, AX'', AY'', KT/ ; hence we shall have the 
following variations of the signs of the coordinates for every possible 
position of the point P. 

If a? = + <*j 2/ = + ^» ^ = + ^) ^^® P^"^^ ^^ ^ *^® angle AXYZ, 
0? = — a, i/ = + Z>, z = -]-c, AX^Z, 

a: = +cf)2^ = — ^j^^ + ^j AXY^'Z, 

ar = +o, t/ = + i, z = — c, AXYZ^ 

a; = — a,t/ = — 6,z = +c, AX^% 

a: = — a, t/ = + ^>,^ = — c, AX^YZ', 

a: = +o,i/i= — 6,:r = — c, AXY^Z^, 

0? = — a, 1/ = — ^>, « = — c, AX/Y'Z'. 

(171.) Of the three coordinate planes that which contains the axes 
AX, AY, and which is generally the horizontal plane, is called the 
'plane of ocy ; that which contains the axes AX, AZ, is called the plane 
o/xz ; and the third, containing the axes AY, AZ, is called the p^ne 
ofyz. If the proposed point be situated in the plane of a?y, then its 
distance, z^ from this plane being 0, its equation will be a? = a, y = i, 
2 = 0. If it be on the axis of Xj that is, on the intersection of the 
planes of xy and xz^ then its distance from each of these planes being 
0, its position will be expressed by the equations x=a,y = 0,z=zO. 
But if it be at the origin, that is, at the common intersection of the 
three planes, then, its distance from each being 0, the equations of the 
point dre a: = 0, y = 0, z = 0. In like manner, if the point be situat- 
ed in the plane of xz^ its equations are x^^a^ i/ = 0, z = c ; and if it 
be on the axis of a:, or on the axis of z, we have, respectively a? = a, 
t/ = 0, z = 0, a: = 0, 1/ = 0, z = c. Lastly, if the point be in the 
plane of yz^ its equations are a; = 0, y = ^, 2: = c. 

(172.) The points p, p^ p^^, where the perpendiculars from P meet 
the coordinate planes, are called the projections of P, on these planes. 
If the position of any two of these projections were given, it would be 
sufficient to determine the point P ; for a perpendicular from either 
projection to the plane in which it is, necessarily passes through the 
point P, so that P will be at the intersection of two such perpendicu- 
lars ; knowing, therefore, two projections, we can always, if required, 
determine the third. 

Suppose, for instance, the projections p, p', on the planes of (ty and 
xz be known, or, which is the same thing, that we have given the 
equations of these points, viz. a? = o, t/ = ^, and a: = a, 2 = c ; these 
two equations give for the third projection, p^^j the equations «/ = *, 
2 = c, and any two of these combined give the equations of P, viz. 
x = a,y=b,z = c. 

If the coordinate planes had been oblique, instead of rectangular, 
the preceding equations would have been the same ; but the coordin- 
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ates Oj bj c, would then have been oblique, and the projecticnis of P 
would have been given bj lines drawn from P, parallel to the coordi- 
nate planes. 

On the Equation of the Straight line in Space, 

(173.) If, through any given straight line situated in space, a plane, 
perpendicular to either of the coordinate planes, be drawn, the inter- 
section of the two planes is called the projection of the proposed line. 
The plane thus drawn is called the projecting plane ; there are, there- 
fore, three projecting planes, each of which contains the proposed line 
and one of its projections, consequently knowing two of the projec- 
tions, we may draw two of the projecting planes, and, since the pro- 
posed line must be situated in each, their intersection will determine 
it ; hence, in the straight line, as in the point, two projections are suffi- 
cient to determine it. 

Let MN be a straight line iu space, of 
which the projections on the planes of zx and 
of zy are mn and mV, and let the equations 
of these projections be a: = oz + a . . . . (1), 

y = hz + l3 (2). 

Assume any point in the projecting plane, x— 
Nm, and through it draw in this plane a pa-* 
rallel to AY, then every point in this parallel 
being equally distant from the plane ofzy, and 
also equidistant from the plane of xt/j it follows 
that for every point in this line the coordinates x, ;, are the same, and 
one of the points is in the line mn ; but the coordinates jt, z, for every 
point in mn are related, as in equation (1) ; hence also the coordinates 
X, z, of every point in the projecting plane, Not, are related, as in equa- 
tion (1). In a similar manner, the coordinates y, z, of any point in 
the line m^ n^ are the same as those of any point in the projecting 
plane, Nm'. Hence, at the intersection, MN, of these planes, both 
the relations (1) and (2) must exist, so that these equations which, 
taken separately, characterize the two projections, represent, when 
taken together, the proposed line, therefore x = az + a \ 

y = bz + l3i 
are the equations of the straight line in space. 

Hence any assumed value being given to one of the coordinates, 
these equations will make known the other two, and thus the three 
coordinates of any point in the line may be obtained. 

(174.) We have here supposed that the proposed line is projected 
on the two vertical planes ZX, ZY ; if, however, one had been tfie 
horizontal plane, XY, then the equation of the projection on this plane 
would have exhibited the relation between the coordinates, a:, y, of 
any point in the proposed line, and thisj combined with either of the 
equations, (1), (2), would have equally characterized the proposed 
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liae. But the relation between x and y, or the- equation of the pro- 
jection on XY is readily obtained by eliminating «, in the equations 

\) Ifd — a3 
(1), (2), this elimination gives the relation y =: - x 

which is, therefore, the equation of the projection on the plane of xy^ 
and in a similar manner may either pi'ojection be obtained from know- 
ing the other two. But the projections usually employed are those 
on the vertical planes represented by equations (1), (2), in which the 
vertical axis AZ, is considered as the axis of abscissas ; the horizon- 
tal axis, AX , as the axis of ordinates for the projections on the plane 
of xz ; and the horizontal axis, 'AY, as the axis of ordinates for the 
projections on the plane of yz. The constants, a and 6, denote the 
tangents of the angles which the projections on the vertical planes 
make with the axis of 2^, and a, j@, express the distances of the origin 
from the points where these projections intersect the axis of x and of y. 

PROBLEM I. 

(176.) To determine the points where the coordinate planes are 
pierced by a given straight line, 

Let the given straight line be represented by the equations 

x^:^ az-\-(i\ 
y^hz + ^] 

Then at the point where this line pierces the plane of ay, « = 0, 
substituting therefore this value of 2, in the above equations, we obtain 
for the coordinates, a?, y, of the same point, a; = a, y =/3. 

At the point where the line pierces the plane of a?z, y = ; putting, 
therefore, this value of y, in the second equation, and substituting the 
resulting expression for 'z in the first, we have for the coordinates, ar, 

/. 1 . . ^ct — a^ iS 1 , 1 1 . , 

2:, of tms pomta: t=: — 7 — , 2: = — -^ and lastly at the pomt where 

the line pierces the plane of yz^ x = 0, putting, therefore, this value 

Xj in the first equation and substituting the resulting value of z, in the 

second, we obtain for the coordinates, y, 2, of the same point 

aQ — 6a a 

y= — - — , « = —--. 
a a 

PROBLEM II. 

(176.) To find the equations of a straight line passing through a 
given point. 

Let xf^ y\ zf be the coordinates of the given point, and let the equa- 
tions of the line sought be ar = 02? + * ) ^^\ 

y = bz + l3i ^*^' 

then we must have the conditions a/ = az^ -{-a 

y'=fez^ + ^, 
which give for a and j8 the values a = a/ — az^ and 13 = y^ — bz^: 
29 
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hence, by substitution, in equation (1)* we have 

which are the equations sought, and characterize every straight line 
that can be drawn through the point (x\ y\ z^). If the given point 
be the origin, then x^ = 0, 1/ = 0, z^ = 0, and the equations of a hne 
passing through it are therefore z=^azjy = bz. 

PROBLEM in. 

(177.) To find the equations of a straight line which passes through 
two given points. 

Let the two given points be {x\ y^, z% and (j/^, y^\ z")^ then the 
equations of the line passing through one of the points {t'\ y'\ zf') are 

and, in order that this line may pass also through the other point 
(a/, y\ «^), there must exist the conditions 

y — ^'z=,a {zf—zf') and ^—y" = h{z' — z''\ 

which determine for a and b the values a = -, b = -7 -j; 

z' — zf' zf — z' 

These values of a and h being substituted in equations (1), or in 

equations (2), last problem, either of 'which characterizes a line 

through one of the points, will furnish the equations sought, which 

a/ jff 

are, therefore, indifferently either x — a/^ = — —, {z — z^^ 



Z' — z V 



y ' -z'-z" 

If one of the points {x^\ \^\ z^\) be the origin, then the first pair of 

equations become a; = "?^» y=r> ^» which remain the same, whether 

z z 

the other point be (ar^jy^^O* or ( — t^^ — /, — sr',) so that if (ar', y', 
2^,) be a point on a straight line passing through the origin, ( — x\ — 
y \ — 2/)' will also be a point on the line. 

PROBLEM IV. 

(178.) To find the equations of the straight line which passes 
through a given point, and is parallel to a given line. 

Let {x^^ y% 7f) be the given ppint, and let the equations of the given 
straight line be x±z afz-^- atf 



y=:yz^l3' 



} 
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Then the equations of any line passing through the given point are 

2// — ^ (z rO I ^"^» ^" ^^^®^ ^^^' ^^^ ^^"® "^^y ^® parallel to 

the former, its projections on the vertical planes must he parallel to the 
projections of the former hne, in other words, they must cut the axis 
of z at the same angles, so that we must have a=ia\ b = l/^ there- 
at of -=- a! iz 7f\\ 

fore the equations required are ^ z= b^( '( I 

PROBLEM V. 

(179.) To determine the conditions requisite for the intersection of 
two straight lines in space, and to find the coordinates of the point of 
intersection. 

If two straight lines of which the equations are 

intersect, the coordinates of the point of intersection will be the same 
for both lines ; hence, in order to discover what relation must exist 
among the constants in these equations in this case, we must ehmin- 
ate the variables, and we obtain, first by subtraction, 
(o — aO 5r + a — a^ = 0, (6 — ^0 « + /^ — i^'==0, and then by divi- 

sion, «= ; = -; r-ry hcuce thc relation among the constants, 

a — a — b' 

when the lines intersect, is fixed by the equation (a' — a) (6 — i') = 

(/3' — /3) (a — a^). For the coordinates of the point of intersection 

we have, by substituting the value of «, just deduced, in the expres- 

aatf — a'a. bB' — b'B a! — a 

sions for a; and y, a? =— - — — -, y = — --, z = — - 

a — a — a — a 

If a = a', and b = 6^, these expressions for the coordinates of the 

poini of intersection become infinite, therefore, this point being infinitely 

distant, the proposed lines must be parallel. 

PROBLEM VI. 

(180.) To find the analytical expression for the distance between 
two given points in space. 

Let M and N be the given points, their coordi- 
nates being respectively x', t^ z\ and a/\ y'\ z^\ 
then, if the points M, N, be projected on the plane 
of ary, the coordinates ar, y, of the projections wi, w, 
will be the same as those of the proposed points ; 
hence for the distance mn we have the expression 
( 14) ma* = (a:' — i/'f + {y' — y'y. { m 

Now, if MP be drawn parallel to mUj NPM will be a right angle ; 
hence Mr»P = m»« 4. FN' = mn^ + (Nn — Mnf, that is, calling 
MN, D, we have D = V 1(^-/0"+ (2/'— y^")' +{^ — ^71 




I 
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If one of tfie points, as (2/^, y'^ 2/^^ be the origin, then 

This shows that, in a right angled parallelopiped, the square of the 
diagonal is equal to the sum of the squares of Uie three edges. 

PROBLEM VII. 

(181.) To find the relation which exists among the angles which 
any straight line makes with the axes of coordinates. 

Parallel to any proposed line draw a line from the origin, and make 
its length, D, equal to the radius of the tables, or 1 ; then if from its 
extremity parallels be drawn to the three axes terminating in the 
planes, these parallels will obviously be the cosines of the respective 
angles which they form with D, or, which is the same thing, they 
will be the cosines of the angles that D forms with the axes. But the 
same parallels are the coordinates of the point from which they are 
drawn ; hence we have, by substituting, in the expression for D, (last 
prob.) COS. a for x, cos. /3 for y, and cos. y for z, the remarkable rela- 
tion cos.'a + cos.^jS 4" cos." 7 = 1 (1), m which a, ^, y denote the 
angles which any straight lines in space make the axes of z, y, z. 

To determine the values of each cosine, let us suppose that a and b 
are the tangents of the angles which the projections of the proposed 
line makes with the axis ofzj then the equations of the line D will be 
z=zaz,y =-. bzj therefore cos. a =0 cos. y, cos. ^ = 6 cos. y ; substi- 
tuting these values in 1, we obtain the expressions 
1 ,. b 

PROBLEM VIII. 

(182.) To find the expression for the angle of intersection of two 
straight lines in space. 

Let the two lines be represented by the equa- 

rallel to them, draw, from the origin, the two lines, /C^N 

AM, AN, then we have to determine the angle A* ^ — ^ — JL 
MAN. Make AM, AN, each equal to the radius, . / 
1, of the tables, then, calling the coordinates of M, ^ 
a:', y", z^, and those of N, x"', y'\ zf\ we have for the distance, MN, 
the expression D^ = {x'—x"f + {y' — y"^)« + (y — z"f. Now 
because AM, AN, are each equal to 1, we have, by equation 1, last 
prob. the conditions Qi/^^-\-y'^-\- z*^~\^ and ar'^^ 4. t/'^ -f z^^ = 1 ; 
therefore, substituting these values in the developemenl of this expres- 
sion for D^, it becomes D' = 2 — 2 (xV-' + y't^'-fz'/"). By 



K 
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means of this expression, we arrive immediately at the expression for 
the cosine of the angle MAN, which we shall call V, for, by trigono 
^^ AM« + A]SP — MN» 2 — ly ^. ^ ^ 

metry, cos. V = 2 AM - AN ^ ~2~" ^^^ ' ^ 

tuting the above value for I>*, becomes cos. V = re V + y^y^^ + z^z^^, 
and this, by last prop, is the same as cos. V = cos. a cos. a/ -f- cos. 
/3 cos. 13' 4" COS. 7 cos! y^ (1), where a, jS, y, denote the angles which 
AM make with the axes of x, y, z, and a^, /3^ y'', denote the angles 
which AN make with the same axes. 

By substituting for the cosines of these angles their values in terms 
of a, 6, and a', h\ as given in last proposition, the expression (1) 

takes the form cos. V = ^ i j-rr^ t n i j.n i ^^ ^ 

If the proposed lines are perpendicular to each other, that is, if cos. 
V = 0, the numerator of this fraction must be 0, that is, we must 
have the condition da' -^ bb' -{-1 = 0. 

It must be remarked that two straight lines in space may be in- 
clined to each other without intersecting, although this is impossible 
when both are in the same plane ; and the angle of inclination is 
always measured by that included by two parallels to them, drawn 
from one point ; so that the foregoing expressions for V, the inclina- 
tion of two straight lines in space, apply, whether they actually inter- 
sect or not. 

It is also important to observe that the results in this and in the 
preceding problem do not preserve the same form, when the axes of 
coordinates are oblique, since the expression for D, which enters into 
these results, becomes obviously more complicated, when the planes 
are not rectangular. In all the other problems, the inclination of the 
axes will not affect the form of the results. 



CHAPTER n. 

ON THE PLANE. 



(183.) K a straight line move in a direction parallel to itself along 
another straight line, given in position, the surface generated wiU be a 
plane. 

The generating line is sometimes called the generairixj and the 
line along which it moves the directrix. 

The intersections of any plane with the coordinate planes are called 
its traces! 

U 
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PROBLEM I. 

(184.) To find the equation of the plane. 

Let BC, BD, DC, be the traces of any pro- 
posed plane, which may, therefore, be supposed 
to be generated by the motion of DC along DB. 
Let the equation of the trace BD be 2f=m.r + p 
(1), and the equation of the trace DC, «=wy 
+ p (2), p being = AD, the z of each trace 
at the origin, A 

Now, since the generating line is in every 
position D'C parallel to DC, the value of z in 
lyC will always be 2 = ni^ -f /3 (3). cf 

At the point D', where this line meets they 
trace BD, y = 0, because this point is in the plane of xz<, so that the 
value of z at the same point is, from equation (3), 2 = /3. But, by- 
equation (1), the value of z at this point is z ■= rax -\- p \ consequently 
^ ^simx + p (4), ar being the same for every point in D^C as for 
ly, because D^C'' is throughout equi-distant from the plane yz. 
Hence, substituting the expression for jS, in equation (3), we shall 
have the following relation among the coordinates of any point in the 
proposed plane, viz. 2 = nw: -f- wy + p (5). 

This, therefore, is the equation of the plane. 

If the coordinate planes are rectangular, as, indeed, we shall aJwaya 
suppose them, m and n will denote fiie tangents of the angles which 
the traces BD, DC, make with the axes of x and y respectively. The 
symbol p denotes the value of z at the origin ; if the proposed plane 
pass tlirough the origin, then p = 0, and the equation is z=»?ia; -|- ny. 

The equation (6) is usually put under the form Ax -}- By + C2; -|- 
D = 0, being a complete equation of the first degree containing three 
variables, it comes from equation (5) by multiplying by the arbitrary 
quantity C, substituting A for mC, B for nC, D for pC, and then 
transposing all to one side. 

PROBLEM n. 

(186.) Having given the equation of a plane to determine the equa- 
tions of its traces. 

Let the equation of the plane be Aa; + By + C2 + D = 0, then 
for every point in this plane, which is situated likewise in the plane of 
xy^ that is, for every point in the trace on the plane of xy^ we must 
have ar = ; hence the equation of this trace is Kx + By-|-D=0(l). 

In like manner, for every point in the trace on the plane of xz we 
have y = ; therefore the equation of this trace is Aa: + Cz -f- 
D = (2). And, similarly, the equation of the trace on the plane of 
yzisBy-f Cz + D = 0(3). 



- irii"b'i.«i ■ 
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If, in (1), we put y = 0, the resulting value of ar, viz. x = — ^ 

will be the distance of the origin from the point where the axis of x 

pierces the proposed plane ; or, putting ar = 0, we have y = — :^ for 

the distance of the origin from the point where the axis of y pierces 
fhe plane. In like manner, for the point where the axis of z pierces 

the plane, we have z =z^--] hence, when D = the plane must 

pass through the origin. 

As to the angles which the traces make with the axes of ar, t/, we 
have for their trigonometrical tangents, as given by the three pre- 

A' * .1, . A A B 

cedmg equations, the expressions, — — , — —, — j^. 

D Kj Lf 

PROBLEM III. 

(186.) To find the equation of the plane which passes through three 
given points. 

Let the three points be (a/, /, z^), {s/% ff^\ z'% and (7f'\ y''', z"''), 
then, the form of the equation of the plane beingAa:4-B2/+C2;+I)=0, 

ABC 
or -=r a:+Y7y + "f^^ = — ^ (l)j we have to determine the^ va- 
lues of A, B, C, D, so that the following conditions may be fulfilled, 

K TK C 

Bv applying the common equations of algebra {see Alg. p, 69), we 

A R C 
find for the values of the unknowns, ^r, fr» 77, the following ex- 
pressions, viz 

A _ z^iy''-yn — z''{y'-y'n + ^'''iy'-yl 

D " x" i^fz'"' — y'^'z'') — 3/' {y^z'''—f'z') + a/'' {y'z'' — y''z') 



D x' {fz'" — y^'VO — x'' iy'z''' — y'^'z') + x"'' {y'z'' — y''z^ 
C y' {x"' — a/^0 —l/'i^ — ^'0 rf y"'' (a/ — ar^O 



D "■ a/ (y^'z "' — y'^'zf') — 3/' {y'z''' — y'^'z') + x''' (y'z'' — /V) 
hence the equation of the plane, fulfilling the proposed condition, is 
determined by substituting these values in equation (1). 

If the plane is required to pass through but one point {z% y\ 2/), 
then the equation of every such plane isAa; + By+C2r + D = 
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Az' + By' + Cz' + D, or, rather, A(x^a/) + B{y—y) + C 
(2 — z') = 0. 

PROBLEM IV. 

( 1 S7. ) To determine the conditions which must subsist in order that 
a straight line may be parallel to a plane. 

Let the equation of the plane be Ax + By -{■ ^^ + D = 0, and 
the equations of the straight line a: = as: + a ) 

y^bz + ^i 

If these expressions for x and y be substituted in the equation of 
the plane, the resulting value of z will be that of a point commcm to 

both straight line and plane. This value is 2 = — -: — T-^^-r— ?r 

Aa-f-Bb -f-C 

which, substituted for z, in the equations of the straight line, give the 

other two coordinates of the point where the straight line pierces the 

plane, on the supposition that they are not parallel. If the straight line 

have an indefinite number of points in common with the plane, that is, 

if it be wholly in the plane, then the foregoing expression for z. is 

susceptible of an indefinite number of values, that is, we must have 

Aa4 B/S + D ! ^ ^. . ^ . .^ , . 

A — r-^i^i — f— ^ =7^ so that the condtttons of cotnctdmce are Aa-I- 
Aa + B6 + C "^ *^ 

B/8-fD = 0, Aa + B6+C=0 (1). 

But, if the line is merely parallel to the plane, then, by drawing 
from the origin a line and plane, respectively parallel to the former, 
there will be coincidence, but then a = 0, j8 = 0, and D = ; hence 
the conditions (1) become simply Aa + B5 + C =0 (2), which is 
the condition of parallelism. 

Hence, if it be required to draw through a given point {x% t^, z'), a 
straight line parallel to a plane, we have only to substitute, in equa- 
tions (2), p. 226, any assumed value for one of the coefficients, a, 6, 
and then to determine the other from the condition (2). 

PROBLEM V. 

(188.) To determine the conditions of parallelism of two planes. 

Let the equations of two planes be Ao? + By -|- C2: -|- D = 0, 
A'x + B'y+C'z + iy = 0. 

If they intersect these equations, both exist firom the line of inter- 
section ; hence, eliminating one of the variables, z for example, we 
have, for the other two coordinates of any point in this line, the rela- 
tion (AC^— A^C) 2:+ (BC^ — B'C)3^+ (DC^— D^C) = (1). 

But (173) the relation between the coordinates x and y of any 
straight line in space, is the same as the relation between x and y in 
the projection of that line on the plane of xy, consequently equation 
(1) is that of the projection of the intersection of the two planes on the 
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plane of xy^ and similarly, by eliminating x ox y from the proposed 
equations, we shall obtain the equations of the projection of the same 
intersection on the plane of yZj or of xz. 

When, however, the proposed planes are parallel, the intersection, 
and, consequently, the projection of, it is impossible, so that equation 
( 1 ) cannot exist for any values of x and y. But so long as the coeffi- 
cients of X and y, in that equation, exist, the equation itself may be 
satisfied, for by giving any arbitrary value tooneof the variables, that 
of the other becomes determinable, so that the equation becomes im- 
possible only when the coefficients of z and y become 0, that is, in 
order that the planes may be parallel, there must exist, the conditions 
AC^ — A^C = 0, BC^ — B^C = (2). 

The same conclusion is immediately deriveable from the expres- 
sions at (186), for the tangents of the angles which the traces of a 
plane make with the axes, for as the traces of two planes on either of 
the coordinate planes must be parallel, if the planes themselves are, it 
follows, from the expressions referred to, that we must have 

A^_A/ B^_B^ t^-:^ 
B ""B^' C ""C C ""€^* 

The first and second of these conditions, which, indeed, include the 
third, are the same as the conditions (2). 

PROBLEM VI. 

(189.) A point being given m space, to draw through it a plane 
parallel to a given plane. 

Let the equation of the given plane be Ax -j-By + Cj2 + D = 0, 
then, representing the given point by {x\y\ 5/,), the equation of the 
required plane will take the form (186) 

Af (x-x') + B' {y-y') + Cy {z-z') =0. 

But, since the two planes are parallel, we have, by the conditions 

A B 

of parallelism, A^ = — C^, B^ = — C^ ; hence the equation becomes, 

by substitution, A {x — x^)-\-B{y — 2/^) + ^ (^ — ^^) =^) ^^ ^a; + 
By+Cz — {Ax' + 'By' + Cz') = 0, = Ax + By+ Cz + D'=0, 
where D^ is put for — ( Aa/ + B^^ + Cz/) ; so that, if two planes are 
parallel, it is always possible to render the three first coefficients in 
their equations the same in each. If the point (a?^, y^, z^) is the origin, 
then ly = 0, and the equation is Aa? + % + Cz = 0, which cha- 
racterizes every plane passing through the origin. 

PROBLEM VII. 

(190.) To determine the conditions which must subsist, in order 
that a straight line may be perpendicular to a plane. 

Let the equations of the projections of the straight line be 
x = az'\-a (1), and y = 63: -j- i^ (2)> and the equation of tlie plane 
Ax + By + Cz + D=:0. 

^ ^^ 30 5 U2 
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Then, since the line is perpendicular to the plane, everj plane 
passing through the line must be also perpendicular to the same plane; 
hence the planes which project the lines will each be perpendicular 
both to the proposed plane and to the coordinate plane on which the 
projection is made. But a plane which is perpendicular to two planes 
is perpendicular to their intersection ; hence the projecting planes are 
perpendicular to the traces of the proposed plane ; but, if a plane is 
perpendicular to a line, every line in that plane is perpendicular to 
the same line, and, as the projections of any line are in the projecting 
planes, it follows, therefore, that if these latter are perpendicular to 
any traces, so also are the projections. Now for the traces of the 
proposed plane we have the equations 

Aar + C^ + D = OI ^ C a; = — (Cz-r A) — D 
By + Cz + D = Oi°^ )y=_(Cz-^B) — D, 
and we have to express that the lines represented by these equations 
are respectively perpendicular to those represented by equations (1), 
(2). This is done by putting (11) a= A -r- C and i=B -J- C which 
are the conditions required. 

PROBLEM VIIT. 

(191.) To draw a perpendicular from a given point to a plane, and 
to determine its length. 

Let the plane be represented by the equation Ax-\'By-\-Cz'^''D 
= 0(1), then, if the given point be (a/, i/', z^) the equations of the re- 
quired line will take the form a>—2/=a{z — z^), and y — y^=b{z — z^. 

But, for this line to be perpendicular to the plane, we must have, by 
last problem, o = A-rC, 6 = B-rC, hence the equations of the pro- 
posed line are z— a;'= ( A-rC) (z— jz/) and y—y'= (B-E-C) (z— z^) (2). 

If we knew the point where this perpendicular meets the plane, we 
could at once determine its length, from the expression at (180) for 
the distance between two given points. Now since at this unknown 
point the coordinates are the same both for the perpendicular and the 
plane, we shall determine it by finding what values of a?, y, and z will 
satisfy the equations (1) and (2), when it will remain only to substi- 
tute these values in the expression 

F=^/\{x^x^)'+{y-yy+{^-zr\ (3). 

As, however, the expressions x — a/^y — 2/^ z — z% occur both in 
the equations (2) and (3), it will be best to &ad the values of these 
which are common to those equations. For this purpose, assume 
Aa/ -|- By^ + Cz^ -^1)^1^^ and subtract it from (1), there results 
A (ar — a/) -f B (y — y') -f C (z — z') 4- D^= 0. Substituting here 

CEK 

the values ofx—a/, y—y\ in (2), we get z—z' = '^JTTr^ijTr^ 

._ AE K ,_ BD ^ 

•*""^""~A*+B»+iD«'^ y A*+B»+C«'' 
ry^\A!'+B+ C^_ _D; AaZ+By^+Cz^+P 

A'+B^+C'^ " V (A^+B'^+C?)"" ^/(A'+B^+C^) * 
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If it were required to draw a plane through a given point (:?^, y', z^), 
that should be perpendicular to the line, through the same point then 
the equation to such plane would take the form (186) A{x — -a:') + 
^(2/ — 2/^) + C(z — z^) =0; and, therefore, from the relaticms 
a = A-rC, 6 = B-T-C;the equation sought must be 
a{x-^x^) + b{y — y') + {z—z')=.0. 

PROBLEM IX. 

(192.) To determine the inclii^ation of a given straight line to a 
given plane. 

Let the projections of the given line . be represented by the equa- 
tions a?=a2r+a and y=zbz-{-l3j the equation of the given plane being 
Ax -{-By-^-Cz-^D — O, then, if from any point in the line a per- 
pendicular be drawn to the plane, the angle included between this per- 
pendicular and the other line will be the complement of the inclination 
of the latter to the plane, therefore the cosine of this angle will be the 
sine of the required inclination. Now, representing the perpendicular 
by the equations x = a^z-\' ol\ and 1/ = 3^z + ^\ we have for the 
cosine of the included angle the expression (182) 

dof Jl. 1)1/ JL. 1 

a\ h\ the values a', = A -i- C, 6^ = B — C, and denoting the inclina- 
tion of the proposed line and plane by I, we have 
. ^ Aa + B6 + C Tr.i. V • „ ,. u 

^' ^ "= (a«4-6« + c^)(A«+B^-fC") ' ^ P^ ®^ 

plane, sin. 1 = 0, therefore, as before determined, (187), the condition 
of parallelism is Aa -f- B^-[~ ^ ~ ^' 

. PROBLEM X. 

(193.) To determine the inclination of two given planes. 

Let the equations of the given planes be 
Aa;+Bi/+Cz4-D=0 .... (1), A^ar+B^t^+C^;r+D^=0 . . . .(2) ; 
then, if to each plane a perpendicular line be drawn, the inclination 
of thesA perpendiculars will be the inclination of the planes ; hence, 
representing the perpendiculars by the equations 

f ^ r JT 5 1 ^ ~ ^'^ "t "*/ 1 we must have the relations a= A ^ C, 

^=B-^C, a^=A^-^C^ 6'=B'-rC', and, therefore, for the angle, V, of 

aa'+bl/+l 
incUnation sought we have cos. ^^ ^^^^^.^ ^^ ^^^^^^ y 

AA'-l- BB^ 1 CC'' 
= ^(A'+B'+(y)(A«-+F'+C^) - If the two planes are pa- 

rallel, then cos. V = 1, and we have the condition (AA'-f BB^+^^'')* 
=(A^ -f B'+C) (A'' 4- B^ 4- C^), which reduces to (AB' - BAO' 
+( AC' - C A')' + (BC - CBO"= 0. 



236 ANALYTICAL GEOMETRY. 

But the square of any quantity being always positive, the sum of 
any number of squares can never be 0, unless they themselves are ; 
hence the final conditions are AB^ — B A^ = 0, AC^ — CA^ = 0, 
BC— CB' «=0, as before determined (188). 

If the planes are perpendicular to each other, then cos. V =: 0, so 
that, in this case, we have the condition A A^ + BB' + ^^^ = 0. 

If one of the planes, the second, for instance, coincide with one of 
the coordinate planes, as the plane of ry^ then, in equation (2), z =^ 0, 
and X and y may be any values whatever, consequently that equation 
cannot subsist, unless A' = 0, B'' = 0, and C = ; hence, substitu- 
ting these values in the expression for cos. V, we have 

cos. Y' = — c .o ■ Tv» . ^Q> the inclination of the plane (1) to the 
V{A' + B* + C*| , r V / 

plane of xy. 
In like manner, cos. V^' = — . .« , t^, , ^^. the inclination to 

the plane of xz and cos. V^" = . Aa ■ pa i 7^^ ^he inclination to 

\/JA + Ji +0 { 

the plane of yz. 

By adding the squares of these three last equations together, we 
obtain the relation cos.^V^ + cos.^V^^ + cos.^V"^^ = 1, so that the 
relation (181) of the inclinations of aline to the coordinate axes is 
analogous to that of the inclinations of a plane to the coordinate 
planes. 

The expressions for the inclinations of the second plane (2) to the 
coordinate planes will be obtained by accenting the letters A, B, C, in 
those just deduced, and if we represent them by cos. U^, cos. U'^, and 
cos. IJ^^^j the expression for cos. V wiU be the same as 
cos. V = cos. V COS. U^ + COS. Y'' cos. U^^ + cos. Y''' cos. U''' 
which result is also analogous to that (182). 

When the angle V i6 right, we must have the condition 
cos. V' COS. U' + cos. Y'' COS. U^'+ cos. Y''' cos. U''' = 0. 

SCHOLIUM. 

(194.) The results of the last four probkms become much more 
complicated, when oblique coordinates are employed, instead of rect- 
angular ; but of the other problems in this chapter the results preserve 
the same form, whether the coordinates are rectangular or not. 

Before we conclude the present chapter, it will be necessary to 
prove the converse of the inference in prop. (1), viz. that every equa- 
tion of the first degree containing three variables, such as Ar -|- 
By ^Cz-^D = iaihe anal3rtical representation of some plane. 

,.. • ^ ^ r ABD 

For, puttuig this equation under the form ar= — j^ x — ^rV — pk 

O i^ V' 

and then constructing, on two vertical planes, perpendicular to e^ch 
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Other, and which may be designated as the planes of xz and of yz, 
two lines, of which the equations are 

AD, B Di^,. ,. 

z = — —-x — ^and2=— Tr^y — — the lines thus constructed 

may be regarded as the traces of some plane ; hence, finding, by prob. 
1, the plane of which these are the traces, we fall upon the equation 

A B D . . „ . ^ . ^ ^ 

z= — — ar — —y — ~ orAar + By + Cz + D = 0. 



SECTION II. 



ON SURFACES OF THE SECOND ORDER. 

(196.) A surface is said to be of the second order, when it may be 
analytically represented by an equation of the second degree, contain- 
mg three variables. 



CHAPTER I. 

ON THE SPHERE, AND ON CYLINDRICAL AND CONICAL StTRFACES. 

PROBLEM I. 

(196.) To determine the equation of the sphere 

Let r represent the radius of a sphere, and a, jS, y, the coordinates 
of its centre ; let, also, {x, y, z,) denote any point on the surface of the 
sphere. Then, r being the distance between the points (ot, /8, y) and 
(X, y, z\ we have (180), (a:- a)«+ (y — ^)a + (z— 7)' = r», or, 
by developing a:^ + y* + ^ — 2aa? — 2% — 2yZ'\^ + i^ + y*-=^» 
the general equation of the sphere, when related to rectangular axes. 

If the origin is on the surface of the sphere, then a* + /8* + 7^=0, 
and, therefore, the equation become ;^4-y'4"^ — 2cur — 2^8^ + 
2yz = 0. 

If the origin is at the centre, then, the coordinates of the centre 
being each 0, the equation is aJ* + 1^ + a;^ = r*. If one of the coor- 
dinate planes, as the plane of xy, passes through the centre, then 
7 =: 0, and the equation is (x — a)' + {y — j8)^ + 2;^ = r* ; and, if 
one of the axes, as the axis of x, pass through the centre, then ^=0, 
and 7=0, and the equation is (a? — a)" + y + 2^=^r^» 

PROBLEM II. 

(197.) To determine the intersection of a sphere with a plane. 
Let p represent the distance of the intersecting plane from the 
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centre of the sphere, and constitute three coordinate planes, originat- 
ing at the centre, one of which, as the plane ofxy, may be parallel to 
the cutting plane. Then every point in the intersecting plane will be 
given by the equation z=p, and, consequently, by the equation in 
last problem, all the points on the surface of the sphere, which are 
also common to the plane, must be given by the equation «'-{-!/* = 
^ — p^j which represents a circle ; this is, therefore, the intersection. 

FROBLEM III. 

(198.) To determine the equation of the tangent plane passing 
through a given point on the surface of the sphere. 

Let the given point be {a/^ y^, z^)j then the equation of a plane pass- 
ing through it is A (x — a/) + 'B iy^y') + C iz—z") = . .. (1), 
and, since the same point is on the surface of a sphere, we nlust have 
(ar^—.a)2 + (1^ — ^)2+ («^ — 7)^=r» . . . (2). Now, for the radius 
of this sphere, that is, for the line passing through the points (a, /3, y,) 

and (ar^, t^, z%) we have (177) the equations x — a/= — — ^ {z — z^)^ 

i/ g 

andi/ — y^ == -z {z — z^), and it remains to express that this line 

z """"y 

is perpendicular to the plane (1). By (190) the relations of perpen- 

a/ — ot v^ ^— S 
dicularity axe A=aC, B=6C, that is A= -j C, B = —^ C. 

zf -— y z — ■ y 

Hence, substituting these values in (1), and dividing by C, we have 

for the tangent plane sought the equation 

(i'_a) (;,_a:') + (-y'_^)(j,_j^) + (2'_y)(z_^')=0.. (3). 

As this equation must exist in conjimction with (2), which is the same 
as (a/— a)(a/^a) + (t^ — ^) (y'— ^) + («'— y) C*'— 7) =r', 
we having, by adding it to (3), the equation 

which alone characterizes a pjane touching a sphere, of which the 
radius is r, and the centre (a, j8, y,) in the point (y, y\ z^). 

If the origin is at the centre, then a = 0, /8 = 0, and y = 0, and 
the equation of the tangent plane is j/x -f- y^y -]'Z^z=^ r*. 

Cylindrical Surfaces. 

(199.) The name cylindrical surface is given to every surface 
which can be generated by a straight line moving parallel to itself, 
and, at the same time, describing with its extremity a curve Hne. 

The curve described by the extremity of the generating line, is 
called the directrix^ and, when it is a plane curve, is usually supposed, 
for simplicity, to be situated in one of the coordinate planes, the plane 
of a?y. 

PROBLEM IT. 

(200.) To determine the general equation of a cylindrical surface. 
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Let the equations of the generating line in any position be 

a? = ar-|-a) (a=:z — or 

y=bz+l3i''' \^=y — bz 
then, since the line is always parallel to itself, the values of a and b 
will remain the same for any other position, but a, ^, representing the 
Xj y, of the point where the line meets the plane xy^ necessarily vary 
with this point. Now this point is always in the directrix, and, as 
this is a given curve, the relation between x and y, that is, between a 
and /3, is given. Hence, if in the equation expressing the relation 
between x and y, for every point in tiie directrix, that is, if in the 
equation of the directrix we substitute for x and y the foregoing va- 
lues of a and ^, the result will be the equation of the surface sought. 
Thus if the equation of the directrix be represented by the function 
F : (x, v) =0, that of the cylindrical surface will be F : {x — az, y—bz) 
=0. For example, if it be required to find the equation of an oblique 
cylinder of circular l9ase, then, supposing the base to be in the plane 
of xyj and the origin of the axes to be at the centre, the equation of 
the base, or of the directrix, will be ar* -f y* = r* ; therefore, substitut- 
ing in this, X — ctr for x, and y — bz for y, we have for the equation 
sought {x — azY + {y — bzy=r^. If the base had been an ellipse, 
characterized by the equation A*i/*+ B'a?^ = A^B^, then the equa- 
tion of the cylinder would have been A^ {y — bzy-\-B^{x — az)*= A* B*. 
If the cylinder is right instead of oblique, then a = 0, and ^ ^ 0, 
and the equation of the cylinder becomes then the same as the equa- 
tion of the directrix, observing, however, that the equation of the di- 
rectrix is always supposed to be accompanied by the condition 2=0, 
because the curve is considered as wholly in the plane of xy. But 
no such condition accompanies the equation of the right cylinder, on 
the contrary z may be taken of any value whatever, so that, while 
the equations x^-\-y^ = r^y z =iO, represent a circle on the plane of 
xy, the equations ;r + y* = *^» 2: = ^ represent the right cylinder, 
having that circle for its base. 

Corneal Surfaces. 

(201.) A conical surface is that generated by a straight line which 
constantly passes through the same point in space, and describes with 
its extremity a curve line. 

The given point is called the vertex, or, s6metimes, the centre of 
the conical surface, and the curve line, described by the generating 
line, is the directrix, which, when a plane curve, is usually supposed 
to be situated in the plane of xy. 

From its mode of generation, it is obvious that a conical surface 
consists of two portions, united to each other by the vertex, which is 
the only point common to each. These two portions are called sheets^ 
and thus the conical sur&ce is said to be composed of , two sheets. 
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PROBLEM V. 

(202.) To detennine the general equation of a conical sur&ce. 

Let (i', y^, z',) represent the vertex, or centre of the surface ; then, 
since the generating line always passes throu^ this point, its equa- 
tions in any position will be (176) 

y—y^^biz — z")]^ \y = bz + {y' — bz') 

X—^zf 11 — l/ 

•. a = 3, 1-=.- — ^. Nowhere, as in the preceding problem, 

[sf — €af\ {yf — feK), is the ar, y, of the point were the generating line 
pierces the plane of xy, which point is, therefore, always in the direc- 
trix ; but the xy of every such point is given by the equation of the 
directrix ; hence, substituting, in the equation of the directrix, the va- 
lues (or — 02^, and {\f — 6z'), for x and y, we shall obtain die equa- 
tion of the surface. Thus, if the equation of the directrix be repre- 
sented by the function F : (x, y)=0, that of the conical surface will 
be F : (a:' — or^, y' — 6«0=0» where o and h involve the variable 
coordinates. By substituting for a and 6 their values above, the equa- 

\ z — zr z — zf / 
Let it be required to find the equation of an oblique cone of circular 
base. Suppose the base to be situated in the pkme of 2y, and the 
axes to originate at its centre, then the equation of the base, or of the 
directrix, is a;* + y* = r^. Substituting, in this equation, 

— - and ^ for x and y we have for the equation sought 

{2/z—xzy -f {y'z — yz'Y = »^ (z — z^f. If the cone is righU that 
is, if the axis of the cone coincides with the axis of Zj then a/ = 0, 
y' = 0, and this equation becomes z^ 2^ + z^ i^ =i r^ (z — 3f)\ 

(203.) Let it now be required to find the equation of a right cone, 
having an elliptical base. 

Assuming, as before, the centre of the base for the origin, the equa- 
tion of the directrix i^iJl beA^ -f-B^ic' = A'B", and as the vertex is 
in the axis of z, w^e have ar' = 0, and y' = ; hence, instead of a; and 
y, in the equation of the directrix, we must substitute 

XZf V7f 

and and we have for the equation erf" the sur- 



z — zf z — z^ 



faceAy + B'ai* = (^-P^)a«B»- If we putZforz— z', m for 



^and n for — , the equation of the elliptic right cone takes this simple 



-jandnfor — 

2> Z 

form, inV + n'a^ = m»n« 7?, 

(204.) Lastly, let it be required to find the equation of an oblique 
circular cone when the origin of the axes is not at the centre. 
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Here the equation of the directrix is {x — a)' + (y — ^Y = r*, in 
which, if we substitute for x and y the values -;-, -;- 

Z ' Z^ Z "^"" Z^ I 

we have for the equation of the surface. 

lx'z—xz'—oL{z'^z')'Y+ly'z—yz'--lB{z—z')Y=r' {z — z')\ 
If the origin of the axes be on the circumference of the base, and 
one of them, as the axis of a?, pass through the centre, then a = r, and 
/8 = 0, and the equation of the directrix is x* + 3/" = 2ra? ; therefore 
the equation of the conical surface is 

\71fz —xz'f + (i/z — yz'f -2r{z — z") {x'z — xz'). 



CHAPTER II. 

ON SURFACES OP REVOLUTION. 

(205.) Every curve surface generated by the revolution of a curve 
round a fixed axis is called a surface of revolution. 

Hence the characteristic of surfaces of revolution is this, viz. that 
every section made by a plane perpendicular to the fixed axis is a 
circle, whose centre is in that axis. 

The equations to the several surfaces of revolution will take the 
most simple and commodious form, by supposing the fixed axis 
(sometimes called the axis of revolution) to. coincide with one of the 
coordinate axes, as the axis of z. We shall here suppose this coin- 
cidence of the axis of revolution with the axis of «. 

PROBLEM I. 

(206.) To determine the general equation of a surface of revolution. 

Let DC be any position of the generating curve, z 
then, drawing DM, parallel to AZ, and joining AM, 
we shall have AM, MD, equal to the coordinates of 
the point D, as given by the equation of the plane 
curve, DC. Put AM = r, and MD = z, then, since 
in the equation of the curve one of the variables must 
be a function, F, of the other, we have z=:¥ :r. 
Now r is always equal to the radius of the circle, 
described by the point D round the axis AZ, and it t 
is therefore related to the x and y of that point by the equation 
r = Vja:^ + y'^; hence the relation of the coordinates, a?, y, z, of 
every point, D, in the surface of revolution, is given by the equation 
z = F : y (ar* -f- 2/') 1 ^is, then, is the general equation of a surface 
of revolution. 

(207.) As a first example, let it be required to find the equation of 
the surface generated by the revolution of any straight line about the 

31 ' X 
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axis of z. Here the equation of the generating Kne in any position^ 
when referred to the axis of z as axis of ordinates, and a perpendicu- 
lar to it from the origin, as axis of abscissas, is -? = F : r = ar + 6, 
therefore, substituting V\^ -{"jf^i for r, we have for the equation of 
the surface {z — bY = a' (a:* -]- y'). Now, b is the ordinate, z'j of 
the generating line at the origin, and the tangent a is the same as 
— z^-i-r; (r is obviously the abscissa of the point where the line cuts 
the axis of abscissas,) hence, by substitution, the equation becomes 
{z — 2^)' r* = 2^ ar* -f- ;&''* y*, which agrees with the equation at prob. 
(6), as it ought, for the surface here considered is obviously that of a 
right cone. 

(208.) Let it now be required to find the equation of the surface 
described by the revolution of an ellipse about one of its axes. 

1. Let the minor axis be the fixed axis, coinciding with the axis of 
z, then the equation of the generating curve will be AV + BV=A'*B^; 
hence, substituting ar* -|- y^ov r^, we have AV +*B* {^ + 1/*) = A^B', 
the equation of the ellipsoid of revolution, 

3. If the revolution be about the major axis, then the generating 
curve is represented by the equation B V + A V = A'B , and the 
surface by the equation BV + A* (ar* + y*) = A'B'. If A = B, we 
have 2^ + ar*-f- y* = A' for the equation of a sphere, as before found. 

The ellipsoid of revolution is generally called spheroid ; a prolate 
spheroid when the revolution is about the major axis, and an oblcUe 
spheroid when the revolution is about the minor axis. 

(209.) Let the surface be described by the revolution of an hyper- 
bola about one of its axes. 

Suppose, first, that the second or conjugate axis of the hyperbola 
is that which is fixed, then the equation of the generating curve is 
A V — B V = — A^B*, and, putting ar» + y^ for A it becomes B'^(ar» -f 
y") — AV = A'B^, the equation of hyperboloid of revolution of a 
single sheet. 

Suppose, secondly, that the revolution is abouf the transverse axis, 
then it is obvious that the surface generated will consist of two sheets. 
The equation of the generating curve will be B V — A V = A'^B^ 
and that of the surface, BV — A^ (ar* -|- y') = A^B'*, the equation of 
the hyperboloid ofrevohition of two sheets. 

If the asymptotes revolve with the curve, then in each of the pre- 
ceding cases there will be generated a conical surface of two sheets, 
asymptotic to the hyperboloid. 

(210.) Let now the generating curve be a parabola revolving 
about its principal diameter, then the equation of the generating curve 
is r* = pz ', and, consequently, for the surface we have a^ -f it'^'P^y 
the equation of the paraboloid of revolution^ (if the curve revolve 
about the other axis, the surface generated will be of the fourth order.) 
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CHAPTER III. 

ON SURFACES OF THE SECOND ORDER IN GENERAL. 

The equations which have just been shown to characterize surfaces 
of revolution are obviously only so many particular forms of the more 
general equations. h2^ + Mf + 'N^ = F,{l\Iu3^ + M2/'=az, (2). 

The first of these comprehends the ellipsoid and hyperboloid of re- 
volution, and the second contains the paraboloid of revolution. 

We here propose, by discussing these equations, to ascertam in 
general the nature of the characteristics of the two classes of surfaces 
to which the preceding belong, leaving it to be shown in the next 
chapter that these two classes, together with the cylinder, compre- 
hend all the surfaces of the second order. 

(212.) Before we proceed to the discussion of the equations (1) 
and (2), we shall remark that the surfaces which they represent na* 
turally divide themselves into two distinct classes ; those which have 
a centre and those which have not. The former class are represented 
by equation (1) and the latter by equation (2). This may be readily 
shown ; thus : Let {x\ xf^ z')^ be any point on a surface, represented 
by equation (1), and from this point let there be drawn a straight line 
through the origin, then we know (177) that ( — a/, — y\ — z^)^ will 
be also a point on this line; but the same is likewise a point on the 
surface, for the equation (1) remains the same, whether the coordin- 
ates ar, y, z^ be positive or negative. Now these points are at the 
same distance from the origin, viz. D = V \^^-{-y^-{-^^l, there- 
fore every straight line drawn through the origin, and terminating in 
the surface, is bisected at the origin, which point is, therefore, the 
centre of the surface. 

Equation (2) cannot represent any surface which has a centre ; 
for if it could, the origin of the rectangular axes might be removed to 
that centre. If the z of this proposed centre be c, then the z of any 
point in the surface would be z -|- ^^ so that the equation (2), when 
thus transformed, would still have a term containing only the first 
power of z ; hence, if through this new origin a straight line from any 
point (a/, 2/^, ^'), in the surface be drawn, the point ( — a/, — y\ — z^)j 
in the same line, equally distant from the origin, cannot belong to the 
surface, for we cannot change z into — z^ in the equation of the sur- 
face, without producing a change in the sign of the term involving z. 

(213.) If equation (1) be solved for a?, we find two values numeri- 
cally equal, but of contrary signs, so that the plane of yz divides into 
two equEd parts every chord drawn parallel to the axis of x. What 
has been said of the plane of yz equally applies to the planes of xz^ 
and of ocy ; viz. each of these bisects all the chords drawn parallel to 
the intersection of the other two. Any three planes, each possessing 
this property of bisecting every chord drawn parallel to the intersec- 
tion of the other two, are called a system of diametral planes. Those 
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which we have just noticed are no other than the rectangular coordin- 
ate planes ; they are distinguished as the prindpcd diametral planes * 
The curves traced on these planes by their intersections with the sur 
face, are called the pnnc^[>al aeciiona ; and the intersections of the same 
planes, that is, the axes of coordinates, are called the principal ctxea 
of the surface, 

(214.) As to the surfaces represented by equation (2), we find, by 
proceeding as above, that they have but two principal diametral 
planes, viz. the planes o£xz and of yz; nevertheless the traces of the 
surface on the three coordinate planes are called the principal sec- 
tions, and the coordinate axes the principal axes of the surface. 

On surfaces which have a Centre. 

(216.) We shall now proceed to the discussion of equation (1), 
which it will be convenient to consider imder each of the three follow- 
ing forms, viz. ILx^ -f- M^ + N^^ = P • 

I^ + My^— Nz'=P 

N2^_My« — Lz« = P 
which forms agree with those which we have abready found to charac- 
terize the surfaces of revolution which have a centre. 

The Ellipsoid. 

Let us first take the form La^+ My* + Na* = P, which charac- 
terizes a surface limited in every direction, for, if any straight line be 
drawn from the origin, its equations will be a: = oz, t/ = bz. 

If these values of a? and y be substituted in the equation of the sur- 
face, we shall have for the z of the point where the line pierces the 

P 

surface the expression z = V -r « . i^t^o ■ -^ t- Now,whatever va- 

Lo* + M6''-(-N 

lues be given to a^ 6, the denominator of this expression can never be- 
come ; hence the value of z, and consequently those of x and y, are 
r^al and finite, so that every diameter meets the surface. To deter- 
mine the principal sections of the surface we must put successively 
a:=0, y=0, z=0, in the proposed equation, and we have 
Mtf + Nz^ = P, the trace on the plane of i^z, 
Lar* + Nz^ = P xz, 

h3^ + Mf = F xy 

These equations characterize ellipses referred to their principal dia- 
meters, these diameters therefore coincide with the principal axes of 
the surface. If P = 0, each ellipse will be reduced to a pouit, viz. 
the origin of the axes. By supposing P negative, the sections become 
imaginary, showing that in this case, no surface exists. 

Let us now examine the sections parallel to these principal sec- 
tions, and made by planes, whose respective distances from the princi 
pal planes may be represented by a? = ± a, y = ± j3, ;? = ± y. 

* It Mrill be hereafter proved that there can be but one system of rectangular 
diametral planes. 
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The equations of these sections will be 

Lot? 4- M^* + Nz* = P, section parallel to yr, 

Lx« + My« + N/=P xy. 

These equations also represent ellipses referred to their principal 
diameters ; hence their centres must be on the axes of coordinates. 

Now, in order that these ellipses may exist, the quantities P — LaS 
P — M/3^ P — Ny* must be positive, for, if such values, positive or 
negative, be given- to a, j8, and y, as to render these expressions 0, 
then each ellipse is reduced to a point, and if greater values than these 
be given to a, /3, and y, the sections become impossible. Hence the 
sur&ce is entirely comprised within six tangent planes, drawn parallel 
to the coordinate planes, and of which the distances from the origin or 

P P P 

centre of the surface are A == y y, B = -y/ ^rj-, C = y/ ^j^. A, B, C, 

being put for the distances of the centre from the planes, which limit 
the surface in the directions of ar, y, z^ respectively ; in other words, A, 
B, C, represent the principal semi-axes of the surface,* which, from 
the nature of the several sections, is called the ellipsoid. 

From the foregoing expressions for the principal semi-axes, we get 

P P P 

L= -77, M-=r55,N = p2, hence the equation of the surface be- 
comes, by substitution, A« B V + A' C? t/» + B» C» rr* = A= B» C^ or 

Jj2 yi ^2 

-T^-|- ^+p3 = 1, i^e equation of the ellipsoid^ related to its princi- 
pal axes. If any two of the semi-axes, A, B, C, be equal, then also 
two of the coefficients, L, M, N, will be equal ; and hence one system 
of parallel sections must be circles, and therefore the surface will be 
an ellipsoid of revolution. Thus, if B = C, then M = N, and we 

have A« (;j8 + y«) + B'' af^ = A« B*, or ^ + :^ +^ = 1 for the equa- 

A. ID D 

tion of the ellipsoid of revolution about the axis of ar. If A = B = C, 
the surface is spherical, having the equation a:* -}- y* + ^ = A^. 

Hence the varieties of the ellipsoid are the eUipsotd of revolution^ 
the spherCj a pointy and an imaginary surface. 

The Hyperboloid of a single Sheet. 

(216.) The second form of the general equation of central surfaces 
of second order is Lar* + My' — Nz^ = P. 

*The principal semi-diameters are also immediately obtained from the pro- 
posed equation of the surface ; thus, at the point where the axis of a? pierces the 
surface, y and z are ; hence for this point the equation gives a:= A = {/ (P-^L). 
In Uke manner, y=B = 1/ (P-rM),and * = C=V (P-4-N). 

X 2 
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TTie tiacest of principal aectioos of the ggrfeice here rejWfiaented, axe 
M^ — Nr^= P, the trace on the plane (rf yr, 
Li* — Nz* = P X2, 

I^+M^ = P xy. 

Of these sections the first two are hjperbcdas, and the third an 
ellipse ; and, as each curve is referred by its equation to its jHincipai 
diameters, these diameters coincide with the principal axes of the sur- 
&ce. If P = 0, the hyperbolas each degenerate into a system (^two 
intersecting straight lines, and the ellipse reduces to a pcHnt. The 
8ur&ce in this case will be an elliptic cone, as will be seen presently. 
For the sections parallel to the principal sections, made by planes 
whose distances firom the origin are ac=± a,y= ±i8,«= ±7, 
we have the equations M^ — Nz* = P — La*, section peunlld to yr, 

La* — N2*=:P — M^ xz, 

LE* + My*=P + N/ xy. 

Here, as before, the two former sections are hjrperbolas, and the 
last an ellipse ; and these sections are obviously always possible, how- 
ever distant the intersecting planes may be from the origin ; so that 
this surface is unlimited in every direction ; it does not, however, 

meet the axis of z, for, putting both x and y = 0, in its equation, the 

p 
resulting value of 2 is imaginary, viz. z = V — i^- But, for the 

other principal semi-axes of the sur&ce, the same equation gives 

P P 

3^ = V f » y ^v^ivf c^^^^^ ^^®8e latter A, B, and the former C^/ — 1, 

and introducing these terms into the equation of the surface, which, 

from the nature of its sections, and the continuity of surface, is called 

the hyperboloid of a single sheet, we have 

A*B V — A*Cy — B*C V = — A*B*C*. 

ar* ^ z* 
or 71 "^ S2 — r^ ~ ^» '^^ equation of the hyperboloid of one sheet 

related to its principal axes. 

It has already been seen, that when P = 0, in the proposed equa- 
tion, the trace of the surface on the plane of xy is merely a point, but 
every section parallel to this plane on either side of it is an ellipse 
given by equation La;* -(- My* = Ny* ; by making successively a:=0, 
and y = 0, we find for the semi-axes of the ellipse the values 

N N 

y = yVjrr>*==7Vy- these increase with /, that is, the elliptic sec- 
tions increase as the intersecting plane recedes firom the plane of xtf ; 
hence the surface can be no other than the elliptic right cone, having 
its vertex at the origin. 

This conical surface is asymptotic to the hyperboloid, as may be thus 
proved. Let the hyperboloid and cone be both cut, be a plane, pa- 
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rallel to the plane of Jcy, at the distance, y^ from the origin, then the 
equations of the two elliptic sections will be» respectivelj, 
L2:* + My« = P -f N/ and Lx» + My* = N/. Now, if these sec- 
tions have emy point in common, the coordinates, z, y, of that point 

will be the same in each ; hence we must have 

p 
p _[- N / = Ny* .*. =^j--| + 1 = 1> which is impossible, unless y be 

infinite. 

If A = B, in the equation of the hyperboloid, then L = M, and the 
sections parallel to the plane of o:^ become circles ; hence the equation 

C'(a:« + y') — A«;2« = A'»0', or J + ^a — ^ = 1; characterizes 

the hyperboloid of revolution 'of a single sheet about the axis of 2:. 

Hence the varieties of the hyperboloid of one sheet are the hyper- 
boloid of revolidionj and the conical surface. It appears from the 
above that the equation of the elliptic right cone, having its vertex at 
the origin, is Lj? + My^ = Nar*, or, substituting for the coefficients 

P P P 

of this equation their values L = -p,M=:55,N = p5, and dividing 

by P, it becomes J,+ ^ = ^ or A«Cy + B'Cx* = A«BV, in 

which equation A, B, represent the semi-axes of the elliptic section 

A 

which is at the distance, O, from the vertex. If we put m for j^ and n 

B 

for -^j the equation becomes my + nV = n^nV, agreeing with the 

form at (203). 

C C 

Or, if we put p for — > and q for — , the form is qi^ +P^ ~ ^ i 

hence, if it were required to express the equation of an elliptic right 
cone, of which the section, two feet from the vertex, has fear principal 
semi-diameters the lengths 5 feet and 7 feet ; then, since A = 7, 
B = 5, and = 2, the equation is fi/* + f ^* = ^• 

The Hyperboloid of two Sheets. 

(217.) The third species of central surfaces is represented by the 
equation ISz^ — My^ — Lar* = P. 

For the principal sections we have the equations 

N^r* — My' = P, the trace on the plane yz. 

Nz» — Lar^ = P xz, 

My'^ + Lar*^— P xy. 

Of these sections the first two are hyperbolas, referred to their 

principal diameters, which, therefore, coincide with the principal axes 

of the surface. Thefiecond section being imaginary, shows that the 
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surface does not meet the plane of ry ; hence of the former hyperboKc 
sections one branch of each hyperbola is situated above, and the other 
below, the plane of xy ; so that the surface consists of two sheets. If 
P = 0, the hyperbolas degenerate into a system of straight lines, 
intersecting at the origin, and the trace on xyis^ point. The sec- 
tions parallel to the traces, and of which the distances from the origin 
are respectively ir=±a, y=±/3, 2r = ±y, are given by the 
equations Nz^ — M.'f = P + La^, section parallel to yz, 
Nz^ — Lr^ = P + M^ xz, 

M2/« + La:« = N/— P xy. 

Hence the sections parallel to the planes oiyz^ and xzy are all 
hyperbolas, having their centres on the axis of x and y. The sec- 
tions parallel to the plane of xy are ellipses, provided the distance 
± y ^^ *^® cutting plane from the origin be not so small as to render 
N^^ — P negative, for, if it be, the plane will not meet the surface. If 

N/-.P = 0; then + 7 = y/:^, and — 7 = — v^j^ 

therefore, at these distances, each section reduces to a point, and no 
part of the surface can be between these tangent planes ; so that this 
value of 7 is the. vertical semi-axis of the surface ; the two horizontal 
axes are imaginary. The expressions for them given by putting in 
the proposed equation, first z = 0, t/=0, and then 2: = 0, a? ^ 0, are 

P P * 

z = V — j"» y = V — ^' Putting A V — 1 and B V — 1 for these 

semi-axes, and C for the former one, and then, as before, introducing 
these expressions in the original equation, we have 

A«BV— A'CV— B'CV = A^B»C«or ^ + ^ — ^=_i 

the equation of the hyperboloid of two sheets related to its principal axes. 
When P = 0, in the equation proposed, it may be proved, as in 
art. (216), that the equation then represents an elliptical conic surface 
asymptotic to the hyperboloid. If A = B, then L = M, and the sec- 
tions parallel to the plane of xy^ become circles ; hence the equation 

represents the hyperboloid of revolution of two sheets. Hence this and 
the elliptic right cone are the varieties of the surface. 

On Surfaces which have not a Centre. 

(218.) We now proceed to examine the second class of surfaces, 
and which are represented by the equation Lar* + Mt/^ = Giz = 0. 

This equation invofves in it the forms hx^ + ^V^ = ^^» and 
L.r* — My* = Qiz, or My* — Lar^ = Giz. The last two equations 
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represent the same surfaceS| the axes of x and y being merely inter- 
changed, so that we need diiscuss only the first two equations. 

The miptk Paraboloid. 

By putting, in the equation La;' + Mt/* = Qiz^ the successive va- 
lues a? = 0, 2/ = 0, 2 = 0, we have for the principal sections of the 
surface the equations Mtj' =0,2;, the trace on the plane of yz, 

Lar = Qlz a», 

Lx' + My'^O ry. 

Hence the traces on the planes of yz and xz af e parabolas, referred 
to their principal axes, which, therefore, coincide with the axes of the 
surface. Of these traces the principal diameter of the first coincides 
with the axis of z, and the second diameter with the axis of y ; the 
principal diameter of the second trace coincides with the axis of z^ 
and the second diameter with the axis of x. The third trace, or that 
on the plane of xy, is merely a point, viz. the origin of the axes. 

For the sections parallel to the traces, and whose distances firom 
the origin are respectively, a; := ± a, y = ± jS, a = y, we have the 
equations My* = Qiz — La', section parallel to yr, 

La;» = a^ — Mi8« xz, 

Lar» + Mt/» = N7 xy. 

The first two sections are, like the parallel traces, parabolas, whose 
vertices are not on the axes of the surface. The third section is an 
ellipse, whose centre is on the axis of Zy and principal diameters pa- 
rallel to the axis of x and y, and it will always be possible, however 
great the distance, 7, above the plane of xy may be ; so that the sur- 
fe.ce has no Umit above this plane, below it the sections are impossi- 
ble. From the nature of its sections, this surface is called the dliptic 
'paraboloid. If L = M, the elliptic sections become circular, and then 
the surface is one of revolution about the axis of z ; hence the equation 

ft 
ic* -j- y' = p^r, where |> = =— , represents the elliptic paraboloid ofrevo- 

lution^ which is the only variety of the elliptic paraboloid. 

J%e Hyperbolic Paraboloid. 

(219.) The stirfece represented by the equation hx* — >My'=:Cla; 
has for its traces the equations 

M^ = — GLz, the trace on the plane ofyz, 

La?' = GiZf xZf 

La:* — My* = 0, xy. 

The first two traces are parabolas, and the principal diameter of 

each coincides with the axis ofz, the origin is the common vertex of 

both parabolas : but that in the plane of ;st^ is below^ and that in the 

plane ofxz is aoove, the plane of xy. The trace on the plane of 2:1^ is 

merely a system of two straight lines intersecting at the origin, their 

32 
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M 

equations being x=^ ±y^—- For the sections made by the planes 

X =: dz a, y = lb j8, z = ± y, we have the equations 
My^ = La* — Clz, section parallel to yz, 
La:» = Mi8«4-a2-, xz, 

Lar^— M/=±a7 ary. 

The first two sections are parabolas, whose vertices are not on the 
axes, but the principal diameter of each is parallel to the axis of 2 ; 
that of the first parabola is, however, in the direction of z negative ; 
and that of the sepond in the direction of z positive. But, let us 
examine these sections more narrowly, and, first, it may be re- 
marked that the coordinates y, z, of every point in the section parallel 
to yz are measured from the point a: = ± a of the axis of a: ; in other 
words, this point is the origin of the coordinates, y, z, of the section. 
Let us then remove this origin to the vertex of the parabola, which is 

T „2 

done by substituting z 4- -r;— for z, in the equation, which then be- 

comes My* = Clz ; this equation being the same as that of the trace 
on the plane of yz, it follows that all the sections parallel to this plane 
are equal parabolas. Similar remarks apply to the sections parallel 
to the plane of xz ; but in these the vertices of the parabolas are all 
below the plane of ary, while, in the former, the vertices are above 
that plane, as the transformation' shows. Moreover, the vertices of 
the former series are all in the plane of xz^ and those of the latter all 
in the plane of yz. The third section, or that parallel to the plane of 
xyj is an hyperbola related to its principal diameters ; its centre is, 
therefore, on the axis of z. The form of its equatio;i, however, shows 
that when the section is above the plane of xy, the transverse diame- 
ter is parallel to the axis of a:, and the conjugate parallel to the axis 
of y ; but, when the section is below the plane of anjj then, on the con- 
trary, the transverse axis is parallel to the axis of y, and the conjugate 
to the axis of a:, and at equal distances, y and — y, above and below 
the plane of a?y, the transverse axis of the one section is the same ab- 
solute length as the conjugate axis of the other, and vice versa. 

Of all the hjrperbolic sections above the plane ofxy the vertices are 
situated on the parabolic trace, on the plane of xz, for, putting y = 0, 
in the equation La^ — My* = Gly, we have for the corresponding va- 
lue of ar, the semi-transverse axis of the hyperbola, or, which is the 
same thing, the distance of the vertex from the axis of z, the expres- 

sion 0^=2 — ^. But, at the same distance, z = y, firom the plane of 

xy, there is a point in the parabolic trace, of which the distance from 

Gl 

the axis of z is given by the same expression, viz. z^ = :jrjr'y] hence 

these two points coincide. 



ANALYTICAL GEOMETRY. 251 

In a similar manner, it may be shown that of all the hyperbolic 
sections below the plane of xy^ the vertices are situated on the para- 
bolic trace on the plane of yz. Having thus seen that all the sections 
parallel to the plane of yz are parabolas, that these parabolas are all 
equal, and that their vertices are all on the parabolic trace on the 
plane of xz^ it follows that if the parabola in the plane o[yz be moved 
parallel to itself, its vertex always being in contact with the parabola 
in the pl€Uie of xz, the surface we are now considering will be gene- 
rated. It will be also generated by keeping fixed the parabola which 
we have here supposed to move, and moving the other under like re- 
strictions. From the nature of its sections, this surface is called the 
hyperbolic paraboloid. The equation of the asymptotes of any hyper- 
bolic section La:* — Mi/* = ±0,/, is known to be (71) La^ — M^=0, 
ora; = ±yV(M-7-L). Hence, if these two lines are constructed on 
the plane of xy, the perpendicular planes, passing through them will 
be those which contain the asymptotes of all^ the hyperbolic sections. 
Now these lines to be constructed on the plane of xy are the very lines 
into which the hyperbolic section degenerates, when the cutting plane 
coincides with the plane of ocy, as we have already seen by the equa- 
tions of the traces ; therefore planes drawn through these, perpendicu^ 
lar to the plane of oey, continually approach, but never meet the sur- 
face, except at their intersections with the plane of xy. 

From articles (218) and (219) it appears that the traces on the 
planes of t^z and xz of surfaces which have not a centre are parabo- 
las, whose parameters are 

P = ± ttt, and p' = ^=r-, .-. M = =b — , and L = — -. Hence, sub- 
M '^ L p p* ^ 

stituting these values in the general equation Lar* + Mi/* = Glz, of 

ic' v* 
these surfaces, and dividing by Gl, we have — ± ~ = z, or par'zbpy 

~ pp'^, for the equation of the paraboloid, which is elliptic, or h3rper- 
bolic, according as the upper or lower sign of p^ has place. 

Tangtnt Planes to Surfaces of the Second Order, 

(220.) If a straight line meet a surface in but one point, it is said 
to be a linear tangent to the surface at that point, and, since an inde- 
finite number of straight lines may be drawn through a given point, 
there is obviously no limit to the number of linear tangents at that 
point. The surface which is the locus of these tangents is called the 
tangent plane at the proposed point, and that it is a plane we shall 
presently see. 

PROBLEM 

To find the equation of a tangent plane, drawn through any point 
on a central surface of the second order. 
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Let a/, y', z'j be the coordinates of the proposed point on any sur- 
ftice, included in the general equation, La:^-}-M^+N2'=P . . . (1). 
Then any linear secant passing through the same point will be repre- 
sented by the equation? x — x' =za(z — s^) \ /^x • „.u'u j 

y^y^:^b{z--z^ ] W, m which a and 

b axe quite arbitrary, because the secant may take any direction 
whatever. From equation (1 ) subtract Lr^ + M/*+ Nz^ = P and 
there results L (a?— a:^) + M (y"— ^) + N (z»— ;r^) = 0, or 

h^^(x + x^) + M^^Ay + y') + ^{^ + z')=0, 

When each seccmt becomes a tangent, then, at the point {x', yf^ z^,) 
of contact, z=^x^yy = y'i and z = z^j and the various values of a and 

6, or, which is the same thing, of ^, and^ — 3, no longer re- 

Z Z Z Z 

main arbitrary in equation (2), or in the equation just deduced, but be- 
come subject to the relation L ^~ x^+M ^^-, i/+T^z^^O (3). 

Z ^"^ Z^ Z *■"-* A/ 

Now this equation remains the same for every pomt (ar, y, 2), in 

each tangent, and not exclusively for the point of contact with the 

surface, as is manifest from equation (2), which shows that the values 

a? — x' y — 1/ ^ . , V , ,. 
— , ^ are constant for every pomt (ar, y, Z)^ on the line re- 

5J — Z^ Z z 

presented by that equation. Hence equation (3) represents the sur- 
face in which all the lineal tangents through {x\ tf, z^), are situated ; 
the surface is therefore a plane. By developing this equation, it takes 
the form Lar'a- + My'y + Nz^z = hx^ -f My^+ Nz^ = P, or (216) 

oc^x v^v z^z 

-nj — l-^4"7^~l which is therefore, the equation of the tangent 

plane. It appears, from equation (3), that, if a straight line (2) 
touch the surface, the relation between the constants, a, 6, must be 
such as to satisfy the equation Laa/ + Mby^ -j- Nz^ = 0. 

The equations to the normal^ or straight line drawn from the point 
of contact perpendicular to the tangent plsme, are (191) 

x^x'=^,{z^z^),y^y^=^^{z^z^. If M = N, then the 

surface is of revolution about the axis of ar, and the last of these equa- 
tions, which represents the projection of the normal on the plane of 

zy, reduces to z^y = y^z, or y=^z; hence this projection passes 

through the oritrin, and, consequently, the normal must cut the axis of a?. 
In like manner it may be shown that if L = N, that is, if the sur- 
face revolve about the axis of y, the normal n;iust cut this axis, and 
the projection on the plane of xy will in a similar way show that, 
M hen L = M, the normal will cut the axis of z, about which the sur- 
face revolves. 
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PROBLEM. 

To find tlie equation of the tangent plane when the surface has not 
a centre. 

By art. (219) the surfaces which have not a centre may be repre- 
sented by the equation par* drpy =j);?^2r .... (1). 

Any linear secant drawn through a point (a?', y, s^) on this surface 

will be represented by the equations | ^H^ Z a /^H^/l [ ' • (2). 

in which a, and 3, varying with the direction of the secant, may take 

any values whatever. From equation (1) take pa/^ ± p^y^ = pp^z'j 

and we have p (a?* — x^)±p\'if — y^)=pp'{z — z^), 

a? ^~" ar' y — v^ 
otp -Ax'\'x')±p- ^{y-^yl =PP^* Now, when each 

Z'—'Z z — — z 

secant becomes a tangent then at the point (a?^, y\ z% of contact, wo 
have a? = a/, y = y^, and z •=.z'^ and, therefore, the coefficients a, h^ 
in equation (2), become subject to the condition 2paa:^ =b 2p^6i/^ =■ 

pp' ... (3), for the values , , - — ^-, remain the same for every 

point in the same secant, or in the same tangent ; hence, substituting 

these values for a, 6, in (3), we have for the equation of the surface, 

in which all the linear tangents are situated 

a? — a/ y — vf 
2p -x^± '2p^^ -y=^PP^ y this represents a plane, which, when 

developed, becomes 2pxx* ± ^pyy' =^2pp^ z' -\-pp' (z — zf) =^pp^ (z +z^), 
the equation of the tangent plane. 

Equation (3) expresses the conditions which the constants a, 6, 
must have, in order that the straight Hne (2) may be a linear tangent 
to the surface. 

On Conjugate Diametral Planes. 

(221). We have already defined (213) a system of conjugate dia- 
metral planes to be such that each bisects all the chords drawn paral- 
lel to the intersection of the other two, and we have shown that such 
a system exists in every surface included in the general equation 
ha^ 4" My^ + Nz'* = P (1), provided the coordinate axes are rectan- 
gular. It will be hereafter shown that there are an infinite number 
of oblique axes, to which every such surface may be referred, without 
altering the form of its equation ; and hence we may infer, by imitating 
the reasoning at (212), that there are an infinite number of systems 
of oblique diametral planes in central surfaces of the the second order, 
these diametral planes being no other than the oblique coordinate 
planes. If then we suppose the equation LV+My-|-N'<2*=P (2) 
to represent the same surface as equation (1), when the coordinates 
are transformed from rectangular to oblique, we may apply to this 
equation the same reasoning that we have employed in the discussion 

Y 
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of equation (1), and the only difference in the results will be that what 
before were rectangular conjugate diameters, will here be oblique con- 
jugates, both as regards the surface itself, and the several intersec- 
tions. From the form of equation (1) it was shown (215, &c.) that 
a plane drawn through the extremity of a principal diameter (not 
imaginary), and paraUel to the plane of the other two, was necessarily 
a tangent plstne to the surface ; hence, since (2) has the same 
form as (1), we infer that a plane through the extremity of one conju 
gate diameter, and parallel to the plane of the other two, touches the 
surface. 

From these remarks and from what has been showTiin (215), (216), 
&c. we may infer that, if A^ B^, C^, represent any system of semi- 
conjugates belonging to a central surface of the second order, the 
equation of that syrface, referred to them as axes, will be 

p5 + ^^ + ^ = 1, and it will be an eUipsoid, if A^^ B'% C'\ are 

all positive, an hyperboloid of one sheet if only two of these are posi- 
tive, and an hyperboloid of two sheets if but one is positive. 



SECTION III. 



CHAPTER I. 

ON THE ORTHOGONAL PROJECTIONS OF PLANE SURFACES. 

(222.) A plane figure is said to be orthogonally projected on a 
plane when each side of it is perpendicularly projected on the same 
plane. 

THEOREM. 

(223.) The projection of a plane surface on a plane is equal to the 
area of that surface multiphed by the cosine of its inclination to the 
plane of projection. 

Since any plane figure may be divided into triangles, it will be suffi- 
cient to prove the truth of this theorem in the case of the triangle. 

Let, then, ABC be any plane triangle, and ^ 

let abc be the orthogonal projection of it on any . ^^ 

plane. Ha. Produce the plane of ABC to meet 
the plane of projection in GH and perpendicular 
to AC draw the two parallels, AG, CH ; then, if 
through B the line KL be drawn parallel to AC, 
we shall have for the area of the triangle ABC ^^ 
the expression A ABC =. ^AC • CL ; also, if / be the projection of L» 
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we shall have /^abc = ^AC • cl. Now, if a represent the inclina- 
tion of the two planes, that is, the angle CHc, we shall have 
cl = CLcos. a, .-. ^abc= A ABC * cos. a. 

THEOREM II. 

' (224.) The square of the area of any plane figure is equal to the 
sum of the squares of its projections on three rectangular planes * 

Let S represent any plane surface, and S'', S^', S''^, its three projec- 
tions on the planes' of xy, xzj yz ; then, putting a, a% a''^, for the seve- 
ral inclinations of the plane of S to the coordinate planes, we have, by 
last theorem, S'» = S^ cos.'' a, S^^ = S' cos.'* a^ S'''^ = S' cos.' a'\ 
Now (193) COS.* a + cos.' a' + cos.'a^^ = 1 ; hence 

Cor. If the projections of the same surface on 3 other rectangu- 
lar planes be S/, S,^ S/^ then, as before, S'=S/' + 8/^^+ S/'^; 
consequently S''+ S'^ + S^^'^ = S/» -f S/^+ S/'^, that is, the 
sum of the aqua/fea of the projections is the same for every system of 
rectangular planes* 

THEOREM in. 

(225.) If a surface , be projected on three rectangular planes, and 
then these projections be orthogonally projected on a given plane, the 
sum of these last projections will be equal to the orthogonal projection 
of the surface on this given plane. 

Let S represent the surface, and S'', S^'', S^^^, its projections on the 
rectangular planes. Let also s^ be its projection on any other plane 
inclined at any angle, V, to the plane of S, then «" = S cos. V, also 
S' = S COS. a, S'^ = S COS. a^, S'^^ = S cos. a/\ Now, if we repre- 
aent the inclinations of the plane of s^ to the rectangular planes, that 
is, to the planes of S'', S^^, and S^^^ by j8, /3', j8<^, we shall have for 
COS. V the expression (193), 

COS. V = cos. a cos. ^ + cos. a^ cos. ^^ + cos. a^^ cos. j8^^ ; multiply- 
ing this by S, we have S cos. V = s' = S' cos. 13 + 8'' cos. fS' + S''' 
cos, /S''', which expresses the property announced. 

Cor. 1. Also, if S, T, U . . . . represent any number of surfaces 
situated in different planes, then we have, in a similar manner, the 
equations s" = S' cos. ^ + S'' cos. (3' + S''^ cos. (3'', 
V = T^ COS. i8 + T'" cos. /3' + T'' cos. ^'\ 
u' = U^ cos. /3 + U'^ COS. jS^ + U'^^cos. ^S^ 

U''^, \^"\ are the projections of T and U 
on the rectangular planes, wHile t\ u'\ are the projections on the plane 
of s\ If we represent the sum of the projections on the plane of xy 
by M', the sum of those on the plane of xz^ by M^', and the sum of 
those on the plane yz by W\ while the sum of the projections on the 

"■ ■ !■■"■■ ' ■ ■ ■ ■ I ■ ■ ■ ■ ' " — — 

I 

* Bv the square of an area is meant the square of its numerical value. 



where T', T\ T'\ and U", 
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fourth plane is represented by m\ we have, by adding together, the 
foregoing equations m^ = M^ cos. /3 + M^^ cos. /3^ + ^'* ^os. ^*'. If 
we introduce a fifth plane, whose inclinations to the rectangular planes 
are 7, y\ and Y\ and of which the sum of the projections of S, T, 
U . . . . thereon is m'\ we have 

m^' = M^ COS. y + M^^ cos. Y + M''^^ cos. Y\ In the same way, for 
a sixth plane, m'^' = M' cos. h + M"^ cos. h\ + W cos. h''. 

Thus ihjt 9um of the ^rejections of any aeriea of areas on a plane is 
equal to the sum of the projections formed on the same plane j by first 
projecting all the fibres on a system of rectangular planes^ and then 
projecting these projections on the proposed plane. 

Cor. 2. If the three planes containing the projections m\ m*\ m"\ 
are also perpendicular, we may consider these as the primitive planes, 
and we shall then have, conversely, 

M' = m' COS. jS + "*^^ COS. y + m*^^ cos. ^ 
M'^ = m' COS. /8^ + ^"''^ COS. / 4" '^"^ COS. I* 
W = m' COS. jS'" 4- m^^cos. 7^' + m''' cos. l'\ 

THEOREM IV. 

(226.) The same notation being employed, it is required to prove 
that m^ + m'^ + m'"^ = M^ + W -f W"", when both systems of 
planes are rectangular. By squaring each equation, in the above 
group, and adding together the results we have 

M/8_|.]y|//2^jyj///2_^/2 (cog 2 ^ ^ COS.' ^' + COS.'^ ^'') 

+w^^ (cos.' y + COS.' Y + COS.' Y^ 
+m^^^' (COS.' 5 + COS.' U + COS.' 5^0 
+2wW (cos./3cos.y-f cos./8^cos./'+cos.^^^*cos.7^^) 
-Ylwfm'*' (cos./3cos.5+cos./8^cos. 6''+cos.^^^'COs.^^'') 
+2»i^W^''(cos.ycos.5+cos.7'*cos. 5^+cos.'/^xos. 5^0 
Now, by art. (193), the factors of wi^, m^'', and m!'^^ are each 
equal to 1, and, by the same art. the factors of 2mW^ %m^m"\ and 
2m'W'', are each equal to ; hence this equation is the same as 
M^' + M'" + M^''^ = m'' + w'^ + w^^^. 
This proves that, if any number of plane surfaces, hotvever situated 
in space J be projected on different systems of rectangular planes, and 
the projections on each plane be collected into one sum^ then the squares 
of the three sums thv^ furnished by each system always amount to the 
same quantity. 

Cor. The expression for the sum of the projections on any one of 
the planes, as the plane of m^ is w' = V ) M^ + M'^ + W"^ -^ m'"^ 
— m^^^l, which sum will be the greatest possible, when m'^ = 0, and 
m''' = 0, for then it becomes m' = ^/\M'^ + M'^' + M^^^^. 

Now there is nothing contradictory in supposing «i'^ = 0, and 
wi"^'' = 0, for, since the projection of a surface is equal to th^t surface 
multiplied by the cosine of its inclination to the plane of projection, 
the projection must be considered as positive or negative, according as 
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the cosine is positive or negative, or according as the inclination is 
acute or obtuse ; hence the sum of the projections of any number of 
surfaces on one of the coordinate planes may become 0, on accomit of 
the negative projections equalling the positive, and when this is the 
case also with another coordinate plane, then, as we have just seen, 
the projections on the third plane amount to a gfeater sum than they 
would do under any other circumstances ; this plane is, therefore, 
called the plane of greatest projection.' 

(227.) We may readily determine the direction of this plane, or its 
position in reference to the rectangular planes of M^ M'', M"''', by 
means of the conditions m''' == 0, «!''''''= which exist simultaneously 
^th it, for, introducing these values in the group of equations origi- 
nally employed, we have 

M' = m' COS. /3, M^^ = m' cos. /8^ M'^' = m' cos. p'' ; 

whence cos. /? = — r = , — ._.^^^ , . -^-r . ^,.,^ - ; cos. p' = — - = 

in which equations, )8, I3\ I3^\ denote the inclinations of the plane of 
greatest projection to the arbitrary rectangular planes of M^, M'^ M^^', 
and thus the position of this plane in reference to any system of rect- 
angular planes is determinable, when the sums M^ M'^ M^^'', of the 
projections on this system of planes are known. The situation of the 
plane of greatest projections is not fixed in space, for the projections 
on any plane being the same as on any parallel plane, it follows that 
every plane having the requisite inclinations to the rectangular planes 
possesses the characteristic property of the principal plane or plane of 
greatest projection. 

THEOREM V. 

(228.) The sum of the projections on any plane equally inclined to 
tlie principal plane is constant. 

Let T represent the sum of the projections of any number of sur- 
faces inclined at an angle d to the principal plane, and let s, 8^, s^', 
represent its incUnations to the three primitive planes, then (?27) 
T = M' cos. g + M"' cos. s' 4- W cos. b'\ but (228) M" = W cos. jS, 
M^'' = mf COS. /3^ W^' = vnf cos. fi'^ ; hence, by substitution T == m' 
(cos. /3 cos. g 4" COS. /3'cos. s''''-]- cos. ^^^ cos. g'^). 

Now the expression within the parentheses represents the cosine of 
the angle 4 (206), therefore T = m^ cos. d, that is 
T = V \W + M^^ + W^\ • cos. ^ ; so that T is constant, if d is^ 
and if cos. d increases or diminishes, T will increase or diminish pro 
portionally. 

Cor, On every plane perpendicular to the principal plape the sum 
of the projections is 0, for when ^ = 90**, then T = 0. 
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CHAPTER n. 

ON THE TRANSFORMATION OF COORDINATES IN SPACE. 

(229.) In order to transform the equation of a surface from one 
system of axes to another, we must first find expressions for the pri- 
mitive coordinates in terms of the new, and these, substituted in the 
original equation, will lead to the transformation desired. The most 
simple of these transformations is that in which the new axes are 
parallel to the old, where the only change is in the position of the 
origin. In this case, if a, 6, c, denote the coordinates of the new 
origin, and (x', y\ z\) represent any point in the surface, in reference 
to the old axes, then the coordinates x, t^, z<, of the same point, in refer- 
ence to the new, will obviously be ar = o + a/, y=6 + y^, « =c + ^» 
which are, therefore, the formulas to be employed, when the origin 
is merely altered. 

If the direction of the axes be altered, then the formulas fqr substi- 
tution are not so readily obtained. We may affirm, however, that the 
values of the new coordinates must be linear functions of the old, that 
is, these values must be of the form a; = a + nix' + iti'yf + tn^V ; 

y = 6 4" '•^' "4" **y + "^''^» ^^^ z = c -f- P^ + 1? V '\'P^^^ 5 for 
these expressions must be such that, when they are substituted in 

the equation of the plane, the result may not surpass the first degree, 
which it would, however, do, if either of the above equations surpassed 
the first degree. Having thus ascertained the form of the required 
expressions, it remains to determine the constant coefficients o, m^ 
m\ wl\ &c. If we suppose a/ = 0, y^ = 0, ;s^ = 0, we shall have for 
the coordinates of the new origin a; = a, i/ = 6, ^ = c ; these, there- 
fore, are easily determined. The remaining constants must depend on 
mutual inclinations of the two systems of axes ; and, as these rela- 
tions will not be disturbed by supposing the two origins to coincide, we 
shall, for greater simplicity, consider a, 6, c, as absent from the fore- 
going expressions, then x^ y, z, representing the primitive coordinates 
of any point in space, the new coordinates x\ y', z\ of the same point 
will be related to the former, as in the equations 
' a? = maf -f" •wy + t»''V 

y = 7w/ -f" **y "h ''^'^^^ 

Suppose the point to be situated on the axis of a;^, then y' = 0, 
z' = 0, and, consequently, a? = msf^ y = nx', z = par^, 

X y z 

••••"=^^" = ^»^ = Z- 
f230.) 1. Let the primtive axes be rectangular and the new ones 
obhque. 
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Then for any point in the axis of jt^, 7f will be the h3rpothenuse, and 
X the base, of a right-angled triangle, also if and y will be the hypo- 
thenuse and base of a second right-angled triangle, and jfy z^ will, in 
like manner, be the hypothenuse and base of a third ; hence, calling 
the angles which the axis, of a/ makes with the axes of x^ of ^, and of 
Zy X, Y, and Z, respectively, we have 



m 



X -my y -rr ^ rw 

=: —- = COS. A, n = ^ = cos. y, p = -r- = COS. Z. 
3/ ^ XT '^ Xf 



For a point situated on the axis of t/^, we have 

X = mfy', y = n^, z = f>% 

.-, mf = --, = COS. X^ «' = =-- = COS. Y^, p^ = — - s= cos. Z\ 

f y y^ 

where X^ Y', Z', denote the inclinations of the axis of y' to the axes 
of X, y, and Zy respectively. In like manner, for any point on the axis 
of z^ we have x = m^V, y = n^ V, z = p^V, 



m'^ = ^ = COS. X^ n"^ = ^ = cos. Y^^ p^^ - ^ 



= cos. Z^^, 



a/ ' z •' z' 

'K/\ Y'\ 7J\ denoting the inclinations of the axis of z to the axes of 
X, y, z, respectively. Hence the expressions for the primitive coordi- 
nates in terms of the new are 

x'='Tf cos. X + 3/^ COS. X^ 4" ^ cos. X''' ) 

1/ = 2/C0S. Y + ^^cos. Y"-}-^' COS. Y^' V (A) ; 

z = x^ COS. Z + y^ cos. Z^ 4- ^' cos. Z^^ j 
the nine angles which enter into these expressions being subject to the 
conditions (181). 

cos.^X 4-cos.'Y +cos.'*Z = 

COS. 
COS. 

the values in other respects being arbitrary. But if the angles which 
the new axes form among themselves are given or fixed, then six of 
the foregoing angles become dependent on the other three, which are 



.*X +C0S.2Y +cos.«Z =1) 

."X^ +C0S.2Y'' +cos.2Z^ = 1 I (1), 

.« X^^ + COS.* Y"^ + COS.* Z^^ = 1 j 



arbitrary, for, let 



l^»2/1i 






J) 






(2); 



V = the angle 

U = the angle 

W = the angle _ 
then (162) besides the preceding conditions we must also have 
COS. V = COS. X COS. X' + COS. Y cos. Y'' -|- cos. Z cos. Z/ 
COS. U = COS. X cos. X^'' + cos. Y cos. Y^^ + cos. Z cos. 
COS. W= COS. X'' COS. X"^ + COS. Y^ cos. Y^^ + cos. Z^ cos. 
we have thus altogether six equations, which are insufficient to deter- 
mine the nine angles involved in them, but, by giving any arbitrary 
values not inconsistent with the conditions (1) to three of these, the 
remaining six are all deducible from the given equations. Hence, 
that we may be able to fix the positions of the new axes in space, we 
must know the angles which they make with each other, and tiureia 
of the angles which they make with the primitive system. If we 
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know cmlj the angles which the new system of axes make with each 
other, then this system may take any position whatever, in reference 
to the primitive system. 

(231.) 2. Let both ayatema be rectangular. 

In this case cos. V ^ 0, cos. U = 0, cos. W = ; hence the equa* 
tions (2) become 

cos. X cos. X/ + COS. Y COS. Y' + cos. Z cos. Z'' = 1 
cos. X cos. Xf' -f- COS. Y cos. Y^' + cos. Z cos. Z'"' = > . . . . (3), 
COS. X' COS. X'' + cos. Y' cos. Y'' + cos. Z' cos. Z^' = j 
so that three of the angles formed by the new system with the primi- 
tive being determined, the remaining six are given by the equations 
(1) and (3), and thus the constants in (A), the fonnula of transforma- 
tion become known. If one of the new axes, as the axis of z\ coin- 
cide with the primitive axis of z, in case 1, and V be the angle formed 
by the other two, both of which we shall here suppose situated in il>e 
plane of xy, the formulas of transformation become very simple, for 
since, in this case, cos. U = 0, cos. W = 0, cos. X^^ = 0, cos. Y^^=0, 
and COS. Z^^ =s 1, equations (2) give cos. Z = 0, cos. Z^ = ; hence 
equations (1) reduce to 

COS.* X + COS.* Y = 1 > / COS. Y = sin. X 
cos.«X^ + cos.«Y^=l r* t COS. Y^ = sin. X 
and the formulas (A) are, in this case, x^=.yf cos. X -4- t^cbs. X^, 
y^='3/ sin. X + y'sin. X^ (A'), which are the same as those already 
given at (40), to pass from a system of rectangular axes to any other 
system situated in the same plane. 

(232.) To pass from rectangular to polar coordinates. 

Let P be any point (x, y, z,) in space, and 
draw AP from the origin, then A may be consi- 
dered as the pole, and AP = r the radius vector 
of the point P. Let AM be made equal to unity, 
or the radius of the tables ; then, denoting the in- 
clinations of AP to the axes of ar, y, z, by a, ^, y, 
we shall have (181) for the coordmates of M, the 
values COS. a, cos. 13, cos. y, consequently, for the 
coordinates of P, we have the values 
x=:r cos. a, y = r cos. iS^z = r cos. y (B), which must exist in con- 
junction with the condition cos.'a-f-cos.^jS + cos.'*/ = 1. Other 
formulas for trdnsforming rectangular to polar coordinates may be ob- 
tained, in which only two angles enter, viz. the angle PAP'', formed 
by the radius vector and its projection on the plane of ary, and the 
angle P'AX, formed by this projection and the axis of x. Call the 
first of these angles d, and the second (p, then, if r' represent the pro- 
jection of r, the right-angled triangles PP^A, P^XA, give 

r^ =^r cos. 6jX =zr^ cos. <p, y = / sin. (p,z =^r sin. 6 ; 




hence x =z r cos. & cos. cp^y = r cos. 6 sin. q>jZ=:r sin. ^ 



(C). 
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JVoie. — When the new origin does not coincide with the primitive, 
then the coordinates, a, 6, c, of the new origin must be added to the 
expressions for x, y, z, in the preceding formulas. 

With regard to the signs of the trigonometrical quantities, which 
enter tho formulas (C), we must observe that, by supposing 9 to vary 
from to 360'', as in (111), and 6 to vary from to ± 90, while the 
sign of r always remains positive, the formulas will in all cases cor- 
rectly mark out the position of the point whose coordinates they ex- 
press. Hence the radius vector ought always to be considered posi- 
tive. In like manner the position of the point (2:, y, «,) is correctly 
determined by the signs of the cosines which enter the formulas (B), 
r being considered positive. 

(233.) Of the preceding formulas of transformation, those which 
enable us to pass from one system of rectangular axes to another are 
the most important. To effect this transformation the knowledge of 
three angles only is requisite, as we have already seen (230) ; but, as 
nine angles enter the formulas (A), the remaining six must be deter- 
mined from the equations of conditions (1) and (2). To remedy this 
inconvenience, new formulas were given by Euler, and afterwards 
employed by Lagrange and Laplace, which dispensed with the equa- 
tions of condition, and gave at once the expressions fbr the new coordi- 
nates, in terms of the old, .combined with the three given angles, viz. 
the angle formed by the axis of x^ and the trace of 9ie plane of x^if 
on the plane of xj/, the angle formed by the same trace and the axis of 
x^ and the angle at which the plane of x^ is inclined to the plane of . 
xy. By means of these three angles, the values of all the nine angles 
which enter the formulas (A) may he expressed, and thus the equa- 
tions (1) and (2) be dispensed with. We shall proceed to investigate 
these jformulas. 

Let AR be the trace of the plane of 
a/y^ on the plane of xy^ and conceive 
a sphere, of which the centre is A, and^ 
radius AT = 1, to be pierced by the 
lines AX, AX', AR ; then the great 
circles which pass through the points 
of intersection, CI, T, R, will form a 
spherical triangle TQ,R, in which we 
observe the fc^owing circumstances, 
viz. 

K. 
TR = angle formed by the axis of x^ and its trace, AR, on «y, 
TO, = angle formed by the axis of a/ and axis of a:, 
RGl = angle formed by the trace and axis of a?, 
TR = inclination of the plane of a/y' to the plane of a:y. 
Hence, putting TR = 4', Ta = X, Ra = 9, and Z.R = A, yffi^ 
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have, by the principles of spherical trigonometry, [Grtgonfs Trig. p. 
84.) 006. TQ, = COS. X = COS. 4^ cos. (p -}- sin. ^ sin. 9 cob. 6. 

Let now the great circle TS be drawn, then, in the spherical tri- 
angle TSR, we have ST = angle formed by the axis of x^ and axis 
of i/, TH = 4., SR = QO** — 9, and Z. R = 180"—^, 

.-. COS.- ST = COS. Y = sin. 9 cos. 4^ — cos. 9 sin. 4^ cos. 6. 

From the point where AZ pierces the sphere draw a great circle 
throuiih T, then ZTP = 90«», and Z. P = 90** ; hence the spherical 
triangle TPR gives TP =: complement of the angle formed by the 
axes of 3/ and Zj .• sin. TP =; cos. Z- =. sin. 6 sin. ^ ; we have thus 
obtained expressions for three of the cosines which enter the formu- 
las (A). 

Again, let U be the point where the axis of y^ pierces the sphere, 
and complete the spherical triangles URQ,,* URS, in the first of 
which, we have UGl =3 angle formed by the axis of 1^ and axis of x. 

UR;=9(F -h 4., Ra, = (p, and Z. R = ^, 
.'. cos* UCl •— COS. X/. =5 cos, 6 cos. >|/.sin. 9 — sin. 4^. cos. 9, and in the 
second triangle, URS, we have US = angle formed by the axis of y', 
and axis of y, RS = 90°-- 9, UR=90O + 4/, and <R=180°— ^. 

.'. cos. ITS = cos. Y'' =5— - cos. 4^ cos» 9.ik)s, 6 — sin. 4^ sin. <p. 
Drawing, now, the quadrantal arc ZUL, the triangle URL, right 
angled at L, gives UL =: complement. of the. angle formed by the 
axes of y and r, 

UR = 9QP -f» 4^' ^^ Z. R = ^, .*> sin. UL =x cos. Z'' =?^os. 4^ sin. ^, 
jwre have thus expressions for three more of the angles which enter (A), 
and there still remain three to determine. Let V be the point where 
the axis of 2^ piorces the sphere, and draw the arcs VGl and VSK, the 
foimer meeting TR in N, and the latter naeeti^.the production of TR 
in K ; then AZ^ being perpendicular to the plane of the circle TNRK, 
N and K will be right angles. The triangle NGlJi gives 
NGl = VQ, — -VN = — complement .t)f the inclination of the axes of 
z^ and z, RQ,:=^:(p, Z R = ^ .'. .sin. N€l.=— cos. X.^^ = sin. 9 sin. d. 
The triwigje KBR gives SK = YK — VS == — complement of the 
inclinations of the axes of z^ andy^SR t=R Sft: — QR = complement 
of .q>, Z'R-= ^j .'. sinr SK. = cos. Y'^=;cos. (pt sin. 6m Moreover, since 
AZ, AZV.are respectively perpendicular to the plumes <jf xy and of (c't/^, 
the incHnatiojaa of these twO/linesmeaisuregthat.of theplsines, that is 

Z^^ = d..*. co^i Z^^ =;= cos. .^. 

(234.) Having now determined the expressions for all the cosines, 
which enter the formulae (A,) we have, by substituting them therein, 
the following new formulas, for, transforming the equation of any sur- 
face^ from one rectangular system of ''coordinates- to another* viz. 
X'=.xf (cos. 4 sin. (p-an* 4^ -^ CQS^ 9 cos. 4^) 
+ y' (cos. 6 sin. 9 cos* 4* — cos.- 9 sife. 4^) -^ Z' sin. 6 an. 9. 

''RT }m>dacedtwill pass through^, because. AR, AX', AY', are in one plane. 
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y = a/ (sin. 9 cos. -^ — cos. 6 cos. 9 sin. -1) 
— y^ (cos. 6 COS. 9 COS. 4' + sin. 9 sin. 4^) 
-|- 3^ sin. A COS. (p, 
2; = jt' sin. d sin. 4^ + y'su^- ^ cos. 4^ + ^^ ^^s. L 
(236.) These formulas become much more simple, where +=?) ^^ 
is, when the axis of 3/ coincides with the trace AR, for, since, in this 
case, sin. 4^ = 0, and cos. 4^ = 1, the formulas become 

X = a/ COS. 9 + y^ 8^^' 9 ^^^' ^ — z^am. 6 sin. 9 
y ==a/ sin. 9 — y^ cos. 9 cos. d + ^ sua* ^ cos. 9 
« = y^sin. i "4- P cos. -d. 

(y Intersecting Planes. 

(246.) The equation of a surface being given, let it bd required to 
determine the equation of the intersection made by a plane whose 
bclination to, and trace on the plane of xy is given. 

Call the inclination Sy and the angle formed by the trace and axis of 
z, 9 ; then, calling the trace the axis of a/, ajid a perpendicular to it 
from the origin, and in the cutting plane, the axis of y^, any point in 
the curve of intersection referred to these axes will be represented by 
(a/, y', 0,) and the same point referred to the original axes of the sur- 
face is (a:, y, z) ; hence, by putting z^ = 0, in the formulas above, we 
have ar = a/ cos. 9 -|- ^ sin. 9 cos. ^, t^ = ar^sin. 9 — y^ cos. 9 cos. 4, 
z = y^ sin. 6 ; and these expressions substituted in the equation of the 
surface will give the equation of the curve of intersection, when related 
to the axes of 2/ and y^, taken as directed in the cutting plane. 

The values of the angles 6 and 9 are immediately determinable,' 
when the equation of the plane is given. For, if this equation be 

Az + By + Cz + D=:0, then (193) cos. 6 = -— ^^-_^-, 

and the equation of the trace on the plane ofxy being (185) 

Aar + B^ + 1^ ~ 0) we have tan. 9 = — :^. 

' jyote. In the preceding transformations, we have supposed the 
origin to remain fixed, if, however, this be not the case, then the coor- 
dinates a, 6, c, of the new origin must be introduced into those 
expressions. 

(237.) Since the foregoing expressions for a?, y, r, are linear func- 
tions of a/, y\ it follows that, when they are substituted in the equa- 
tion of any surface of the second order, the result will be an equation 
also of the second or^ier, between a? and y^ ; hence every section of a 
surface of the second order is always a curve of the second order, and 
indeed, whatever be the order of the surface, no higher can be the 
order of the curve of intersection ; it follows, moreover, that a straight 
line cannot cut a surface of the nth order in more than n points. 

Let us suppose a conical surface : If a plane cut one sheet through, 
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the section will obviously be a curve returning into itself, and as we 
know it must be of the second order, we immediately conclude that 
the section must be an ellipse. If the cutting plane be parallel to the 
generating line, in any position, then the plane can obviously meet 
only one sheet of the surface, the section will therefore consist of but 
one branch ; hence it can be no other curve than the parabola. If the 
plane be parallel to the axis of the cone, then both sheets will be cut, 
and the section will consist of two branches, and these will become 
two intersecting straight lines, when the axis coincides with the cut- 
ting plane ; hence the section must be either an hyperbola, or one of 
its varieties. On these accounts the lines of the second order are fre- 
quently called Conic Sections. But the cone is not the only surface 
whose difierent sections furnish all the curves of the second order, as 
we shall presently see. 

PROBLEM I. 

(238.) To determine the nature of the different sections of a central 
surface of the second order. 

In the general equation Lz" + M^* + "^^ = P (l)i which com- 
prehends the ellipsoid and hyperboloid, substitute for ar, y, z, the va.iies 
x=i X COS. 9 + y cos. 6 sin. (p-^-a^y =: x sin. 9 — y cos. 6 cos. 9 + ^» 
and z=iy sin. d + c, and it becomes of the form 

Af+l^xy + Coi^ + 'Dy+Ex + F = (2), 

the ooefRcients of this equation having the following values : 
A = L sin.' 6 + M cos.* & cos." 9 + N cos.' d sin.' 9, 
B = 2 (N — M ) cos. d sin, 9 cos. 9, 
C = M sin.' 9 +. N cos.' 9, 

D = 2 (Lc sin. 6 — M6 cos. 6 cos. 9 4- Na cos. 6 sia 9), 
E = 2 (Mb sin. 9 + Na cos. 9), 
F = Lc' + M6' + Na'— P. 
Now we know (124) that the curve represented by the equation 
(2) will be an ellipse, an hyperbola, or a parabola, according as 
B? — 4AC is negative, positive, or 0. The value of this expression is 
B"-4AC = — 4 MN cos.' d — 4LM sin.' d sin.' 9 — 

4LNsin.'d cos.' 9 (3). 
Hence, if the surface is an ellipsoid, that is, if L, M, N, are all posi- 
tive, B' — 4 AC must be negative, consequently every section of an 
ellipsoid made by a plane is an ellipse, or else one of its varieties. 

If the surface is an hyperboloid of one sheet, then of the coefficients 
L, M, N, two are positive, and the third negative ; but, if the hyper- 
boloid have two sheets, then two of the coefficients are negative ; and 
one positive, so that the expression for B' — 4 AC must consist either 
of two positive terms and one negative, or else of two negative terms 
and one positive. In either case, the aggregate of the terms may be 
either positive, negative, or 0. For, dividing each term by sin.' &, and 
abstracting from the signs, they may be represented by Gl cot' ^ 
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R sin.^ <p, S COS.' 9, and it is plain that an infinite variety of values may 

be given to (p, that will render possible either of the conditions 

Q, cot.** 4 7(R sin." (p + S cos." 9), QL cot.'* 6/L{R sin." 9 OQ S cos."^) (4), 

or 

d cot.' 6—{R sin.' 9 + S cos.' 9), Gl cot.' 4=R sin.' 9 OQ S cos.' 9) (5) . 

By the conditions (4) it appears that any term may be made to 
exceed numerically the sum of the other two, and, consequently, the 
aggregate of the three terms may take the sign of any of them, that 
is, it may be either positive or negative. The conditions (6) show 
that either term may become equal to the sum of the other two, so 
that, whichever two have the same sign, their aggregate may become 
equal to the third, when the aggregate of the whole will be 0. 

Hence the section of an hyperboloid by a plane mat^, like the cone 
which is a variety of it, be either an ellipse j an hyper bohj or a parabola. 

Cor, As none of the Constantsa, 6, c^ enter into the expression (3,) 
the curve of intersection must continue of the same kind, however 
these constants may be altered, provided only, that the angles 6, 9, 
remain the same, that is, parallel sections always give the same kind 
of curve, 

PROBLEM II. 

(239.) To determine the nature of the sections in surfaces which 
have not a centre. 

Substituting the formulas employed in last problem, in the general 
equation L2' -j- ^2/* = ^* (1)) we obtain a result of the form 
At/'4-Bri/+Cj;' + &c.=0, in which A=Lsin.'d+Mcos.'4 cos.'(p, 
B= — 2Mcos.dsin. 9C03. 9,C=Msin.'*9, .-. B' — 4AC= — 4LM 
sin.' 4 sin.* 9 . ... (2). 

If the surface is the elliptic paraboloid, then the coefficients L, M, 
being of the same sign, the expression for B' — 4AC must be nega- 
tive, unless d = 0, or 9 = 0, when the expression becomes = 0. 
Hence the intersections of an elliptic paraboloid must be either ellipses 
or parabolas, or else varieties of these curves. 

If the paraboloid is hyperbolic, then L, M, having contrary signs, 
the expression (2) can never be negative, so that the intersections of 
the parabolic hyperboloid must be either hyperbolas or parabolas, oir 
else varieties of these curves. 

Cor. It follows here, as in last problem, that because the expression 
(2) is independent of the values of the constants, o, b, c, parallel sec- 
tions always give the same kind of curve. 

PROBLEM in. 

I* 

(240.) To determine the locus of the centres of any parallel sections. 

Let the surface be central, then, when the sections are central curves, 
let us suppose the coordinates in each to originate at the centre, and 
let us represent {x\ y\ 5/,) the centre of any parallel section when 

34* Z 
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referred to the axes to which the surface is referred, then x\ y^, z\ 
mean the same thing here as a, i, c, in the preceding problems. Now, 
since the axes of the section are here supposed to originate at the 
centre, the terms Dy, Er, in equation (2), prob. 1, will be absent 
(126) showing that, in this case, we must have 
D = 2 (Lz'sin. d — M^^ cos. d cos. (p + Nj/ cos. d sin. (p) = 0, 
E = 2 (Ml/' sin. (p + Na/ cos. (p) = 0. These equations being 
linear, each separately represents a plane; but, as they exist toge- 
ther, they denote the straight line, which is their intersection ; hence 
the locus of {x\ y', z^,) is a straight line. If the surface have no 
centre, we should, in the same manner, find that, when the parallel 
sections have centres, these are all situated in the same straight line. 
Neither of the preceding equations having a constant term, it fol-. 
lows (186) that the planes which they represent both pass through 
the origin, this point then belongs to their intersection. Hence the 
centres of parallel sections are ail on the same diameter of the surface. 



CHAPTER III. 

DISCUSSION OF THE GENERAL EQUATION. 

(241.) We shall now proceed to examine the equation of the second 
degree of three variables, in its most general fonn, and show that it 
can never represent any surface not among those which we ' have 
akeady examined. This general equation is 
A:t'+Bif+C3^+J)zy+Ezx+Fxy-+Qz+Hy+Kx+h=0{l), 
and we shall for simplicity suppose it to refer the surface which it 
represents to rectangular axes. This supposition will not in the least 
diminish the generality of our reasoning, since, if the axes were ori- 
ginally oblique, they might be transformed to rectangular, by the sub- 
stitution of certain linear functions of the new coordinates in place of 
the old, so that the degree of the equation would remain the same and 
its generality could not exceed that of equation (1). 

Let us now transform these rectangular axes to another system, also 
rectangular, by substituting, in equation (1), the values (275) 

Z-rzx' cos. X -f- y' COS. X' -}" ^^ ^^- ^^' ) 

yz=x^ COS. Y + / COS. Y^ --z^ cos. Y^^ > (A), then the resulting 

Z =: X^ COS. Z -f y^ COS. Z^ -}- Z^ COS. Z^^ ) 

equation mUst be of the form A'z^ + BY + ^'^ + I> Vy' -f E'z'x' 
+ FVy^ + G'z' + Uy + KV+ L = (2), in which the coeffi- 
cients are functions of the nine angles which enter the formulas (A). 
Now it has been seen (230) that these nuie angles are subject to only 
six conditions, and that, therefore, in order to fix their values, three 
more conditions must be introduced among them, and the only limit to 
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the choice of these conditions is that they must not be inconsistent 
with the other six. 

Let us here suppose the three conditions D^ = 0, E' = 0, F'' = 
then, if it can be shown that these may exist conjointly with the con- 
ditions (1) and (2), art. (230), we may immediately infer that the 
general equation (1) may always be reduced to the more simple form 

h!z'' + By »+ C V^ + G^5^ + H Y + K^j:^ + L = 0, 
by merely altering the directions^ of the rectangular axes. 

The expressions for the coefficients D^, E', F^, may be obtained 
without substituting the expressions (A) in every term of the equation 
(1), the last four terms obviously have no influence on these coeffi- 
cients ; and, instead of actually squaring the expressions (A) for the 
first three terms, we need only attend to the products two and two of 
the three terms, in each, these products being the only parts of the 
squares concerned in the formation of the three coefficients under 
consideration. Also, in the three following terms of equation (1), 
which contain the products of the expressions (A), two and two, the 
partial products arising from multiplying any term by that in the 
same vertical row, are not concerned in these coefficients, and are, 
therefore not to be attended to. Availing ourselves of these conside- 
rations, we find for the terms FVy^' Y/ifz^ Tys/y^^ the expressions 



2A COS. Z cos. Z' a:Y4"2 A cos. Z cos. Z^^ 
2B cos. Y cos. Y'l 4-2B cos. Y cos. Y"" 



2Ccos. Xcos. X^ 
Dcos. Z COS. Y^ 
D cos.Y COS. Z^ 
E COS. Z COS. X/ 
E cos.X COS. Z^ 
F cos.Y COS. X'' 
F COS.X COS. Y^ 



-4-2C COS. X cos.X^^ 
Dcos. Z COS. Y"-' 
Dcos.Ycos.Z'^ 
E COS. Z cos.X^^ 
Ecos. Xcos.Z''^ 
F COS. Y cos.X^^ 
F COS. X COS. Y^^ 



a;V+2Acos.Z^cos.Z^^2y 

+2Bcos.Y^cos.Y^^ 

+2C COS. X^cos. X'' 

D cos. Z^cos. Y'' 

D COS. Y^cos. Z'' 

E COS. Z^cos. X''^ 

E COS. X^'cos. Z^^ 

+ F cos. Y''cos. X'^ 

+ F COS. X^cos. Y'^ 



Hence the three equations of condition are 



2Acos.Z 
-- Dcos.Y 
+ E^'cos.X 

2 A cos. Z 
+ Dcos.Y 
+ E cos.X 
and 

2 A cos:Z' 
+ Dcos.Y^ 
+ Eco5.X^ 



COS. Z^4-2B cos.Y 
+ D COS. Z 
- - F COS. X 

COS. Z'^+2B cos.Y 
+ D COS. Z 
+ F COS.X 

cos.Z''+2Bcos.Y^ 
-f Dcos.Z^ 
4- Fcos.Z^ 
M COS. Z^ + N 



cos.X^=0 



cos.X^^=0 



i 



cos.Y' + 2Ccos.X 
4" E cos. Z 
-- Fcos.Y 

COS. Y^'+2C COS. X 
+ E COS. Z 
+ Fcos. Y 



cos.Y^^+2Ccos.X^ I cos.X^^=0 

4- Ecos.Z^ 

+ Fcos.Y^ 
COS. Y^ + P cos. X^ = 



or more briefly < M cos. Z'^ + N cos. Y^^+ P ^^^ 



.X' =0) 

.X^'=OS 
. X"^ = j 



(B). 



( M' COS. Z'' -f N' COS. Y'' + F cos. 
These, then, are the equations which must exist in conjunction with 
the following, if the transformation in view is possible, 
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COS. X COS. X" + COS. Y COS. Y* + cos. Z cos. Z^ = 

COS. Z COS 
COS. Z^ COS 



COS. X COS. X'^-f COS. Y COS. Y'^ + cos. Z cos. Z'^ = > (C) 



i.« X + cos.'* Y +cos.»Z = 1 \ 

(.«X^ +cos.«Y^ +cos.«Z^ = 1 V (D) 

1. X^^ + COS. Y^' + COS. 7/'-\) 



cos. X' coi^ X^^ + COS. Y^cos. Y^'' 

cos.^ 

cos. 

cos. 
Eliminating N firom the first two of equations (B), by multiplying the 
first, by cos. Y^\ and the second by cos. Y\ and then, subtracting 
the first result firom the second, we get 

M (cos. Y' COS. 7/'— COS. 7/ cos. Y'O I -. n /t?\ 

+ P (cos. Y^cos. X'^— cos. X-'cos. Y^O ) "" ^ * " ^ ^ ' 
eliminating P fi'om the same equations, we have 

M (cos. X' COS. Z'^ - COS. Z' cos. X'") > ^ f^. 

+ N (cos.X'cos.Y^^— COS. Y^cos.X^O ) ^ ^' 

In like manner, by eliminating first cos. Y, and then cos. X, firom the 

first two of equations (C) we have 

cos. X (cos. Y'' COS. X'''' — COS. X^cos. Y^') ) _ ^ ir\ 

+ COS. Z (cos. Y' COS. Z'' — COS. Z^cos. Y'O / " ^ '' 

and COS. Y (cos. X^ cos. Y^^ — cos. Y^ cos. X'O ) _ ^ /ij\ 

+ COS. Z (cos. X' cos. Z" — COS. Z' cos. X^O ) ^ 

r COS. Y" cos. Z''— COS. Z'cos. Y'' = a, 
Putting, for simplicity < cos. Y^cos. X^^-r— cos. X/ cos. Y^^ = R, 

( COS. X' cos. Z^^ — COS. Z^ COS. X^' = S, 
the four preceding equations become MCI -|- PR=0, MS — NR=0, 
Qi COS. Z + R cos. X = 0, S cos. Z — R cos. Y = 0, in which the 
quantities €1, R, S, are the only ones containing the accented cosines. 
These three quantities may be eliminated from the four equations 

PR NR 

thus. The first and second give QL= ^, S =-irr-f which values, 

substituted in the remaining two, give 

P cos. Z — M COS. X = 0, N cos. Z — M cos. Y = 0, 

or, replacing, P, M, and N, by their values, these equations are 

(2C COS. X + E cos. Z + F cos. Y) cos. Z ) ^ /y v 

— (2Acos. Z + D COS. Y+ E cos. X) cos. X ) " ^^"^ 

(2B cos. Y + 1^ cos. Z + F cos. X) cos. Z ) __ ^ fj^^ 

— (2A cos. Z + D COS. Y + E COS. X) COS. Y J -"•••• ^^.' 

Now these two equations, together with co8.'X-}-cos.*Y+cos.'Z=l 

are sufficient to determine the three angles, cos. X, cos. Y, cos. Z. 

„ COS. X - cos. Y _ 1 

For,putwi= — -=-and«= .*. cos. Z = . , , — ^-. — jy , 

*^ cos. Z cos. Z i/ Jl-4-m* + n'j ' 

then, dividing the first and second equations by cos.^Z, they become^ 

2(C — A)m + E(l~m^) — Dm« + F» = 0, 

2(B — A) w+D(l— n«) — Ewn-f Fm = 0. 

,. , 2(B — A)n + D(l— w*) , . ^ , 

From this last we get ^ zp; ^= w, which value 

° En — F ' 
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of m, substituted in tho preceding equation, gives, after reduction, a 
cubic equation ; for, although the second term of the equation will 
furnish a term containing the fourth power of », viz. D' En*, yet, 
when the whole result is multiplied by (En — F)', to clear it of frac- 
tions, this term will obviously be also given with contrary sign in the 
value of Dwi», and is thus destroyed. This being a cubic equation, there 
necessarily exists at least one real value for n, and, consequently, the • 
value of m is real ; and hence also the values of cos. Z, and of cos. X 
=w cos. Z, and cos. Y = n cos. Z. We have thus proved the reality 
of the three cosines cos. X, cos. Y, cos. Z. 

If now we go back to the equations (B,) and (C), and proceed with 
the first and third of each group, exactly as we have done witii the 
first and second, taking care, however, to put the first of (B) under 
the form M^ cos. Z -f- N^ cos. Y + P cos. X. = 0, to which it is obvi- 
ously identical, we shall in the same way, establish the reality of cos. 
X'', COS. Y', cos. 7/ \ and lastly, employing the second and third 
equations of each group, we demonstrate the reality of cos. X'^ cos. 
Y^\ COS. 1a\ Hence we may infer that it is always possible to re- 
duce the general equation (1) to the form 

AV-f By+CV-f G^2 + H^i/ + K^a;+L = (r), 

by altering the position of the rectangular axes to which the surface 
represented by it is referred. 

(242.) We shall now show that the equation in this form may be 
finally reduced to the more simple form AV-f-By4-CV4-P=0( A^. 
For, let the origin be removed, by substituting in (1^) the values 

then, putting P for the last term, it becomes 



A'z^ + By + Q'x'^ -f 2 A'c 

4- G^ 



a?^ + P = 0, 



when we have 



z' + 23^6 y' + 2C^a 
+ H^ + K^ 
in which the coefficients of z\ of y^ and of txf^ vanish 

Q./ Hi Y<! 

the conditions c= — —r-^, ^ = — 75^ j « = — -^TTr^^jWhich are always 

2A. 215 20 

possible when the coefficients A^ B^, C^, are neither of them 0. But, 
if one of these coefficients be 0, then it will not be possible to remove 
the variable, whose square is absent ; thus, if A^ = 0, then, that the 
coefficient Qissf may be 0, there must be c = ^ — ,G^ -r 0, that is, the 
new origin must be infinitely distant from the old, in the direction of 
the axis of z ; this origin, therefore, is not determinable. Nothing, 
however, hinders us from removing the other two variables, and thus 
reducing this equation to the form By + GV + P = . . . . (B^, 
and, as the quantity c enters P, ani is still arbitrary, \vre may deter- 
mine it from the condition P = 0, which will finally reduce the equa- 
tion to By + C V + G';r = .... (CO- 

But, if not only A' = 0, but also G^ = 0, in equation (l^, that is, 
if one of the variables z be entirely absent from the equation, then 
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(C) is simply By + CV + P = 0, in which case the surface is ob- 
viously (200) a cylinder, whose base or directrix on the plane of xy 
is either an ellipse or hyperbola, according as the signs of B'' and C^ 
are like or unlike. If two of the coefficients A^ B^, C^ are 0, as A^= 
0, B' = 0, then the removal of the terms containing the first powers 
of the variables, whose squares are absent, is impossible, but the con- 

. . K' 

ditions a — — --^, and P = 0, may still exist, and wDl reduce the 
20 

equation to C^z^ + G^z + K^y = 0. When all three of the squares 
are absent from (1), the equation represents a plane. 

(243.) From the preceding discussion it follows that any surface 
of the second order may be represented by one or other of the follow- 
ing equations, viz.La?-f My* + N«* + P=0, Lar* + My* -f ft^; = 0, 

All the surfeces represented by the first two of these equations 
have been fully considered in Chapter iii. They were found to com- 
prehend ellipsoids, hyperboloids of one and two sheets, paraboloids, 
elliptic and hyperbohc, and, as varieties of these, the sphere and the 
cone. With regard to the Remaining two equations, the first we have 
seen characterizes cylindrical surfaces, whose directrices on the plane 
of xy are either ellipses or hyperbolas. The other equation is also 
that of a cylindrical surface, but of this the directrix is a parabola, for, 
suppose it to be cut by a series of planes parallel to the plane of zt/, 
that is, by planes of which the equations are x=k, a;=A/, xz=1s/^j &c. 
then for the sections we have the equations Gz -|- Hy = — Lfe*, 
Gz + Hy = — LA^, Gz + Hy = — LA/^, &c. and these all repre- 
senting parallel straight lines, it follows that we may conceive the 
surface to be generated by a straight line moving parallel to itself 
This surface must, therefore, be a cylinder. For the directrix or trace 
on the plane ofxy put z = 0,m its equation, and we have Lar* -j- Hy 
=0, which represents a parabola, or one of its varieties. 

(244.) We may obviously infer from this discussion that the only 
conical surface of the second order is the elliptic cone, of which the 
circular is a variety, in other words, this conical surface is always 
such that a system of coordinate planes may be found that will render 
the trace on the plane of xy an ellipse or a circle. But we may assume 
any curve of the second order on the plane of xy, and thus, agreeably 
to art. (201), generate a conical surface which will also be of the 
second order. It follows, therefore, that, by giving different inclina- 
tions to the plane of a?y, the elliptic cone will furnish for traces on that 
plane all the curves of the second order, as was also shown from other 
considerations at art. (237). 

(246.) We shall now briefly discuss the general equation (1), in 
order to ascertain criteria by which we may know, without the trouble 
of transforming it, the nature of the surface, which it represents. 
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Solving the equation for z^ we have, by putting CI for the quantity 

J .V J- 1 By + Ex + G , I ,r^ 
under the radical, z = — ■ — db —^ V CI. 

Also, Bolvmg for y, we have y = 2B~^ — 2B "^ ' 

and, m like manner, for a:, a? = "n^ =t 77^ 'V^ ^ • 

20 20 

Representing the rational parts of these expressions by Z, Y, and 

X, respectively, we have the three equations, 

z .^-j^ — ,y= — ,&x=. ^ , 

which represent three planes which, from the foregoing general expres- 
sions for z, t^, and ar, are obviously such that they bisect the chords 
drawn parallel to the axes of z, y, x ; each of these planes, therefore, 
passes through the centre, that is, it is diametral ; so that the centre 
of the surfece, supposing it to have one, must be at the intersection of 
these planes. Calling this intersection (a/, \j\ ss^), the preceding 
equations give 2 Az' + D^ + Ear'' + Gr = 0, 



/4.H = 0, >. . . 
'H-K = 0,.) 



the three expressions for a/, 1/^, 



2By' 4- Dz' + Fa?' 
2Ca:^ + "^z' + Fy 
from which we get, by elimination, 
and z\ The common denominator of these expressions we find to be 

AF» + BE* + CD"— DEF — 4ABC ; 
hence, if this be infinite, the surfe.ce will have a centre, but if it be= 
0, then the surface will not have a centre, that is, if the surface have 

a centre, AF« + BE« + CD*— DEF— 4ABC ^0 (2). If the sur- 
face has not a centre, AF»+BE"+CD«— DEF — 4ABC = (3). 

If G = 0, H = 0, and K = 0, then {Algebra p. 62) the numera- 
tors of the expressions for a/, y^, z', each become ; hence, if in this 
case the condition (3) do not exist, the coordinates of the centre each 
become 0, that is, the centre of the surface must coincide with the 
origin, as is also at once manifest from the equations (1) themselves, 
which represent planes passing through the origin when the constants 
G, H, K, are absent, therefore, whatever be the inclinations of the 
axes, provided they originate at the centre of the surface, the most 
general form of the equation is 

Az2 + Bi/* + Car» + D22/ + Eza:-f Fan/ + L = 0. 

If, however, the condition (3) exists at the same time that we have 
G = 0, H = 0, K = 0, then tiie expressions for (a:^ 1/', z^) become 
each = ^, intimating that there are an indefinite number 01 centres, 
or points, in which the three planes (1) meet ; hence they must inter- 
sect in one common straight line, passing through the origin, and 
which is the locus of all the centres of the surface. This surface 



I 
J 



272 ANALYTICAL GEOMETRY. 

having innumerable centres in the same straight line can be no other 
than an elliptic or hyperbolic cylinder. 

(246.) Having given criteria (2) and (3) for discovering when the 
equation represents a central surface, and when it does not, let us now 
inquire by what means we may know when a surface is ascertained 
to be central, whether it is limited or unlimited, that is, whether it 
belongs to the class of ellipsoids or hyperboloids. 

If the surface be limited in every cQrection, then to whatever point 
in the surface a line from the origin be drawn, this line will always 
have a finite length ; but, should the surfjsice be imlimited in any di- 
rection, then, as some of its points will be infinitely distant from the 
origin, lines drawn to them from the origin will not be finite, and it is 
hence obvious that while, in the former case, every section of the sur- 
fece is a limited curve, every section, in the latter case, which passes 
through either of the infinite lines which we have supposed to be 
drawn, will necessarily be an unlimited curve. This being the case 
with every such section, we need consider only those made by planes 
perpendicular to one of the coordinate planes, when, it is found that 
no one of these can possibly give an unlimited curve, we may con- 
clude that the surface is itself limited in every direction. 

Now the equation of any plane drawn perpendicularly to the plane 
of xz, and passing through the origin, is a? = az. Combining this 
with the equation of the surface (241), we have for the intersection 
the equation (A + Ca«+Ea) «" + (D + Fa) zy + By^+ (G+Ka)z 
+ Hy + L = 0, and, in order that this may represent always a 
limited curve, we must have (124) (D + Fa)' — 4(A + Ca' + 
Ea) BZ-0 (4.) whatever be the value of a, that is, 

(P»— 4BC)a" + 2(DF— 2BE)a + iy — 4ABZ0, 

or, dividing by F*^ — 4BC, and then, dividing the expression into fac- 
tors, (a — 13) J (a — /3^), {see art. 135), we have 
(F* — 4BC) (a — 13) [ct — 13^) Z.0, Now this expression cannot 
preserve the same sign for every value of a, unless (a — 13) (a — )8^) 
does, and that the sign of this may always remain the same, that 
sign must be positive, and the values of ^ and /3^ imaginary (•Alg. p, 
180) ; hence, that the condition (4) may exist, we must have, in the 
first place, P* — 4BCZ0, and, in the second place, the roots 13, /2', 

.^, . ,,2(DF — 2BE) , D« — 4AB ^ 

of the equation a'-] — ^ _^ ' a+ ^2_a ^ — ^ ^^^ ^® ^^^- 

ginary, that is to say, the quantity under th^ radical which enters 
into the expressions for these roots, which quantity we find to be 
(DF— 2BE)«— (P — 4BC) (D«— .4AB), must be negative. 

Hence we may conclude that, when the general equation represents 
a surface limited in every direction, there must exist the relations 
F'— 4BC/.0, (DF — 2BE)^ — (F»— 4BC) (D*-.4AB)^0. 
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CHAPTER IV. 

MISCELLANEOUS PROPOSITIONS ON SURFACES OF THE SECOND ORDER. 

PROPOSITION I. 

(247.) To prove that in a central surface of the second order there 
is an infinite number of systems of conjugate diameters. 

Taking the general equation of these surfaces when referred to 
their rectangular conjugates, viz. Aa^ -j- Bt/^ -f- Cz^ = D . . . (1), 
and substituting therein for a?, y, 2r, the values in the formulas (A), 
at p. 259, we have for the same surface, when related to oblique 
axes, the equation 

X'x" + By + C V+2 ( A cos. X cos. X'+B cos. Y cos. Y^+C cos. 

Z cos. 7/) xy 
+2 (A cos. X cos. X"'+B cos. Y cos. Y^'+Ccos. 

Z cos. 7/')xz 
+2 (A COS. X' cos. X'^+B cos. Y' cos. Y'^+C cos. 

Z'cos.Z'')yz-D, 
in which equation A"*, B'', C'', are put, for brevity, to represent certain 
functions of the cosines. Now the nine cosines which enter into this 
equation are subject to the three conditions (1), p. 259, and, in order 
chat the three last terms of the equation may vanish, they must fulfil 
the additional conditions 

A cos. X COS. X^ -f ■ B COS. Y cos. Y^ + C cos. Z cos. Z^=0, 
A cos. X cos. X^^+B COS. Y cos. Y'''4" ^ cos. Zcos. Z''^=0, 
A cos. X'cos. X''+Bcos. Y^ cos. Y^'+C cos. Z' cos. Z''=0. 
Hence, if these six conditions have place, the' cosines are such as to 
render the transformed equation of the form AV-|-By+CV=D (2). 
But to fix the values of &ese cosines three more conditions are requi- 
site, they being nine in number, which conditions, being arbitrary, 
may be infinitely varied ; hence the position of the axes of reference 
may be infinitely varied, without altering the form of the equation (1), 
60 that (221 ) the systems of conjugate diameters are infij:ute in number. 

PROPOSITION lU 

(248.) In any central surface of the second order the longest of the 
principal diameters exceeds any other, and the shortest principal dia- 
meter is shorter than any other diameter. 

Let A, B, C, be the principal semi-diameters of the surface, and 
of which A is either the longest or the shortest, then the equation of 

3^ 1^ 3f^ 

the surface is (221) -^4-^+ 712 = ^» ^^ ^® equation of a con- 
centric sphere passing through the extremity of the semi-diameter, A, 
is 3:^ + ^ + ;»* = A^ .-. ar* = A* — ^ — ;:;'. If this sphere have any 
other points in common with the surface, the y, z, of those points will 
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be given by substituting this value of a:* in the above equation. This 

substitution gives 1^ — 'Vip'^ ( pa — Xv ^ ~ ^» which equa- 
tion is impossible, except in the single case y = 0, j? = 0, since by 
hypothesis, the two terms in the first member of this equation are 
either both negative or both positive, and therefore can never destroy 
each other. 

PROPOSITION III. 

(249.) To express the area of a triangle in space, by means of the 
coordinates of its vertices. 

Since (224) the square of the area of any plane figure is equal to 
the sum of the squares of its projections on thiee rectangular planes, 
we shall be able to express the area of the triangle, provided we can 
express the areas of its projections in terms of the given coordinates. 

Let BCD be the given triangle in space, and draw 
lines fr.om the origin, A, to its vertices B, C, D, of which 
the coordinates are x^, i/^, z^ ; x'\ y'\ z^^\ 3/^\ y'^\ 2f'^\ 
Now the projection of the triangle BCD on either of 
the coordinate planes is equal to the projection of ABC 
minus the projections of ABD, ACD, that is, for the 
projection of BCD, on the plane of x^^ we have (21) 

2 2 2 ' 

or \ ( a?y^— yV^ + ^V^^— a/y^^-f y^ar^^^— .a/2^'^0- 

In like manner, for the projections on the planes of %x^ yz, we have 

the expressions \{2!x'' — a/z'' + x'V^^ — zf'xf"-^x'z'''—z'Qif''), 

and ^(y V^ — zY + « V — V''^"' + ^'v"' — V'^")- Hence, call- 
ing this last expression JA, the preceding, ^B, and the first, ^C, and 
putting a for the area of the proposed triangle, we have 

v^|A« + B» + C«| ^ ^ 
a = -2^-^ ' for the expression sought. 

(250.) Corollary. If we determine the values A, B, C-in the 
equation Ax •■\'By-\-Cz=s'Dofthe plane, passing through the three 
points (a/, y\ z^), {if\ y^\ z*\ and (xf'^ y'^\ zf^^)^ by means of the 
diree equations of condition Ax" + By^ + Cz" = D, Aar'" + By"^ + 
Cz'" = D, and Kif'' + By'''+Cz'''=D, we find for them precisely 
the expressions above, and for D we have 

D = {xY — y'x'') z'" + {y'z'' — zY) a/"" + (z V" — x'z'')f 
It appears, therefore, that the coefficients. A, B, C, of the variables, 
in the equation of a plane passing through three points, denote the 
doubles of the projections of the triangle, whose vertices are these 
points, upon the planes of ^^z, zx^ and xy, * 

PROPOSITION IV. 

(251.) To express the equation of a plane by means of the perpen- 
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dicular, let M upon it from the origin and the inclinations of this per- 
pendicular to the axes. 

Representing the plane by the equation Aa; + By + Cz = D, we 
have for the portions of the axes of ar, y, z^ intercepted between it and 

the origin, the respective values -r » "W 7^ ' ^^^» if p be the per- 
pendicular from the origin upon the plane, and a, jS, y, be the respec- 
tive angles it makes with the axes of x, y, ^, then 

D D-D 

p = -T- COS. a = rg-cos. p = T^pcos. y, 
A n \j 

P P P 

Hence, substituting these values, in the equation of the plane, and 

multipljdng by p, we have x cos. a -|- y cos, /3 + 2 cos. y = p (1 ) for 

the equation sought. When the plane passes through the origin, 

p=0, ajod the equation is x cos. a+y cos. ^-{-z cos, y=0 . . . . (2). 

PROPOSITION v. 

(252.) If the vertex of a pyramid be at the origin of three rectan- 
gular planes, and its base be projected upon them, then if any point 
be assumed in the plane of the base, the three pyramids whose bases 
are the projections, and vertices the assumed point, will together be 
equivalent to the original pyramid. 

Let a represent the base of the proposed pyramid and p a perpen- 
dicular upon it from the origin, then, if a, ^, y, be the inclinations of 
this perpendicular to the axes of a?, y, 2, we shall have 

a COS. a = the projection of a on the plane of y2, 

a COS. /8 xz^ 

a COS. y , xy. 

Now, by multiplying the equation of the plane (1), last proposition, by 

a, there results ara COS. a -|- ya COS. j8 -f- za COS. y = ap (1), 

.•. ^ xa C09. a, -^ ^ y a coa. 13 -{- ^ za COS. y = ^ ap .... (2). 

The first member of this equation denotes three pyramids, whoso 
bases are the projections above, and whose common vertex is any 
point (a:, y, z,) in the plane (1), last proposition, and whose perpendi- 
cular altitudes are respectively a:, y, and z ; the second member repre- 
sents the proposed p5n:amid ; hence the truth of the theorem. 

(263.) Corollary 1. Comparing equation (1), above with Aa:+By 
-f- Cz = D, since (prop. 3 cor.) when a is a triangle, we have A = 
2a cos. a, B=2a cos. /3, C=2a cos. 7, .'. D=2ap, that is, the expres- 
sion (a/y^^ — y'x'') z''' + (y'z'' — z^) x''' + (z V— a:VO y''' . . (3 ) 
represents six times the volume of the triangular pyramid, whose 
vertex is at the origin, and of which the corners of the base are the 
points (ar^, y, z^, {x^% y^\ z'^)^ and {x^^\ y^^\ z^^Oj or, which is the 
same thing, the expression represents a parallelepiped of which three 
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\ contiguous edges meet at the origin and terminate in the points 

W, y', n (or", y", z"), (x"', y"', z'"). 
\ (254.) Cor. 2. But those parts of the foregoing expression which 

\ are within the parentheses are obviously the projections of one of the 
faces of this psu^lelopiped, viz. that face whose contiguous sides ter- 
minate in the points \x\ y^j z'), (a/^^ ^\ 7f% upon the three coordin- 
ate planes; and these projections are severally multiplied by the 
perpendiculars 2f'\ jf'\ yf^\ let fall upon them from the point 
{xf^\ y"\ z^'^). Hence iht expression (3) represents the sum of the 
volumes of three paraUelopipeds^ having these projections for bases^ and 
3f'\ /^^, z''\ for altitudes, 

(255.) Cor. 3. It follows, therefore, that, if the vertex ofatriangt^ 
lar pyramid he at the origin of three rectangular planes, and either of 
its faces be projected on mem, then the three pyramids constituted on 
these bases J and having a common vertex in that comer of the original 
pyramid? s btise, which is opposite to the projected face^ shall together he 
equal to the original pyramid. 

PROPOSITION VI. 

(256.) To determine the position of a plane, so that, if a given tri- 
angle be projected orthogonally upon it, the projection may be similar 
to a given triangle. 

Let the plane of projection pass through a vertex of the given tri- 
angle, and let the perpendiculars, dropped from the other two vertices 
upon that plane, be z^, z^^ ; let also the sides of the given triangle be 
A, B, C, and those of the triangle to which the projection is to be 
similar a, 6, c ; then, on accoimt of this similarity, the sides of the pro- 
jected triangle will be v^{A' - z% - ^/\A^ —z^l''- V^A^— z^2|. 

a a 

Both the two latter projections are also V |B'— ;?'''^ , V \ ^^-^z'—zf'f \ , 

therefore -^(A'— 0=B^— z^^, and-„(A^— 0=C'— (^r'-^^O'- 
cr a 

Hence we have these two equations to find z' and z'\ 

Substituting, in the second, the value of z^^, furnished by the first, 
we have, after transposing, 

cr 'a* \ a* a* f 

Squaring each side, and putting in the result single letters for the 
known coefficients, we have p' + pqz^ + ^^'^ — ^^'* + *^*j 

.-. 2^* . py ^2 _. — p9 »pyg quadratic determines z\ and thence 
q^ — s 

we get z'\ as also the three sides of tbe projected triangle, and thus 
the position of the required plane becomes known. 
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PROPOSITION VII. 



a 
a 
a 



(257.) If the equations 
+ ^« 4-c^ =1 



//a 

///9 



,//a 



= 1 



4. y/'a.}. c'^^ = 1 



a'a''' +b'y'' +c'c''' = > (1) 



exist, so also do the equations 

a^ 4- a'^ + a''^ = 1 I aV + a''b'' + a'^'b'"' = 



y2 



^/a I ^//a I 5///2 _ 1 



a'c' -H aV + a''V 



= 1 Z>V + b''c'' + * 



:1f ■ • 

y = b't-h b''u + 6'^'u } (3). 

z =: c't + (/'u + c'^'v f 



\/ff^f/f 



fff^ 



(2). 



Then squaring each equation, and adding the results, we have in vir- 
tue of the proposed conditions ar* -|- y* + 2^ = /** + w' + 1?'* . . . (4). 
Let us now determine from (3) the values of /, m, t? in terms of t, 
Vi z. In order to this, multiply the equations (3) respectively by a\ 
a, c^, add the results, and we shall obtain t. 



Similarly, multiply by o!\ b 



// 



t = a' x-f-a y-t-c z, I 
u = a'' x + y' y + c'' z, } 
v = a'''x + b'''y + c'''z, ) 



c^^j and we shall get m, &c. thus 



(6). 



Substitute these values in equation (4), and we shall have, by com- 
paring the coefficients of the hke terms, the equations announced. 

PROPOSITION vni. 

(268.) If the conditions (1), in last proposition, exist, then also the 
following equations have place, viz. 

(aV' — 6V0* + {a''b''' — fe^'fl'^O" + («'''&'— b'^'ay = 1, 



.//^/// 



— aV^O + (c'^'V — a^^V)» = 1, 



bW) c''' + {bV'^c'b'') a''' + {(/a'' -^ a'c'') V' = 1. 



(cV^— aVO'+(c^ 
(V6'^ 
Put, for brevity, the first member of this last equation, = /, then if we 
determine the values of t, w, r, in equation (3), last proposition, not 
by the process there directed, but by the usual algebraical method 
(see Algebra p. 61, where the operation is given at length,) we shall 
obtain these results, viz. 

^_{b''(/'' — c''b''') X + (y^^c^— c^'^b') y + {J/c''-^</b'')z 



t=z 



I 



U=z 



_ {c''a''' — a'W) X + {c''W — «^ V) y + (c V^ — a'c'') z 



I 



V 



_ (a'V'--b'W)x+{a'''b' — b'''a')y+{a'b''-b'a'')z 



Now these values must be identical with those marked (5), in the pre- 
ceding investigation, provided the conditions there announced have 
place here. 
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Hence, comparing the coefficients of the like terms, we have 

(/'(/''— (/'y' = W, b'^'c'— c'^'b' = la'', y</'— t/b'' = W, 

t/^a''' — af'c''' = lb\ e"af — af^'d = W\ c'a!'— aV' « ///^ 

a%''^ — yw = lc% af'^y — 6''V = l</\ a'b'' — 6V^ = lc''\ 

Adding together the squares of the three equations in each horizon- 
tal row, in the lafet for example, we have, in virtue of the ffiven condi- 
tions, {a''b''' — b^'a'^y + {a'^'b" - b'^Wf + {a'b'' — b'a''f= /». It is 
easy to see that this equation may be put under ihe form 

But, by the conditions (2), the first member of this equation is 1, 
therefore / = 1 . Hence the truth of the first and fourth of the equa- 
tions announced ; and, by proceeding in like manner with the other two 
horizontal rows of equations above, we establish the truth of the two 
remaining equations announced. 



PROPOSITION IX. 

(269.) In a central surface of the second order the sum of the squares 
of any system of conjugate diameters is equivalent to the sum of the 
squares of the principal diameters. 

Let A, B, C, represent the principal semi-diameters, and {x'^ y\ z'), 
{a/' J y'\ z'% [a/'\ \j''\ z''')j the extremities of any system of semi- 
con-jugates A^, B', C\ Then the equation of a tangent plane through 

Qc' It' Z 

the extremity of A',is (p. 2b2)-r-oX-\'-^y--\--p;^z=l,Gnd this plane 

A xi C/ 

is parallel to both B' and C (p. 220-1 ). Now the equations of B' are 

a/' y" 

X = -;7 r, 1/ = ^ ;?, and that this line may be parallel to the plane, 

X 2 

y/7f' , yW' zW' 
we must have the condition (187) -^ + ^^ + '7^r~ ^• 



Hence we have 

From the equation of the surface. 



ar^ 



/a 



A» 

,//9 






./9 



B^ 



From the equation of the tangent 
planes. 



X 



z 



= 1 



A« 



B« 

ga -r Qa 

i U— = 1 

ga -r (19 



xV^ 



A« 



f, 



yr 



+ 



B« 



+ 



zV^ 



C' 



= 



z*''z' 






{ 



B« 

y/y// 



= 



z''z''' 



B« 

Consequently, (prop. l),a/^-\-x''^ + a/^'^ = A'^ 

s/^ J^ z''^ + z'''^ =z C^ 



= 



Adding these equations, A'^+ B^+ C^ = A^ + B" + C«. 
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PROPOSITION X. / 






/ 



(260.) In a central surface of the second order the sum of the 
squares of the faces of the parallelopiped whose edges are any system 
of semi-conjugate diameters, is equal to the sum of the squares of the 
faces of the rectangular parallelopiped whose edges are the semi-prin- \ 
iiipal diameters ; also the volume of the former is equal to the volume \ 
of the latter. « 

Since the conditions furnished by the equations of the surface and ' 

by the equations of the tangent planes at the extremities of the con- 
jugate diameters, as exhibited in last proposition, agree with the con- 

3/ i/ zf 
ditions in prop. 7, a\ h'\ c\ being here replaced by -r-, ■%- ,-77, &c. 

A Jj O 

we may derive from these conditions the equations announced in prop. 

8, which, in the present case, are 

{^xY — ifx^'f + {x'Y' — y^'x'^y + (^' Y — y'''^7 = A'B'^ 
yz'' — zYT + (/'^'''~ z'Y7+ iv'"' z'—z'Yf =6^0^ 

l/z'' — «yO x"'' 4 (2 V^ — x'z'') y"'' = ABC. 

Now the first vertical row of terms in the three first equations ex- 
hibits the sum of the squares of the projections of the parallelogram 
whose contiguous sides are A', B^ ; the second vertical row is the sum 
of the squares of the projections of the parallelogram whose sides are 
B^ C^, and the third row is the sum of the squares when the sides are 
A^/ C^ Hence, by adding the three equations together, it follows 
(224) that the sum of the squares of the sides of the parallelopiped 
whose edges are A^, B^, C^ is equal to the sum of the squares of the 
sides of the parallelopiped whose edges are A, B, C. Again, the first 
member of the fourth equation expresses the volume of the parallelo- 
piped whose edges are A^, B', C^, (prop. 6, cor. 1) ; hence this paral- 
lelepiped is equal to that whose edges are A, B, C. 

Cor, From this theorem we may immediately infer that there can 
be but one system of rectangular conjugates except the surface be of 
revolution. For, if A^, B^, C^, could be mutually at right angles, as 
well as A, B, C, then from these theorems, and the composition of 
equations, the equations (x + A^) {x + B*) {x + 0'*) = and 
(x + A""^) {x -f B'*) {z + C^) = are identical ; hence their roots 
are the same; therefore A, B, C, are respectively equal to A^ B", C^ 
which (248) is impossible, when the surfe.ce is not of revolution. 

PROPOSITION XI. 

(261.) In a central surface of the second order the squares of the 
reciprocals of any system of rectangular diameters are together equal 
to the squares of the reciprocals of the principal diameters. 

Let A, B, C, be the principal semi-diameters of the surface, and 
A/, B^, C^, any other semi-diameters mutually at right angles. Then 
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\ ar* y* 2" 

\ the equation of the surface is -^3+ "^2+ rfe = 1- ^o transform this 

equation, so as to refer the surface to another system of axes, we 
must substitute for rr, y, z^ the values (A), p. (269), which gives 
/cos.'^X cos.^Y cos^Z \ » / COS.' X^ cos.'Y^ , cos.' 7/\ 

\ A'"~+ B' + C^""/ "*'\ A' "^ B^ ' C^/ 
. . /cos.'X^^ . cos.'Y^^ , cos.'Z^A „ , -3 , . , _ 

where P, CI, R, are put to represent certain functions of the inclina- 
tions of the new axes to the old. 

Now, to determine the lengths of the semi-diameters which coin- 
cide with these new axes, put successively, in this equation, z = 0, 
7/ = 0;z=0, a: = 0;a: = 0, t/ = 0; and, there results 

1 1 cos.'X cos.'Y cos.'Z 



Q^ A ' A' B' C 

1 1' cos.'X^ , cos.'Y'' , cos.'Z'' 

T Ba r 



/" B/" A' ' B' ' C 
jl__ J___ cos.'X^^ cos.'Y^^ cos.' Z'' 
^- Q%- ^ H gr-H go- 



Adding, .3+ 'b2'"T r's — as"! ii2"r r«2 



A/ ' B/ ' C/ " A'^ B'^ C^ 

because, by h3rpothesis, the two systems of axes are rectangular, ana 
(181) the sum of the squares of the cosines of the inclinations of any 
straight lines to three rectangular axes is always unity. 

PROPOSITION XII. 

(262.) Three rectangular planes constantly touch a central surface 
of the second order ; required the locus of their point of intersection. 
Let the equations of the surface and of a tangent plane at the point 

{^\ y\ «0, be -^+ -|2+ -^2 = 1, -^,+ ^,+ -^2 = 1; then, putting 

successively y = 0^ z = ] x = 0, z = ] a: = 0, ^ = 0; we have 

9 for the parts of the axes included between this plane and the origin, 

A' B' C 
the values -7, —7,-7. Hence, if p be the perpendicular from the 
X yf z 

origin upon the plane, and a, /3, 7, denote the angles it makes with 

cos. aA^ cos. /3B' cos. yC 

these three unes, we have p= — = ; — = -. — , 

^ 7f y[ z* ^ 

pxf - pi/ ^zf 

.•.COS.a = ^,COS. ^sr'^jCOS.^ = Igj 

.'.A'cos.'a + B'cos.'i8 + C«cos.V = p'(^+g5 + ^2) = p"- 



JH 
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In a similar manner, if p\ p% be perpendiculars from the origin upon 
two tangent planes at the points {a/'j y^\ z^^), and {x^^% i/^'^, ^^^^), and 
if the first make angles a\ ^\ y\ '^^ ^^® *^®s ^^ second af\ /8^', 
Y\ we have A* cos.« a! + B' cos.^ ^' + C« cos.« / = p^» ; and 
A» cos.« a"^ + B« co8.« ^'^ + C» cos.'' Y' = p"^- Now if the three tan- 
gent planes may be mutually rectangular, p, ^\ p^^, will be mutually 
rectangular ; so that the sum of the squares of the cosines which they 
make with the axis of a?, with the axis of y, and with the axis of 
z, is in either case equal to unity (181). Hence, by addition, A^-j-B* 
+ C = p' + p'^ + p'^« If R represent the distance of the intersec- 
tion (x, V, z,) of the tangent planes from the origin, then R'^ = p^ + 
f + f^\ but R* = 3^-\- f + z"] hence a^ + f + z'= A^+B^-f C'^ 
is the equation of the locus of (a?, t/, z^) which is a sphere concentric 
with the proposed surface, and of whidi the radius is 

R= vlA" + B" + C^^ 

PROPOSITION XIII. 

(263.) Chords are drawn to a surface of the second order so as all 
to pass through a fixed point ; what is the locus of their middle points T 

Assume the fixed point for the origin, let the axis of x pass through 
the centre of the surface, and let the other two be parallel to the two 
diameters conjugate to this, then the equation of the surface will be 
Az^ + By' + ^^ + Fa:=G, and the equations of any chord through 
the origin are x = mz^ y = nz substituting these values in the equa- 
tion of the surface, we have at the points common to both (A-f-Bw*+ 
Cw') z' + Fmz = G, and half the sum of the two values of z given 
by this equation must be the z of the middle of the chord, that is, by 

the theory of equations, this . is z = -' _,f- , ; o, substitut- 

ing for m and n the values a? -r- z, y -r- z, as given by the equations 

of the chord, we have, after reduction, As^ + By^ + Co? + ^Fx = 

for the equation of the locus, which is, therefore, a surface of the 

second order, similar to the proposed. If, in this equation, we make 

any two of the variables 0, we have for one value of the third ; thus 

showing that the surface, if completed, would pass through the origin. 

The coordinates of the centre of the proposed surface are (242) 

F 
a/= — Kr^iV^ — ^1 z^ = 0, and these same coordinates satisfy the 

equation of the locus ; hence the locus passes through the centre of the 
proposed surface, if it have a centre. If we subtract the equation of 
the locus from that of the proposed surface, there results ^¥x = G 

2G 

.-. x=:^=r] this therefore is the value of the abscissa x belonging to 

^very point common to both surfaces ; consequently the two surfaces 
intersect in a plane parallel to the plane of ^z, and at the distance 

36 2A2 



« 



I 






a 
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2G 

r=- from the fixed point. If this point be upon the proposed stirface^ 

then G = ; hence, in that case, the two surfaces merely touch at 
that point. 

PROPOSITION XIV. 

(264.) Planes passing through a fixed point cut a surface of the 
second order ; what is the locus of the centres of all the sections ? 

It is not difficult to perceive that the locus will be in this case the 
same as in last proposition, but we shall give an independent investi- 
gation. Assuming the same axes as before, we have, for the equa- 
tions of the surface, and of any plane through the origin, 
hz^ Ji^'Qf J^Qt^ J^Yx — Q^ (\\ z ^ mx -{^ m^ {^). Substituting 
this value of z^ in the first equation, we have for the x^ y^ of the inter- 
section the equation (A»i*-|-C)a7*-4-2Awwxy -[- By^ + Fa: = G . . (3). 

Let the a:, y^ of the centre of this section be a/, y\ then, if the origin 
be removed to this centre, a?, y^ must be changed into x-\-a/jy-{-y\ 
which changes (3) into (Aw^-^f- C) {x -{- a/)-^2Amn (a^+^O (y+jf^) 
+ B (i/ -h 2/0^ -f- F (ar -f- a^O — ^- ^ow the origin being by hypo- 
thesis at the centre, the coefficients of x and y must vanish from this 
equation. These coefficients, without developing all the terms, are 
readily seen to be 2Am(wa?^-["'*2/0 4" 2Ca;^ -j- F=0; 2An {mx^+ny^) 
+ 2By' = 0, that is, from equation (2), 2Amz' -f 2Ca;' + F = ) 

2A?i;j^+2B^' = 0) 

( Ca/-fiF Bi/' mi, 1 r ^ 

. . \ m = . , ; n=: — -—-. These values of m and n, 

i Ajs^ Kzf 

substituted in the value of «', (2), give Az^+Bi/'2-|-Ca:'^+iFa;'=0 

for the equation of the locus, which is the same as that deduced in last 

prop., and to which, therefore, the same remarks apply.* 

PROPOSITION XV. 

(265.) Three straight lines mutually at right angles meet in a 
point and constantly touch a surface of the second order ; what is the 
locus of the point ? 

Let the equation of the surface be Aar* -|- By + Cr^ = D, and let 
x\ y\ z\ be the coordinates of a point in the locus, then, if the origin 
be removed to this point, and the touching lines be taken for axes, 9ie 
equation of the surface wDl (230) be transformed into 



A cos.*^ X 
Bcos.'^Y 
C cos.2 Z 



ar* + A cos.^ X' 
B C0S.2 Y' 
C COS.* Z^ 



y^ + k cos.*^ JJ' 
B C0S.2 Y'' 
C COS.* Z'' 



*A very simple geometrtcoZ solution of this problem is given in the Gentleman's 
Diary for 1830, by Mr, 7. S. Dames^ of Bath, the able and ingenious proposer 
of the problem. We take this opportunity of recommending to the student's 
attention the very instructive researches on Geometry of three DimensumSy which 
this gentleman has published in Ley bourn's Repository, Nos. 20 and 21. 
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a* -|- A COS. Xj/ 
B COS. Yy" 
C COS. Zz' 



a'+Acos. XV 
B cos. YY 
C cos. Z'z' 



^y 



+AC08.XV 2z + Fxy + axz + Ryz:^'D^Ax^~By^^Cz^ 

B COS. YV 

C COS. Z'V 

where P, Gl, R,are put for brevity to represent certain functions of the 
cosines. Now, in order to determine the parts of the axes intercepted 
between the origin and the surface, we must put successively in this 
equation y =0, 2=0 ; a:=0, z=0 ; ar=0, y=0 ; and there results 
(A co3.« X + B cos.'^ Y +, C COS." Z) a:' + 2 ( A cos. Xa/ + B cos. 

Yy^ + C cos. Zz') x + Ty=:0, 
(A cos.« X^ + B cos.« Y^ + C cos." Z')if+2 (A cos. XV + B cos. 

Yy+Ccos.ZV)y + D' = 0, 
(A COS." X'' + B cos.^Y^^+ C cos.^Z^O ^ + 2 (A cos. X'V+B cos. 

YY + C cos. Z^V) z + D' = 0, 
where D' is put for Ax^ + %^ + Cz'^ — D. These equations fur- 
nish two values for each of the quantities a:, y, r, corresponding to the 
two points in which each axis cuts the surface ; but, if we introduce 
the conditions that each axis merely touches the surface, the two points 
coincide ; and, therefore, in this case, the two roots of each equation 
become equal. Hence, by the theory of equations, 
D^(A cos.«X + B COS.' Y + C cos.!^ Z) = (A cos. X 2:^ + B cos. 

Y'lf + C cos. Z z'f 
D' (A cos.« X' + B cos.2 YO + C cos.' Z') = (A cos. X'ar' + B cos. 

YY + C cos. Z V)' 
D' (A cos.» X'' + B COS.? Y'' + C cos.' Z'') = (A cos. X^V + B cos. 

y/y+Ccos-Z^V)' 
Adding these equations together, we have, in virtue of the conditions 
(1) and (3), p. 259, 60, D^ (A + B + C) = AV + BV + C'z^ 
that is, ( Aar^^ + Bi/^+Cz" — D) ( A+B+C) = A'V*+ BV+C'^'' 
whence A (B+C)a;^+B (A+C) y^+C (A+B)2^=D(A+B+C) 
the equation of the locus, which is a surface of the second order con- 
centric with the propcfeed. 

PROPOSITION XVI. 

(267.) If N represent the normal at any point of the earth's sur- 
face, supposed to be an oblate spheroid, and if X denote the latitude or 
angle under the normal, and equatorial diameter 2A, prove that 

A(l — €») 



.N 



V 11 — e'sin.'Xj* 



PROPOSITION XVII. 



If N be produced to meet the polar diameter, show that the whole 
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I PROPOSITIOlf XVIII 



If P represent the perpendicular from the centre of an ellipsoid on 

1 ^ tP s?' 
a tangent plane, prove that ^= — ,+ ^,+ — ,. 



; PROPOSITION XIX. 



If a conical sur&ce envelope a surface of the second order, prove 
that the curve of contact is of the second order. 



PROPOSITION XX. 



Parallel planes cut a surface of the second order ; required the locus 
of the foci of the sections. 



PROPOSITION XXI. 



Given the position of two lights of known intensities (w, n,) to de- 
termine the surface of which every point shall be equally illuminated 
by both lights, the law of intensity varying inversely as the square of 
the distance. 



Before closing the present volume, we shall very briefly advert to 
a class of curves denominated curves of double curvature, a name by 
which all lines are designated which cannot be traced upon a plane 
but only upon a curve surface. The simplest analytical representa- 
tion of such a line is analogous to that already employed for the straight 
line in space, viz. by the combination of the two equations denoting 
the two surfaces which project the proposed line on two coordinate 
planes. In the case of the straight line, these projecting surfaces are 
planes ; in lines of double curvature they are obviously cylindrical 
surfaces. The equations to a curve of double curvature are, therefore, 
those two combined which, taken separately, represent the two traces 
of the projecting cylinders. A line of double curvature generally pre- 
sents itself, in mathematical inquiries, as the intersection of two curve 
surfaces, and for these surfaces we are, for simplicity, to substitute 
the two intersecting cylinders of which we have just spoken. This 
is effected thus : Let one of the variables, as z, be eliminated from the 
equations of the two intersecting surfaces, and there will result a func- 
tion of a? and y as F : (a?, y) = 0, and this represents the cylinder pro- 
jecting the intersection on the plane of xy. In like manner, eliminate 
another variable as y, and we have/ : (x, z) tmO for the representative 
of the cylinder, projecting the same curve on the plane ofxz ; so that 
the equations sought are F : (a?, y) = 0,/: {x^ z) = 0. 

Suppose, for example, it were required to express the equations of 
the curve of double curvature formed by the intersection of a sphere, 
which is pierced by a right cylinder, supposing the radius of the base 
to be equal to that of the sphere, and that their surfaces are in contact. 
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Taking the centre of the sphere for the origin, the line coinciding with 
the cylindrical surface for the axis of z, and the perpendicular to this / 
touching the same surface, for the axis of y, we have, since the given • 
cylinder projects the curve of intersection on the plane of xy into a 
semicircle, this equation to the projection, viz. 2/*=ra? — a:'...(l), \ 
which also expresses the relation between the a?, y, of every point in \ 
the cylinder, and consequently between the a?, y, of every point on the \ 
sphere belonging to the intersection. The equation of this sphere is ' 

2^^ -|- y« _[_ ar* = r^ . hence the relation between the a?, z of the intersec- 
tion is (1), ;?^ = r^ — Tx (2), which therefore, is the equation of the 
projection on the plane of xz^ consequently the proposed curve of 
double curvature is expressed analytically by the equations (1) and 
^2) combined, viz. y^ = rx — a^ ) 

z^ =: r^ — rx } 
If we had to determine the tangent line at any point in a curve of 
double curvature, we should first determine the two tangents through 
the projections of that point, then perpendicular planes through these 
tangents would obviously be in contact with the two projecting cylin- 
ders throughout the lengths of these cylinders, and would each pass 
through the proposed point in their intersection, and through no other; 
hence the intersection of these planes would be the linear tangent 
sought, and would, therefore, be analytically represented by the two 
equations, which, separately, represent the tangents to the projections. 
We cannot enter into further particulars respecting these curves here, 
since their full discussion requires the aid of the transcendental analy- 
sis ; but the preceding remarks may serve to convey a notion of this 
class of lines and of the manner of representing thenji oy equations. 
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